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Abstract

In this article, we consider the following systems of Fredholm integral equations:
T

ui(t) = hi(t) + [ &t )fi(s, u1(s), ua(s), ... un(s))ds, te[0,T],1 <i<n,
0

ui(t) = hi(t) + ?gi(t, S)fi(s, u1(s), ua(s), ..., un(s))ds, t€[0,00),1<i=<n.
0

Using an argument originating from Brezis and Browder [Bull. Am. Math. Soc. 81, 73-
78 (1975)] and a fixed point theorem, we establish the existence of solutions of the
first system in (C[0, T1)", whereas for the second system, the existence criteria are
developed separately in (C[0,00))" as well as in (BC[0,e0))". For both systems, we
further seek the existence of constant-sign solutions, which include positive solutions
(the usual consideration) as a special case. Several examples are also included to
illustrate the results obtained.
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1 Introduction

In this article, we shall consider the system of Fredholm integral equations:

T

ui(t) = hi(t) + /g,—(t,s)ﬁ(s,ul(s),uz(s),...,un(s))ds, te[0,T], 1<i<n (11)

0

where 0 < T <o, and also the following system on the half-line

o]

ui(t) = hi(t) + /gi(t, S)fi(s ur(s), ua(s), ..., un(s))ds, te€[0,00), 1<i<n(l2)
0

Throughout, let u = (uy, u,,..., u,). We are interested in establishing the existence of

solutions u of the system (1.1) in (C[0, T1)" = C[0, T] x C[0, T] x P x C[0, T] (n
times), whereas for the system (1.2), we shall seek a solution in (C;[0, =))” as well as in

(BCI0, =))". Here, BC[0, «) denotes the space of functions that are bounded and con-

tinuous on [0, o) and Cj[0, ) = {x € BC|0, ) : lim,_,., x(f) exists}.

We shall also tackle the existence of constant-sign solutions of (1.1) and (1.2). A

solution u of (1.1) (or (1.2)) is said to be of constant sign if for each 1 < i < n, we have
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Ou;(t) = 0 for all t € [0, T] (or t € [0,00)), where 6, € {-1, 1} is fixed. Note that when 0,
=1 for all 1 < i < n, a constant-sign solution reduces to a positive solution, which is
the usual consideration in the literature.

In the literature, there is a vast amount of research on the existence of positive solu-
tions of the nonlinear Fredholm integral equations:

T
y(t) = h(1) +fg(t15)f(Y(5))de t€[0,T] (1.3)
and
y(t) = h(1) +/g(t15)f(}’(5))dsf t € [0, 00). (1.4)
0

Particular cases of (1.3) are also considered in [1-3]. The reader is referred to the
monographs [[4,5], and the references cited therein] for the related literature. Recently,
a generalization of (1.3) and (1.4) to systems similar to (1.1) and (1.2) have been made,
and the existence of single and multiple constant-sign solutions has been established
for these systems in [6-10].

The technique used in these articles has relied heavily on various fixed point results
such as Krasnosel’skii’s fixed point theorem in a cone, Leray-Schauder alternative, Leg-
gett-Williams’ fixed point theorem, five-functional fixed point theorem, Schauder fixed
point theorem, and Schauder-Tychonoff fixed point theorem. In the current study, we
will make use of an argument that originates from Brezis and Browder [11]; therefore,
the technique is different from those of [6-10] and the results subsequently obtained
are also different. The present article also extends, improves, and complements the stu-
dies of [5,12-23]. Indeed, we have generalized the problems to (i) systems; (ii) more
general form of nonlinearities f;, 1 < i < n,; and (iii) existence of constant-sign solutions.

The outline of the article is as follows. In Section 2, we shall state the necessary fixed
point theorem and compactness criterion, which are used later. In Section 3, we tackle
the existence of solutions of system (1.1) in (C[0, T])", while Sections 4 and 5 deal
with the existence of solutions of system (1.2) in (C;[0, «))"” and (BC[0, «))", respec-
tively. In Section 6, we seek the existence of constant-sign solutions of (1.1) and (1.2)
in (C[0, T1)", (C/[0, =))" and (BC[0, «))". Finally, several examples are presented in
Section 7 to illustrate the results obtained.

2 Preliminaries

In this section, we shall state the theorems that are used later to develop the existence
criteria—Theorem 2.1 [24] is Schauder’s nonlinear alternative for continuous and com-
pact maps, whereas Theorem 2.2 is the criterion of compactness on C;[0, =) [[16], p.
62].

Theorem 2.1 [24]Let B be a Banach space with E S B closed and convex. Assume U
is a relatively open subset of E with 0 € U and § - J — Eis a continuous and compact
map. Then either

(a) S has a fixed point in 1], or

(b) there exist u € oU and A € (0, 1) such that u = ASu.
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Theorem 2.2 [[16], p. 62] Let P © C)[0, o). Then P is compact in Cj[0, ) if the fol-
lowing hold:

(a) P is bounded in Cj[0, o).
(b) Any y € P is equicontinuous on any compact interval of [0, ).

(c) P is equiconvergent, i.e., given ¢ >0, there exists T(g) >0 such that |y(t) - y(eo)| <&
for any t > T(e) and y € P.

3 Existence results for (1.1) in (C[0, T])"
Let the Banach space B = (C[0, T])" be equipped with the norm:

[lull = max sup [|u;(t)| = max |uilo
1<i<n t€[0,T] 1<i<n

where we let |u;o = supe 0,77 |#i(t)|, 1 < i < n. Throughout, for u € B and t € [0, T],
we shall denote

lu()l] = max |u;(1)].
1<i<n

Moreover, for each 1 <i < n, let 1 < p; < « be an integer and ¢g; be such that
;x_ + ;{ = 1 For x € L”|0, T|, we shall define

1
B pi
LS xG)Pds |71 < pi < 00
llxlly, = o
ess sup |x(s)|, pi = oo.

s€[0,T]

Our first existence result uses Theorem 2.1.

Theorem 3.1 For each 1 < i < n, assume (C1)- (C4) hold where
(C1) h; € C[0, T, denote H; = sups [0, 77 |1:2)],

(C2) f; : [0, T] x R" — R is a [%-Carathéodory function:

(i) the map u o f(t, u) is continuous for almost all t € [0, T];
(ii) the map t o fi(t, u) is measurable for all u e R”;

(iil) for any r > 0, there exists u,; € LU0, Tlsuch that |u| < r implies |fi(t, u)| < u,,;
(¢) for almost all t € [0, T7;

(C3) gi(s) = gi(t, s) € LP1|0, Tfor each t € [0, TT;
(C4) the map t — glis continuous from [0, T] to P[0, T).

In addition, suppose there is a constant M > 0, independent of A, with ||u|| # M for
any solution u € (C[0, T])" to

T

ui(t) =1 | hi(t) + /gi(t, s)fi(s,u(s))ds], te[0,T], 1<i<n (3.1),
0

for each A € (0, 1). Then, (1.1) has at least one solution in (C[0, T])".
Proof Let the operator S be defined by

Su(t) = (S1u(t), Sau(t), ..., Squ(t)), te][0,T| (3.2)
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where

T
Siu(t) = hi(t) + fgi(t, s)fi(s,u(s))ds, tel0,T], 1<i<n. (3.3)

0

Clearly, the system (1.1) is equivalent to u# = Su, and (3.1); is the same as u = ASu.

Note that S maps (C[0, T])" into (C[0, T1)", i.e., S;: (C[0, T))" — C[0, T], 1 < i < n.
To see this, note that for any u € (C[0, T])", there exits r > 0 such that ||u«|| <r. Since
fi is a [4-Carathéodory function, there exists u,; € L%[0, T| such that |fi(s, u)| < u,..(s)
for almost all s € [0, T]. Hence, for any ¢y, t, € [0, T], we find for 1 <i < n,

. 1
Siu(ta) — Su(t2)] < Ihi(tr) — hi(ia)] + [g 81(5) ~ 80 (S)I”“dS] " peil, 0 B9

as t; = t,, where we have used (C1) and (C3). This shows that S : (C[0, T])" — (C[O0,
)

Next, we shall prove that S : (C[0, T])" — (C[0, T])" is continuous. Let
u™ = (ul,uf, ..., ult) — uin (C[0, T1)" ie., uj' = u;in C[0, T], 1 < i < n. We need to
show that Su” — Su in (C[0, T1)", or equivalently S;u” — S;u in C[0, T], 1 < i < n.
There exists r > 0 such that ||u™||, ||u|| <r. Since f; is a [4-Carathéodory function,
there exists u,; € L%[0, T] such that [fi(s, u”™)|, [fi(s, u)| < u,,i(s) for almost all s € [0,
T]. Using a similar argument as in (3.4), we get for any ¢;, t, € [0, T] and 1 < i < m:

[Siu™(t1) — Siu™(t2)] = 0 and  [Sju(t;) — Siu(t2)| — 0 (3.5)

as t; —> ty. Furthermore, Su™(t) — S;u(t) pointwise on [0, T], since, by the Lebesgue-

dominated convergence theorem,

1
1S (1) — Siu(1)] < sup 1181y, [Z Ifi(s, u™(s)) — ﬁ(s,u(s))|qidsi| G _,qo 30

as m — oo. Combining (3.5) and (3.6) and using the fact that [0, 7] is compact, gives
for all t e [0, T7,

[Siu™ (1) — Siu(t)] < |Su™(¢) — Siu™ (61)] + Siu™ (t1) — Siu(t1)| + |Siu(tr) — Siu(t)] = 0 (3.7)

as m — . Hence, we have proved that S : (C[0, T])" — (C[0, T])" is continuous.

Finally, we shall show that S : (C[0, T])"” — (C[0, T])” is completely continuous. Let
Q be a bounded set in (C[0, T1)” with ||u«|| < r for all u € Q. We need to show that
S:Q) is relatively compact for 1 < i < n. Clearly, S;Q is uniformly bounded, since there
exists u,; € L]0, T] such that [fi(s, )| < u,(s) for all u € Q and a.e. s € [0, T], and
hence

[Siulo < H; + sup ||gf||pi . ||;Lm-||qi =K, ueQ. (3.8)
te[0,T]

Further, using a similar argument as in (3.4), we see that S;Q) is equicontinuous. It
follows from the Arzéla-Ascoli theorem [[5], Theorem 1.2.4] that S;Q) is relatively
compact.

We now apply Theorem 2.1 with U = {u € (C[0, T])" : ||u|| <M} and B = E = (C[0,
T1)" to obtain the conclusion of the theorem. O
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Our subsequent results will apply Theorem 3.1. To do so, we shall show that any
solution u of (3.1), is bounded above. This is achieved by bounding the integral of |f{(t,
u())| (or Ifi(t, u(t))1”) on two complementary subsets of [0, 7], namely {¢ € [0, 7] : ||u
|| < r} and {t € [0, T] : ||u(t)|| >r}, where p; and r are some constants—this techni-
que originates from the study of Brezis and Browder [11]. In the next four theorems
(Theorems 3.2-3.5), we shall apply Theorem 3.1 to the case p; = o and ¢; = 1,1 <i <
n.

Theorem 3.2. Let the following conditions be satisfied for each 1 < i < n : (C1)-(C4)
with p; = o and q; = 1, (C5) and (C6) where

(C5) there exist B; > 0 such that for any u € (C[0, T1)",

T T
/ [ﬁ(a u(®) S 2t ) s u(s))ds] de < B,
0 0

(C6) there exist r > 0 and o; > 0 with ro; >H; such that for any u € (C[0, T1)",
w;i(8)fi(t, u(t)) > railfi(t, u(t))| for ||lu(t)|] > randa.e.t € [0, T].

Then, (1.1) has at least one solution in (C[0, T1)".

Proof We shall employ Theorem 3.1, and so let u = (u;, uy, l...., u,,) € (C[0, T])" be
any solution of (3.1); where A € (0, 1).

Define

I={te[0,T]:|lu()ll =<} and J={te[0,T]:I|lu(t)ll >r} (3.9)

Clearly, [0, T] = I U ], and hence fOT= f1+f]
Let 1 <i < n. Ift € I then by (C2), there exists y,; € L'[0, T) such that Ifi(t, u(®)] <
#ri(2). Thus, we get

T
fi(t u(@)lde < [ pri(t)de < | pri(0)de = [l (3.10)
futtisz frow=]

I

On the other hand, if t € J, then it is clear from (C6) that u,(£)fi(¢, u(t)) = 0 for a.e. t
e [0, T1. It follows that

/ui(t)fi(t,u(t))dtz roti/ Ifi(t, u(r))lde. (3.11)
]

J

We now multiply (3.1); by fi(t, u(¢)), then integrate from 0 to T to get

T

T T T
/ wi(Ofi(¢, u(t))dt = A f hi()fi(t, u())dt + A / |:f,-(t, u(t)) / it s)fl-(s,u(s))dsi| de. (3.12)
0 0 0

0

Using (C5) in (3.12) yields

T T
/ w(Ofi(t u(0))de < H; / (e, u(t))\dt + By (3.13)
0 0

Page 5 of 35
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Splitting the integrals in (3.13) and applying (3.11), we get

/ui(t)fi(t,u(t))dﬂrai/|f,-(t,u(t))|dt5Hi/|fi(t,u(t))|dt+Hi/|fi(t,u(t))|dt+Bi
J I ]

I

or
(ra — H) / (e, u(0)lde < H, / (e, u(e))1de + / i (0)fi(t, u(t))Ide + B
] I 1

< (Hi +)llptr,illy + B

where we have used (3.10) in the last inequality. It follows that

Hi +1)llpr,illy + Bi
[ it utepiae < el By, 619
J

Finally, it is clear from (3.1); that for te€ [0, T] and 1 <i < n,
T
]ui(t)‘ < H; + / 1gi(t, 8)fi(s, u(s))|ds
0

_Hi (f+f) 161t )5 u(s))Ids (3.15)
I ]

<H;+ ( sup ||gf||oo> (Hperilly + k) = 1;

te[0,T]

where we have applied (3.10) and (3.14) in the last inequality. Thus, |u;|o < [; for 1 <
i < nand ||u|| € max,y., [; = L. It follows from Theorem 3.1 (with M = L + 1) that
(1.1) has a solution u* € (C[0, T])". O

Theorem 3.3 Let the following conditions be satisfied for each 1 < i < n: (C1)-(C4)
with p; = o and q; = 1, (C7) and (C8) where

(C7) there exist constants a; > 0 and b; such that for any u € (C[0, T])",

T

T T
/ {fi(tlu(t))/gi(t/S)ﬁ(S/u(S))dS} dr < ai/ fi(t u(t))ldz + by,
0 0

0
(C8) there exist r >0 and o,; >0 with ro; > H; + a; such that for any u € (C[0, T1)",
w;(8)fi(t, u(t)) = rajlfi(t, u(t))| for ||u(t)|| > r and a.e. t € [0, T].

Then, (1.1) has at least one solution in (C[0, T7)".
Proof The proof follows that of Theorem 3.2 until (3.12). Let 1 < i < n. We use (C7)
in (3.12) to get
T

T T T
/ w(O)fi(t u())de < / I (0)fi(t, u(©))1de + 4 f [fi(a u(t)) / gi(x,s)ﬁ(s,u(s))ds} dt
0 0 0

0

. (3.16)
< (Hi+ a,»)/ Ifi(t, u(e))|dt + |bi].
0

Page 6 of 35



Agarwal et al. Advances in Difference Equations 2011, 2011:43 Page 7 of 35
http://www.advancesindifferenceequations.com/content/2011/1/43

Splitting the integrals in (3.16) and applying (3.11) gives
(mi—Hf—ai)/ Ifi(t,u(t))lde < (Hi+a,~)/|f,~(t,u(t))|dt+/|ui(t)f,~(t,u(t))\dt+ |bi]
] 1 1
< (Hi+ai +1)llprilly + 1bil

where we have also used (3.10) in the last inequality. It follows that

/lﬁ(t,u(t))ldt < (Hi +a; + )| parilly + 1bil . (3.17)
7

roci—H,-—a,'

The rest of the proof follows that of Theorem 3.2. O

Theorem 3.4 Let the following conditions be satisfied for each 1 < i < n: (C1)-(C4)
with p; = o and q; = 1, (C9) and (C10) where

(C9) there exist constants a; 2 0, 0 < 7; < 1 and b; such that for any u € (C[0, T1)",

T

T T Ti
/ {fi(t,u(t))/gf(t,S)fi(s,u(S))ds} dt < a [/ |fi(tr”(t))|d{| +by,
0 0

(C10) there exist r > 0 and fB; > 0 such that for any u € (C[0, T1)",
ui()fi(t u(t)) = Billu()l - Ifi(t, u(®))l for llu(t)|l > r and a.e. t € [0, T].

Then, (1.1) has at least one solution in (C[0, 77)".
Proof Let u = (uy, uy,..., u,) € (C[0, T])"” be any solution of (3.1), where A € (0, 1).
Define

H,’ + a12’* +1
To = Max 7, max ’
1<i<n Bi

(3.18)
Io={te[0,T]:|lu(®)ll <ro} and Jo={te[0,T]:|lu()ll > ro}

T
Clearly, [0, T] = Io U J, and hence [ = [+ [.
0

o Jo
Let 1 < i < n. If t € Iy, then by (C2) there exists w,,; € L'[0, T] such that

Ifi(t, u(®))l < () and

T
fi(t u()ldt < | pr,i(0)dt < | pr,i(0)dt = [1iery,ill1- (3.19)
s [

Io

Further, if t € J,, then by (C10) we have

/ui(t)ﬁ(t,u(t))dtz ﬁif Hu()Il - Iff(t,u(t))ldtzﬁm/Iji-(t,ll(t))lciL (3.20)
Jo Jo

Jo

Now, using (3.20) and (C9) in (3.12) gives

T
o [ 1t = [ ofa@)de [ @)
Jo Iy 0

T T
+a; \fx(lfu(l))ldt] +|bil
/

:
< [ wos oy [ oo
0

Io

+a;2" Lﬂ(lru(l))\dl} +|:/ \fx(lru(l))ldt} l+\bx\
([ -]

(3.21)
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where in the last inequality, we have made use of the inequality:
(x+y)* <2°(x*+)*), xy=0, a=0.

Now, noting (3.19) we find that

/ s (Ofi(t, u(0) e + / I ()fi(e, u(t))Ide + a2 U m(au(r)ndt} « It
Io Io 0

(3.22)
< (1o + Hi)llttrgilly + @2 (1o il 1) + |bil = F/;
Substituting (3.22) in (3.21) then yields
ﬂir()/lf,-(t,u(t))ldts/|h,-(t)ﬁ(t,u(t))|dt+a,—2" |;f |fi(t,u(t))|dtj| +K;
]() ILY 0
= H,-/ fi(t, u())Idt + ;2" [[ fi(t, u(l))ldt} +Ki.
Jo Jo
Since 7; < 1, there exists a constant k! such that
(Biro — ;- a2%) [ 15 u(®)1de < I/
Jo
which leads to
[y, E =k
l’ = Bito — Hi—ai2v " (3.23)
Jo
Finally, it is clear from (3.1), that for t€ [0, T] and 1 <i < m,
T
lui(t)| < Hi+/|gf(t,s)ﬁ(s,u(s))|ds
0
=H;+ <f+f> 1gi(t, $)fi(s, u(s))|ds (3.24)
Io Jo

<Hi+ (SUP ||g§||w> (il + i) = 1i

te[0,T)

where we have applied (3.19) and (3.23) in the last inequality. The conclusion now
follows from Theorem 3.1. O

Theorem 3.5 Let the following conditions be satisfied for each 1 < i < n: (Cl), (C2)-
(C4) with p; = = and q; = 1, (C10), (C11) and (C12) where

(C11) there exist r >0, 1; >0, % > 0 and b € Lyi;ril [0 T]such that for any u € (CI0,
)
Hu(O)Il = nilfi(t u(®)” + ¢i(t) for lu(e)|l > rand a.e. t € [0, T],
(C12) there exist a; > 0, 0 <z; <Y; + 1, b;, and Vi € Ly';il [0 T]with w; > 0 almost every-
1 7

where on [0, T], such that for any u € (C[0, T])",

Ti

T T T
/ ﬁ(t,u(t))/gi(t,s)fi(s,u(s))ds dt < g; /1//1-(1?)|ﬁ(t,u(t))|dt +b;.
0 0 0

Page 8 of 35



Agarwal et al. Advances in Difference Equations 2011, 2011:43
http://www.advancesindifferenceequations.com/content/2011/1/43

yi+l

Also, @; € CI[0, T1, h; EL % [0 T} Vi € Clo, T) andf|g,(t s)| » ds e C[0, T}

Then, (1.1) has at least one solution in (C[0, 77)".
Proof Let u = (uy, uy,..., u,) € (C[0, T])" be any solution of (3.1), where A € (0, 1).
Define the sets I and J as in (3.9). Let 1 < i < n. Applying (C10) and (C11), we get

/ w(Ofi( u(0)dt > fi f (O - (e, u(e))lde

] ] (3.25)
> B / it u(©)17*de + i / (01 (6 u(0)ldt.
] ]

Using (3.25) and (C12) in (3.12), we obtain

B / (e, u(e) 171 de
J

T

< / (O (6 u(0)de + By f (it u(0))ld + f (O (6 u(t)))dt

I ] 0

T Ti
+ai [/ vi(OIfie u(t))ldt} + |bil (3.26)
0

T
< f i (0)f(t, u(0)) e + / I6:()fi(t, u(e))1d + / I (0)f (1, (1)) de
1 ] 0

a2 H f o u(xmdt} s [ / wf(t)lfi(t,u(t))ldt} ] + Ibil.
I ]

Now, in view of (3.10) and (C12), we have

/|uf(t)ﬁ(t,u(z))|dt+/|hf(t)ﬁ(t,u(c))|dt+af2" |:/ wf(t)ﬁ(t,u(t))|dt:| + |b;|
! ! ! (3.27)

< (r+H)llprilli + ai2" {/ '/fi(t)ﬂr,i(f)d{| +bi| = k.
1

Substituting (3.27) into (3.26) and using Holder’s inequality, we find

B [ it u() " de
]

< ﬁi/ltbi(t)fi(t, u(t))ldt+/ | (0)fi (L, u())|dt + a;2" |:/ wi(t)|ﬁ(t,u(t))|dt:| +ki
7

" 1/,1+1
[ f i(0)] 7 dt} { / it u(t)w’”dr}
|:/T el %{rl / 1/11+1
+ [hi(t)] v dt:| |: |fi(t,u(t))|7‘+ldtj|
0 ]

Ty 2
yi+l

| B j| : |: }
+ai2% | | |0 v de Ifit, u()) " de + k.
/ /
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<1land “°

y,-il il < 1, there exists a constant k; such that

Since
[ i uoyrac <. (328
J

Finally, it is clear from (3.1), that for £€ [0, T] and 1 <i < m,

[ui(t)] < H; + (/+{) |g:(t, )i (s, u(s))|ds

I

<Hi+ ( sup ||g§||o<>> [rer,illa

te[0,T)

7 yi+l V‘yil
] Sup /|8i(t15)| viods /Ifi(t,u(t))ly’”dt
welo | ) )

<1

(3.29)
y,i—l

where we have used (3.28) and (C12) in the last inequality, and /; is some constant.
The conclusion is now immediate by Theorem 3.1. O

In the next six results (Theorem 3.6-3.11), we shall apply Theorem 3.1 for general p;
and q;.

Theorem 3.6 Let the following conditions be satisfied for each 1 < i < n: (C1)-(C4),
(C5), (C10) and (C13) where

(C13) there exist r > 0, 11; > 0, %; > 0 and ¢; € LPi[0, Tlsuch that for any u € (C[0, T])

n
’

(@)l = nilfi(t, u(@)l” + ¢i(t) for |lu(t)]| > r and a.e. t € [0, T].

Then, (1.1) has at least one solution in (C[0, 77)".

Proof Let u = (uy, uy,..., u,) € (C[0, T])"” be any solution of (3.1), where A € (0, 1).
Define the sets [ and J as in (3.9). Let 1 < i < n. If t € I, then by (C2), there exists
Wri € L9]0, T] such that |fi(t, u(£))| < u,.i(t). Consequently, we have

T

1
/ it u()1dt < / sri(t)dt < / sa (e < T2l (3.30)
1

1 0

On the other hand, using (C10) and (C13), we derive at (3.25).
Next, applying (C5) in (3.12) leads to (3.13). Splitting the integrals in (3.13) and using
(3.25), we find that

B / it u(e) " de
J
<5 / |¢i(0)fi(t, u(t)) Ide + Hy / it u()Idt + By / (1w (0)] + Hi) (e u(0)) e
! ! ! 1 (3.31)
< 51‘/ |¢i(t)fi(t, u(t)) |dt+Hi/ Ifi(t u(e))Idt + Bi + (r + H)TPi || far,illg,
J J

_p / (it u(0)) Ide + Hy / e, u(e))1dt + B
] ]

where (3.30) has been used in the last inequality and g/ — Bi+(r+ Hi)T;f irillg:
1 v i
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Now, an application of Holder’s inequality gives

Vi 1
T yi+l vi+l yi+1

E/MMMMWW&S /mewdt : fmmmeHm . (3:32)

J 0 J
Another application of Holder’s inequality yields

yi+l
T T Yipi
vi+l Yibi—vi—1

[s@ia=tm | [ia@ra| (3.33)

0 0
Substituting (3.33) into (3.32) then leads to

1
vibi—vi—1 yitl

/ lpi(0)fi(t, u(r))|de < T Pilv+D) | |ghi]|,, / Ifi(t, u(t)) "' de ) (3.34)

J J
Further, using Holder’s inequality again, we get

1
Yi vi+l

/ Ifi(t, u(t))lde < T+t / fi(t, u(0))*de | . (3.35)

J J
Substituting (3.34) and (3.35) into (3.31), we obtain

1
vitl
ﬁﬁh/ Ifi(t, u(0)) " de < A /Iﬁ(t,u(t))Vf”dt + B, (3.36)
J J
Yipi—vi—1 Vi . 1 .

where 4. _ 7 pi(y+1) Billilly, + HT%+1: Since ,,; <1, from (3.36), there exists a

constant k; such that

/mwwmw“msh. (3.37)
]

Finally, it is clear from (3.1), that for £€ [0, T] and 1 <i < m,

[ui(£)] < Hi + (/+/) |8i(t,s)fi(s ,u(s))| ds
[
1 (3.38)

. viri—yi—1 . . yi+l
< Hi+ | sup ligilp ) linillg +T #C+D | sup igillp, [flﬁ(&“(s))ly'+ ds]
te[0,T] te[0,T] ]
< I;(a constant),

where in the second last inequality a similar argument as in (3.34) is used, and in the
last inequality we have used (3.37). An application of Theorem 3.1 completes the
proof. O

Theorem 3.7 Let the following conditions be satisfied for each 1 < i < n: (C1)-(C4),
(C7), (C10) and (C13). Then, (1.1) has at least one solution in (C[0, T1)".
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Proof Let u = (uy, uy,..., u,) € (C[0, T])"” be any solution of (3.1), where A € (0, 1).
Define the sets I and J as in (3.9). Let 1 < i < n. As in the proof of Theorems 3.3 and
3.6, respectively, (C7) leads to (3.16), whereas (C10) and (C13) yield (3.25).

Splitting the integrals in (3.16) and applying (3.25), we find that

B / (e, u(0) 7 de
J

5ﬂ,'/|¢i(t)fi([,u(t))\dt+(Hi+ai)/[ﬁ(t,u(t))ldt+|b,'\+/(|ui(t)\+Hi+a,')[fi([,u(t))\dt
J ] T

1 (3.39)
<5 / IGi(Of (6 u(e)lde + (H; + ) / it u(0))Ide + [0 + ( + Hi + ai) T [l
J J

]
=/31-/ |¢i(t)fi(t,u(t))\dt+(H,-+ai)/ Ifi(t, u(r))|dt + B;
T ]

1 e .
where B/ = [bi| + (r +Hi +a) TP || parillg; Substituting (3.34) and (3.35) into (3.39)

then leads to

1

yi+l
Bini [ Ifit, u(0))1"*'dt < A [ / Ifi(t, u(t))ly"”dt} + B/ (3.40)
] ]

vipi—vi—1 Vi

i . 1
where A; =T pilyi+1) Billdilly, + (H; + a;) T+ Since sl < 1, from (3.40), we can
obtain (3.37) where k; is some constant. The rest of the proof proceeds as that of The-

orem 3.6. O

Theorem 3.8 Let the following conditions be satisfied for each 1 < i < n : (C1)-(C4),
(C10), (C13), and (C14) where

(C14) there exist constants a; > 0, 0 <t; <Y; + 1 and b; such that for any u € (C[0, T1)",

T

T T T
f [fi(bu(t))/gi(t,S)ﬁ(& u(S))dS} de<ai [/ Ifi(t,u(t))ldt} +bi.
0 0

0

Then, (1.1) has at least one solution in (C[0, T])".

Proof Let u = (uy, uy,..., u,) € (C[0, T])" be any solution of (3.1), where A € (0, 1).
Define the sets 7 and J as in (3.9). Let 1 < i < n. From the proof of Theorem 3.6, we
see that (C10) and (C13) lead to (3.25).

Using (3.25) and (C14) in (3.12), we obtain

B / e, u(0) 7 de
' T
< / (O (6 u(0))1de + By / (0 u(0)de + / IOt u(e))lde
1 J 0

T T
+d; |:[ f,‘(t,u(t))ldtj| + |bj| (3.41)
T

5/\ui(t)ﬁ(fru(t))ldﬂﬁi}/\d)f(t)ﬁ(tlu(t))ldﬂofIhi(t)ﬁ(flu(t))\dt

I

+a;2" Iﬁ(tru(t))ldt:| +[ Iﬁ(f:u(t))dt:| }+|bi|~
o] |1
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Note that

[ i (0)fi(t, u(0) e + / I ()fi(e, u(e))Ide + a2 { f Iff(t,u(t))ldt} + 1t
1 1 1

i (3.42)
< (r+H;) [ Ifi(t, u(t))|dt + a;27 |: Ifi(t, u(t))ldti| + |bi|
,/ f

1

1 T
< (r+ H)TP il + @i29TP (1l ar,illg, )™ + 1bil = K

where we have used (3.30) in the last inequality. Substituting (3.42) into (3.41) and
using (3.34) and (3.35) then provides

B [ e, u(e))7de
]

Sﬁi/|¢i(t)ﬁ(tru(t))\dt+/Ihi(f)ﬁ(fru(f))ldﬂtlif’ |:/ Ifi(tru(t))dti| +1;
] ] ]

(3.43)

1
yi+l

1
¥ipi—vi—1 viel Vi
<70 gl | [y et | [ uo)r
J J

T
v v+l
+a; 20 T v+l -/\fi(t,u(t))v'”dt + K.
J

Ti

Since yiil <Tland ,; < 1, there exists a constant k; such that (3.37) holds. The rest
of the proof is similar to that of Theorem 3.6. O

Theorem 3.9 Let the following conditions be satisfied for each 1 < i < n: (C1)-(C4),
(C10), (C13), and (C15) where

(C15) there exist constants d; > 0,0 < t; < ¥; + 1 and e; such that for any u € (C[0, T1)",

Ti
T

T T qi
/ [ﬁ(nu(t)) / gi(t,s)ﬁ-(s,u(snds} di < d; [ / Iﬁ(tru(t))lq’dt} ‘e
0 0

0

Then, (1.1) has at least one solution in (C[0, 77)".

Proof Let u = (uy, uy,..., u,) € (C[0, T])"” be any solution of (3.1), where A € (0, 1).
Define the sets I and J as in (3.9). Let 1 < i < n. As before, we see that (C10) and
(C13) lead to (3.25).

Using (3.25) and (C15) in (3.12), we obtain

Bini / it u(0)Pde
J

<81 [ it e+ [ Ofu@)de [ IR )
J

1 0

T i
+d; [f Lﬂ(tlu(t))lq‘dt} +leil (3.44)
0

T
5ﬂi/|¢,-(t)f,-(t,u(l))|dt+/\ul(t)ﬁ(t,u(t))ldt+H,-f|f,-(t,u(t))\dt
J 1 0

. ; ;
+d;24 Ifi(t, u(t))"‘dt:| + { Ifi(t, u(t))“‘dt:| +lei].
Ik /
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Now, it is clear that

Ti

qi

/ s (0)fi(t, u(e))1d + H; / it u(0)))dt + di2 / i u(@)de |+ e
1 1 I

qi

T
< (r+Hj) / pr,i(0)dt + di2 9% /(Mr,i(t))qidt + el (3.45)
1 L1 |
T
T Tz T a
<) [ uatde a2 | [ Guao)iar] el =k,
0 Lo |
Moreover, an application of Holder’s inequality gives
qi
vitl—q; viel
/ Ifi(t, u(t))|%de < T v+l / Ifi(t, u(t))|y"+ldt ) (3.46)
J J

Substituting (3.45) into (3.44) and using (3.34), (3.35) and (3.46) then leads to

ﬂini/ Ifi(t, u(0)) "+ de
]
: D
<8 [ 160t u)ide H [ 1 u©)de s d2e [ / Ifi(t,u(t))l"‘dt} s
J ] i

(3.47)

Yi+l

1
Yibi—vi—1 yirl Vi
< BT Plr+1) |ighi] |, /Iﬁ(t,u(t))l""*ldt + H;Tr+l /|f,~(t,u(t))|"”+ldt
T ]
T

u o T(v+l=a) vl
+di20 T ai(yi+1) /|ﬁ-(t,u(t))|y'+1dt + k.
]

Ti

Noting yilﬂ <Tland ,}; < 1, there exists a constant k; such that (3.37) holds. The
rest of the proof follows that of Theorem 3.6. O

Theorem 3.10 Let the following conditions be satisfied for each 1 < i < n: (C1)-(C4),
(C10), (C13) and (C16) where

(C16) there exist constants ¢; > 0, d; > 0, 0 <t; <y; + 1 and e; with

n

i+1—4i
Bini > 2Ci(2T)y o such that for any u e (C[0, T))",

T T
/ fi(t, u(t)) /gi(t, $)fi(s, u(s))ds | dt
’ ’ yitl 7
qi qi

T T
< O/|ﬁ(t,u(t))|""dt +d; 0/|fi(t,u(t))|q‘dt +e.

Then, (1.1) has at least one solution in (C[0, T1)".
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Proof Let u = (uy, uy,..., u,) € (C[0, T])"” be any solution of (3.1), where A € (0, 1).
Define the sets [ and J as in (3.9). Let 1 < i < n. As before, we see that (C10) and
(C13) lead to (3.25).

Using (3.25) and (C16) in (3.12) gives

ﬂmi/Iﬁ(t,u(t))Vf“dt
J

T
< / Ii(Of (6 u(t))1de + / i (0)fi(t, u(e))1de + f I (0)fi(t, u(e))1d
] I 0

T
+Ci |f1-(t,u(t))|‘71dti|
/

vit+l T

qi T qi
+d; [/ |fl-(t,u(t))|‘71dt:| + lei
0

T (3.48)
< b1 [ 16O u)Ide+ [ 1 u()ide+ H [ 1 uw)ide
] 1 0
vi+l _ i+l
yi+1 {/ } qi |:/ . qi
+Ci2 4 Ifi(t, u(1)) 1" dt + | Ifi(t u(®))"de
I J _
T g g
+d;2 4 /|ﬁ(t,u(t))|qidt:| + |:/ |fi(t,u(t))|q"dt:| + |eil.
L1 J
Now, it is clear that
yi+1
vitl i
/Iui(t)ﬁ(t,u(t))ldt+Hi/Ifi(t,u(t))ldt+ci2 i [/ Ifi(t, u()|" dt
I I I
[ o]
+d;24 Ifi(t, u(®)|%de |+ el
I
vitl
vit+l i
< (T + Hi) /,Lm'(t)dt +¢i2 i (Mr,i(t))qidt:|
/ /
7 (3.49)
T qi
+d;2 4i (Mr,i(t))qid{| + e
/
yi+l
qi

I i+l |: ; :|
< (r+H) | wri(t)de+c2 @ (pri (1)) dt
[ [

« I g
+d; 2 |:f (Mr,i(t))qidt:| +leil =K.
0
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Substituting (3.49) into (3.48) and then using (3.34), (3.35) and (3.46) leads to

B f (e, u()) 7 de
]

1 1
yipi—vi—1 ritl Vi . yitl
< BT we) gy, / Ifi(t, u(2)) 1+ dt + HiT7#1 f Ifit u()" dt
] ]

i+l yi+l—

@ (3.50)
+¢2 9% T i /lf,-(t,u(t))ly‘*ldz
]

Ti

u n(ritl—q) vi+1
w20 00| [ uo)dr +k@-.
]

) i+1—qi .
Noting Vi}*'l <1, Vir_: < las well as B > 26:(27T) qu q, from (3.50) there exists a con-

i

stant k; such that (3.37) holds. The rest of the proof proceeds as that of Theorem 3.6. O
Theorem 3.11 Let the following conditions be satisfied for each 1 < i < n : (C1)-(C4),
(C10), (C13) and (C17) where
(C17) there exist a; > 0, 0 <t; < ¥; + 1, b;, and ; € LPi|0, T|with w; > 0 almost every-
where on [0, T], such that for any u € (C[0, T])",

T T T Ti
/{anﬂyfgwﬂmxwﬂﬁﬁdt<m[/¢ﬁ)muumﬂdﬁ b
0 0 0

Then, (1.1) has at least one solution in (C[0, T1)".

Proof Let u = (uy, ty,..., u,) € (C[0, T])" be any solution of (3.1), where 1 € (0, 1).
Define the sets / and J as in (3.9). Let 1 < i < n. Once again, conditions (C10) and
(C13) give rise to (3.25).

Similar to the proof of Theorem 3.5, we apply (3.25) and (C17) in (3.12) to get (3.26).
Next, using (3.30) and Holder’s inequality, we find that

fIui(t)fi(bu(t))ldﬂfIhi(t)ﬁ(t,u(t))ldtwif‘ [/ wi(t)|ﬁ(t'u(t))|dt:| + [bil
1 1 I

| (3.51)
< (r+H)TP || illg + ai2" / Vit pri(t)de |+ |bil
1
1
< (r+ H)TP il + @27 (119ill,, il )™ + bil = .
Substituting (3.51) into (3.26) and applying (3.34) and (3.35), we find that
o [ i ()
]
< ;Sf/|¢i(t)ﬁ(t,u(t))|dt+[Ihi(t)ﬁ(t,u(t))ldt+a12“ [/ wi(O)Ifi(t, u(t))ldt:| + K
7 7 7
e (3.52)

1
yipi—vi—1 yixl Vi
< BT pilv)) g, /|fi(t,u(t))|7'”dt + H;Tr+1 /|fi(t,u(t))|7'”dt
J J

i(yipi—vi—1) . vitl
+a; 25T pilvi1) (H‘//illp,')r" / Ifi(t, u(e))|" dt + K.
T
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yiil < land yfil < 1, from (3.52), there exists a constant k; such that (3.37)

holds. The rest of the proof proceeds as that of Theorem 3.6. O

Remark 3.1 In Theorem 3.5, the conditions (C10) and (C11) can be replaced by the
following, which is evident from the proof.

(C10)" There exist r >0 and f; >0 such that for any u € (C[0, T1)",

ui(0)fi(t, u(t)) = Biluilo - Ifi(t, u(t))| for ||u(t)|| > r and a.e. t € [0, T],

Since

where we denote [4ilo = sup [ui(t)]
te[0,T]

(C11)’ There exist r >0, n; >0, 7; >0 and ¢ € Ly;:.
11)",
luilo > nilfi(t, u(t)|” + ¢;(t) for ||u(t)|| > r and a.e. t € [0, T].

! [0, 7] such that for any u € (CI0,

Remark 3.2 In Theorems 3.6-3.11, the conditions (C10) and (C13) can be replaced by
(C10) and (C13)’ below, and the proof will be similar.
(C13)’ There exist r >0, n; >0, ; >0, and ¢; € LP[0, T] such that for any u € (C[0, T])

n
)

luilo = nilfi(t, u(2))1” + ¢i(t) for ||u(t)|| > r and a.e. t € [0, T].

4 Existence results for (1.2) in (C,[0, «))"
Let the Banach space B = (Cj[0, «))” be equipped with the norm:

[lull = max sup |u;(t)] = max |uilo
1<i<n t€[0,00) 1<i<n
where we let |u;]o = sups [0,) |#:(£)|, 1 < i < n. Throughout, for #u € B and ¢t € [0,
o), we shall denote that

u(®)ll = max |u;(t)].
1<i<n

Moreover, for each 1 < i < n, let 1 < p; <  be an integer and ¢g; be such that

L ;1 = 1. For x € LP[0, 00), we shall define that

pi
N 1

(f Ix(s)lp"d5> p’, 1<p; <00
0

ess sup |x(s)|, pi=o0.
s€[0,00)

[xllp, =

We shall apply Theorem 2.1 to obtain the first existence result for (1.2) in (C;[0, )
Theorem 4.1 For each 1 < i < n, assume (D1)-(D5) hold where

(D1) h; € CJ[0, ), denote H; = sup;c (o, |1:(t)],

(D2) f;: [0, @) x R" > R is a Ll-Camthéodoryﬁmction, ie.,

(i) the map u o f(t, u) is continuous for almost all t € [0, ),

(ii) the map t o fi(t, u) is measurable for all u e R”,

(iii) for any r >0, there exists p,; € L'[0, =) such that |u| < r implies |f(t, u)| < p,;
(¢) for almost all t € [0, ).
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(D3) gi(s) = gi(t,s) € L*®[0, oo)for each t € [0, ),
(D4) the map t v glis continuous from [0, o) to L™ [0, ),
(D5) there exists i € L°[0, oo)such that g — Ziin L7[0, =) as t — o, i.e.,

lim ||} — Zilloo = lim ess sup [gi(t,s) — &i(s)| = 0.
t—00 t—00 SE[0,00)

In addition, suppose there is a constant M >0, independent of A, with ||u|| = M for
any solution u € (C/[0, «0))” to

[ee]

ui(t) = A | hi(t) + /gi(t,s)fi(s,u(s))ds , te]0,00), 1<i<n (4.1),
0

for each A € (0, 1). Then, (1.2) has at least one solution in (C;[0, ))”".
Proof To begin, let the operator S be defined by

Su(t) = (Siu(t), Sau(t), ..., Spu(t)), t€][0,00) (4.2)
where
Siu(t) = hi(t) + /gi(t, s)fi(s,u(s))ds,t € [0,00), 1 <i<n. (4.3)
0

Clearly, the system (1.2) is equivalent to u# = Su, and (4.1), is the same as u = ASu.

First, we shall show that S : (C/[0, «))" — (C/[0, «))", or equivalently S; : (C/[0, «))"
— Cj[0, ), 1 <i < n. Let u € (C)[0, «))"”. Then, there exists r >0 such that ||u|| < r,
and from (D2) there exists y,,; € L0, ) such that Ifi(s, u)| < u,; (s) for almost all s €
[0, o). Let £, t, € [0, =0). Together with (D1) and (D4), we find that

IS(tr) — Su()] < Ihi(ty) — hi(t2)] + / 182(5) — 82(5) itna(5)ds

(4.4)
< |hi(t1) — hi(2)] + 118" — 8 lloollrilly = 0
as t; — t,. Hence, Sju € C[0, ).
To see that S;u is bounded, we have for ¢t € [0, ),
o0
()] < Hi e [ 19005t 6)ds < i+ gl (4.5)
0
By (D5), there exists 77 >0 such that for ¢ > T7,
[18i oo < l1Zilloo + 1.
On the other hand, for ¢ € [0, T;], we have
[18illoc < sup [Ig]lco-
te[0,Ty]
Hence,
sup |[|glloc < max{ sup |Igflloc, [1illoc + 1 = Ki. (4.6)

te[0,00) te[0,T1]
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It follows from (4.5) that for ¢ € [0, =),

[Siu(t)| < Hi + Killpr,illh = M. (4.7)

Hence, S;u is bounded.
It remains to check the existence of the limit lim,_,.. S;u(t). We claim that

o0
tll)rg Siu(t) = hi(oo) + /gi(s)ﬁ(s, u(s))ds (4.8)
0
where /1,(e0) = lim,_,., /,(¢). In fact, it follows from (D5) that
o0
[ 1156 = SO u() | ds = 1l Bl llrily — 0
0
as t — co. This implies
o0 o0
lim [ (s u(ds = [ B u(s)ds
0 0

and so (4.8) is proved. We have hence shown that S : (C/[0, ))” — (Cj[0, =))".

Next, we shall prove that S : (C;[0, «))” — (C;[0, «))" is continuous. Let {#""} be a
sequence in (C)[0, «))” and u™ = (u',uf, ..., ul}) = u. In (C/[0, «))", i.e., u" = u; in
C/[0, o), 1 < i < n. We need to show that Su™ — Su in (C)[0, ~))”, or equivalently
Su™ — Su in C[0, =), 1 < i < n. There exists r >0 such that ||u™||, ||#|| <r, Noting
(D2), there exists u,; € L'[0, o) such that |f(s, u™)|, |fi(s, u)| < u,,(s) for almost all s €
[0, ). Denote S;u() = lim,_,., S;u(t) and S;u"" () = lim,_,., S;u”"(£). In view of (4.8),

we get that
ISiu™ (00) — Siu(o0)| < f 18i()fi(s, u™(5)) — fils, u(s))]1ds. (4.9)
0

Since
1i(9)[fi(s, u™(s)) — fi(s, u(s))]| — 0 as m — oo for almost every s € [0, 00)
and
8i()fis, ™ (5)) = fils, ()] < 2011,i() 12i(5)] € L[0, 00),
by the Lebesgue-dominated convergence theorem, it is clear from (4.9) that
|Siu™ (00) — Siu(00)| — 0 as m — oo. (4.10)

Further, using (4.8) again we find that

[Siu(t) — Siu(oo)| < |hi(t) — hi(o0)| +/ |25(s) — &i(s)| mr,i(s)ds win
) .

< [hi(t) — hi(00)| + 118 — ZilloolIrill1 — 0
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as t — oo. Similarly, we also have that

|Siu™(t) — Siu™(oc0)| — 0 ast — oo. (4.12)
Combining (4.10)-(4.12), we have

|S;u™(t) — Sju(t)] - 0ast — oo and m — oo
or equivalently, there exist T = ( such that

|Siu™(t) — Sju(t)] = 0 as m — oo, forall t > T. (4.13)

It remains to check the convergence in [0,T] As in (4.4), we find for any
[Siu™(t1) — Siu™(t2)] > 0 and |Sju(t;) — Siu(tx)| — 0O,

[Su™(t1) — Siu™(t2)] — 0 and  [Su(t;) — Siu(tx)] — 0 (4.14)

as t; — t,. Furthermore, Su"(t) — Su(t) pointwise on [0, T], since, by the Lebesgue-

dominated convergence theorem,

S"(0) = S0 = sup gl [ Vi(s,u"(6)) — i u))idks — 0 (@.15)
te[0,T] !

as m —> o. Combining (4.14) and (4.15) and the fact that [0, T] is compact yields
1Siu™(t) — Siu(t)] — 0 as m — oo, forall t € [0, T] (4.16)

Coupling (4.13) and (4.16), we see that S — S;u in C)[0, o).

Finally, we shall show that S : (C;[0, «))"” — (C;[0, «))" is completely continuous. Let
Q be a bounded set in (C/[0, «))” with ||u|| < r for all #u € QO We need to show that
S:Q) is relatively compact for 1 < i < n. First, we see that S;,Q0 is bounded; in fact, this
follows from an earlier argument in (4.7). Next, using a similar argument as in (4.4),
we see that S;Q is equicontinuous. Moreover, S;Q is equiconvergent follows as in
(4.11). By Theorem 2.2, we conclude that S;Q is relatively compact. Hence, S : (C/[0,
)" = (C/[0, =))" is completely continuous.

We now apply Theorem 2.1 with U = {u € (C/[0, )" : ||u|| <M} and B = E = (C}[0,
=))"” to obtain the conclusion of the theorem. O

Remark 4.1 In Theorem 4.1, the conditions (D2)-(D5) can be stated in terms of gen-
eral p; and ¢; as follows, and the proof will be similar:

(D2)' f; : [0, ) x R” — R is a [4-Carathéodory function, i.e.,

(i) the map u o fi(t, u) is continuous for almost all £ € [0, ),

(ii) the map ¢ a f{(t, u) is measurable for all # € R”,

(iii) for any r >0, there exists u,; € L]0, 00) such that |u| < r implies |fi(t, u)| < p,.;
(t) for almost all £ € [0, ),

(D3) gi(s) = gi(t,s) € L]0, 00), for each t € [0, =),

(D4) the map t — g! is continuous from [0, ) to LFi[0, c0),

(D5)’ there exists g; € LFi[0, 00) such that gl? — g;, in [P0, 00) as £ — oo, e,

1
o0 pi

lim it~ &l = Jim | [ 180.5) - g@Pes | o,

0
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Our subsequent Theorems 4.2-4.5 use an argument originating from Brezis and
Browder [11]. These results are parallel to Theorems 3.2-3.5 for system (1.1).

Theorem 4.2 Let the following conditions be satisfied for each 1 < i < n : (D1)-(DS5),
(C5)., and (C6).. where

(C5)., there exist B; >0 such that for any u € (C)[0, «))”,

[ i) [ g9 usnds| ac< s,
0 0

(C6).. there exist r >0 and o; >0 with ro; > H; such that for any u € (C)[0, «))”,
u;i(t)fi(t u(t)) = railfi(t, u(t))| for ||u(t)|| > r and a.e. t € [0, 00).

Then, (1.2) has at least one solution in (C;[0, =))”".

Proof We shall employ Theorem 4.1, so let u = (uy, us,..., u,) € (C/[0, «))" be any
solution of (4.1), where A € (0, 1). The rest of the proof is similar to that of Theorem
3.2 with the obvious modification that [0, 7] be replaced by [0, «). Also, noting (4.6)
we see that the analog of (3.15) holds. O

In view of the proof of Theorem 4.2, we see that the proof of subsequent Theorems
4.3-4.5 will also be similar to that of Theorems 3.3-3.5 with the appropriate modifica-
tion. As such, we shall present the results and omit the proof.

Theorem 4.3 Let the following conditions be satisfied for each 1 < i < n : (D1)-(D5),
(C7)., and (C8)., where

(C7)., there exist constants a; > 0 and b; such that for any u € (C)[0, «))”,

/ ﬁ(t,u(t))/gi(t,s)fi(s,u(s))ds dtfai/Ifi(t,u(t))ldei,
0 0 0

(C8)., there exist r >0 and o; >0 with ro; > H; + a; such that for any u € (Cj[0, «))”,
wi(O)fi(t, u(t)) = raslfi(t, u(t))| for ||lu(t)|| > r and a.e. t € [0, c0).

Then, (1.2) has at least one solution in (C;[0, =))”".

Theorem 4.4 Let the following conditions be satisfied for each 1 < i < n : (D1)-(DS5),
(C9).. and (C10)., where

(C9)., there exist constants a; > 0, 0 < 1; < 1 and b; such that for any u € (Cj[0, ))",

T

/ ﬁ(t,u(t))/g,-(t,s)fi(s,u(s))ds dt < a; /|ﬁ-(t,u(t))|dt + by,
0 0 0

(C10).. there exist r >0 and B; >0 such that for any u € (C)[0, «))",
ui(O)fi(t, u(t)) = Billu(®)| - Ifi(t, u(t))| for ||u(¢)|| > r and a.e. t € [0, 00).

Then, (1.2) has at least one solution in (C,[0, =))".
Theorem 4.5 Let the following conditions be satisfied for each 1 < i < n : (D1)-(DS5),
(C10).., (C11)., and (C12)., where

(C11)., there exist r >0, n; >0, v; >0 and b < Lyl;:l [0 Oo)such that for any u € (C[0,
©))",
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()1l = milfi(t, u(@) " + ¢i(t) for [lu(t)ll > r and a.e. t € [0, 00),

i+1
(C12).. there exist a; > 0, 0 <t; < v; + 1, b, and Ui € Ly; [0 oo)with w; > 0 almost

everywhere on [0, =), such that for any u € (Cj[0, «))",

Ti

/ fitu(t) f gi(t,$)fi(s, u(s))ds | dt < a; f YO u(@)lde |+,
0 0 0

Also, ¢; € BCI0, =), pp. ¢ Ly’;l [0, 0oy Vi € BCIO, ) and Zo|gi(t,s)|yl;1 ds € BC[0, 0).

Then, (1.2) has at least one solution in (C;[0, «))”".

We also have a remark similar to Remark 3.1.

Remark 4.2 In Theorem 4.5 the conditions (C10).. and (C11)., can be replaced by the
following; this is evident from the proof.

(C10), There exist r >0 and f; >0 such that for any u € (C[0, «))”,

wi(Ofi(t, u(t)) = Biluilo - Ifi(t, u(r))| for ||u(t)]| > r and a.e. t € [0, 00),

where we denote [4ilo = sup [ui(1)]
te[0,00)

(C11),, There exist r > 0, ; > 0, % > 0 and i € L%;l [0, %) such that for any u €

(G0, =))",

luilo = nilfi(t, u())" + ¢i(t) for |lu(t)l] > r and a.e. t € [0, 00).

5 Existence results for (1.2) in (BC[O, «))"
Let the Banach space B = (BC[0, «))” be equipped with the norm:

[lull = max sup |u;(t)| = max |uilo
1<i<n te[0,00) 1<i<n
where we let |u;]o = sups [0, |#it)|, 1 < i < n. Throughout, for u € B and ¢ € [0, =)
we shall denote

fu(0)l] = rlnax|”i(t)|-

Moreover, for each 1 < i < n, let 1 < p; <  be an integer and g; be such that
l}i + ;{ = 1. For x € LP1|0, 00), we shall define ||x||p; as in Section 4.

Our first result is a variation of an existence principle of Lee and O’Regan [25].

Theorem 5.1 For each 1 < i < n, assume (D2)-(D4)" and (D6) hold where

(D6) h; € BCIO, ), denote H; = sup, (o, «) |h1:2)].

For each k = 1, 2,..., suppose there exists u* = (uf, 1%, ..., u*) € (C[0, k])" that satis-
fies

k
uk (1) =hi(t)+/gi(t,s)ﬁ(s,u’f(s),ug(s),...,uﬁ(s))ds, tel0,k], 1<i<n. (51)

0
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Further, for 1 < i < n and k = 1, 2,..., there is a bounded set B € R such that
uf(t) € B for each ¢ € [0, k]. Then, (1.2) has a solution u* € (BC[0, «))” such that for
l<i<nul(t)eBforallte [0, ).

Proof First we shall show that

{for eachl<i<mnand{¢=1,2,..., thesequence {u?}kzé (5.2)

is uniformly bounded and equicontinuous on [0, £].

The uniform boundedness of {uf}kze follows immediately from the hypotheses; there-
fore, we only need to prove that {u?}kzg is equicontinuous. Let 1 < i < n. Since
u?(t) € B for each t € [0, k], there exists up € L[0, 00) such that Lﬂ(s,uk(s))| < ug(s)
for almost every s € [0, k].Fix ¢, £’ € [0, A]. Then, from (5.1) we find that

k

() = )] = IO = 1)1+ [ [8i6) ~ 0] - s s
0
= ) = B+ [ 11011 [109) — g )] s )1
0

IA

hi(t) — hi(¢)] + 118} — & Il - l1gllg — O

as t — t’. Therefore, {u?}kzl is equicontinuous on [0, A].

Let 1 < i < n. Now, (5.2) and the Arzéla-Ascoli theorem yield a subsequence N; of N
= {1, 2,...} and a function z! € C[0, 1] such that uf‘ — z] uniformly on [0,1] as k — o
in Nj. LetN3 = N1\ {1}. Then, (5.2) and the Arzéla-Ascoli theorem yield a subsequence
N, of N3 and a function z7 € C[0, 2] such that u¥ — z? uniformly on [0,2] as k —  in
N,. Note that zl?- = zil on [0,1] since N, € N;. Continuing this process, we obtain subse-

quences of integers Nj, Ny,... with

Ni2N;2--- DNy D---, whereN, C{{,¢+1,...}, (5.3)
and functions z{ € C[0, ] such that

uf — zf uniformly on [0, £] as k — ocoin Ny,

(5.4)
andz*' =zfon[0,¢], £=1,2,....
Let 1 < i < n. Define a function u} : [0, 00] — R by
ui(t) =zH(t), telo,¢] (5.5)

Clearly, uj € C[0,00) and uf(t) € B for each t € [0, A]. It remains to prove that
u* = (uj, uj, ..., u}) solves (1.2). Fix t € [0, ). Then, choose and fix A such that ¢ €
[0, A]. Take k > A. Now, from (5.1) we have

k
() = ) + [ gt s ()50, (), e [0,¢]

0
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or equivalently
¢

Wb (1) — () — / gi(t il 1k (5), () ., ()

0
" (5.6)

=/gi(t,s)ﬁ(s,u’;(s),ug(s),...,uﬁ(s))ds, te|o,].
1

Since f; is a [%-Carathéodory function and u¥(t) € B for each ¢ € [0, k], there exists
up € L9[0, 00) such that

18i(6 $)fi(s,uy (), w3(5), -, 1y (9))] < 18H(5) s (s),  ae.s € [0, k]

and |g}|up € L'[0,00). Let k — o (k€ Np) in (5.6). Since ulk — zf uniformly on [0, £],
an application of Lebesgue-dominated convergence theorem gives

14

2 (1) = hi(t) —/gi(t,s)f,-(s,zf (5),25(5), - 2 (5))ds

0

[e°]

< / 181 ()lus(s)ds, t € [0,¢]
1

or equivalently (noting (5.5))

£ o0

u; (1) —hi(f)—/Si(er)fi(S:uT(S): Uy(8), - - st (s))ds S/Igf(S)IMB(S)dS: tefoe].  (5.7)
0 1

Finally, letting £ — o in (5.7) and use the fact |g}|up € L'[0, 00) to get

oo

ur(t) — hi(t) — /gi(t, s)fi(s, ui(s), u3(s), ..., ui(s))ds =0, te]0,00).

0

Hence, u* = (u}, u}, ..., u}) is a solution of (1.2). O

It is noted that one of the conditions in Theorem 5.1, namely, (5.1) has a solution in
(Cl[0, k])", which has already been discussed in Section 3. As such, our subsequent
Theorems 5.2-5.5 will make use of Theorem 5.1 and the technique used in Section 3.
These results are parallel to Theorems 3.2-3.5 and 4.2-4.5.

Theorem 5.2 Let (D2)-(D4) and (D6) be satisfied for each 1 < i < n. Moreover, sup-
pose the following conditions hold for each 1 < i < n and each w € {1, 2,..}:

(C5),, there exist B; > 0 such that for any u € (C[0, w])"”,

Ao fsespts uasar < s,
(C6),, there exist r >0 and o; >0 with ro; > H; (H; as in (D6)) such that for any u
(clo, w))",
ui(O)fi(t, u(t)) = roilfi(t, u(t))| for |lu(t)||r and a.e. t € [0, w].

Then, (1.2) has at least one solution in (BC[0, «))”".
Proof We shall apply Theorem 5.1. To do so, for w = 1, 2,..., we shall show that the

system
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w

ui(t) = hi(t) + /gi(t, s)fi(s,u(s))ds, te[O,w], 1<i<n (5.8)

0

has a solution in (C[0, w])”. Obviously, (5.8) is just (1.1) with T'= w. Let w e {1, 2,...}
be fixed.

Let u = (uy, Uyy..., ) € (C[O,w])"” be any solution of (3.1); (with T = w) where A €
(0, 1). We shall model after the proof of Theorem 3.2 with 7' = w and H; given in
(D6). As in (3.9), define

I={te[0,w]:|lu(®)]|<r} and J={te[0,w] : |lu(t)]] > r}.

Let 1 < i< n If t e I, then by (D2) there exists y,; € L'[0, «) such that

/ 1i(t, u(t))1de < f Hri()dt < f a0t = 72l

[which is the analog of (3.10)]. Proceeding as in the proof of Theorem 3.2, we then
obtain the analog of (3.14) as

(Hi + 1)|lar,ill1 + B

ra; — H =k (independent ofw).

f It u(0)) dt <
]

Further, the analog of (3.15) appears as

[ui(t)l < sup |hi(1)] + ( sup ess sup Igi(t,5)|> (Hurilly + ki)
te[0,w] te[0,w] se0,w]

59
<H;+ < s[lolp) ess s[gp) |gi(t,s)|) (Ilierill1 + ki) =1;  (independent of w), t € [0, w]. ( )
telooe)  selo,

Hence, ||u|| € max;<;c, l; = L and we conclude from Theorem 3.1 that (5.8) has a
solution u* in (C[0, w])”. Using similar arguments as in getting (5.9), we find
[uf(t)| < lifor each t e [0, w]. All the conditions of Theorem 5.1 are now satisfied, it
follows that (1.2) has at least one solution in (BC[0, «))”. O

The proof of subsequent Theorems 5.3-5.5 will model after the proof of Theorem
5.2, and will employ similar arguments as in the proof of Theorems 3.3-3.5. As such,
we shall present the results and omit the proof.

Theorem 5.3 Let (D2)-(D4) and (D6) be satisfied for each 1 < i < n. Moreover, sup-
pose the following conditions hold for each 1 < i < n and each w € {1, 2,...} :

(C7),, there exist constants a; > 0 and b; such that for any u € (C[0, w])",

w

/ ﬁ(t,u(t))fgi(t,s)ﬁ(s,u(s))ds dtsai/ |fi(t, u(t))| de + by,
0 0

0

(C8),, there exist r >0 and o; > 0 with ro;; > H; + a; (H; as in (D6)) such that for any
ue (C[o, w])”,

ui(8)fi(t u(t)) = railfi(t, u(t))| for |lu(t)|| > r and a.e. t € [0, w].

Then, (1.2) has at least one solution in (BC[0, =))".
Theorem 5.4 Let (D2)-(D4) and (D6) be satisfied for each 1 < i < n. Moreover, sup-
pose the following conditions hold for each 1 < i < n and each w € {1, 2,...} :
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(C9),, there exist constants a; > 0, 0 <t; < 1 and b; such that for any u € (C[0, w])”,
w w w Ti
f |:fi(t, u(t)) [ &t )fi(s, u(s))ds] dt < g |:f |f,(t, u(t))|dt] +b;,
0 0 0

(C10),, there exist r >0 and B; >0 such that for any u € (C[0, w])",
wi(O)fi(t, u(®)) = Billu®)Il - Ifi(t, u(®))| for ||u(t)|] > r and a.e. t € [0, w].

Then, (1.2) has at least one solution in (BC[0, =))".
Theorem 5.5 Let (D2)-(D4) and (D6) be satisfied for each 1 < i < n. Moreover, sup-
pose the following conditions hold for each 1 < i < n and each w € {1, 2,..} : (C10),,
(C11),, there exist r >0, n; >0, ¥; >0 and v + ! such that for any u € (CI0,
el Vi [0,uw]
w])”,

[lu()] = nilfi(t, u()|” + ¢i(t) for ||u(t)|| > r and a.e. t € [0, w],

yi+1
(C12),, there exist a; > 0,0 < 7; < ¥; + 1, b;, and ' ] with y; > 0 almost
wi el Vi [0, LU]

everywhere on [0, w], such that for any u € (C[0, w])",

/ fitu(®) f gi(L8)fi(s, u(s))ds | de < a; f VO u()ldr |+ b
0 0 0
vi+1 w vitl
Also, ¢, e C[0, w], Mel %o, w]’ w; € C[0, w] and Of |gi(t, 5)| Vi ds€ Clo, wl.

Then, (1.2) has at least one solution in (BC[0, 0))".

We also have a remark similar to Remark 3.1.

Remark 5.1 In Theorem 5.5 the conditions (C10),, and (C11),, can be replaced by the
following, this is evident from the proof.

(C10);, There exist » >0 and f3; >0 such that for any u € (C[0, w])”,

wi(O)fi(t, u(t)) = Biluilo - Ifi(t, u(t))| for |lu(t)|| > rand a.e. t € [0, w],

where we denote I4lo = sup [ui(t)]
te[O,w]

yi+1
(C11), There exist r >0, n; >0, 7; >0 and 1 _ such that for any u € (C
¢i el Vi [0, LU]

[0, w])",

luilo > nilfi(t, u(t)|” + ¢i(t) for||u(t)|| > rand a.e. t € [0, w].

6 Existence of constant-sign solutions
In this section, we shall establish the existence of constant-sign solutions of the systems
(1.1) and (1.2), in (C[0, T])", (C/[0, =))" and (BCI0, «))". Once again, we shall employ
an argument originated from Brezis and Browder [11].

Throughout, let 9; € {-1, 1}, 1 < i < n be fixed. For each 1 < j < n, we define

[0,00), 6;i=1
[0 00); = {(—00,0], ej- -1
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6.1 System (1.1)
Our first result is “parallel” to Theorem 3.2.

Theorem 6.1 Let the following conditions be satisfied for each 1 < i < n: (C1), (C2)-
(C4) with p; = « and q; = 1, (C5), (C6) and (E1)-(E3) where

(E1) O;h,(t) =2 0 for t e [0, T,

(E2) git, s) 20 fors, t € [0, T,

(E3) 0, fit, ) = 0 for (t,u) € [0, T] x [T, [0, 00);.

Then, (1.1) has at least one constant-sign solution in (C[0, T7)".

Proof First, we shall show that the system

T

u;i(t) = hi(t) + /gi(t,s)fi*(s, u(s))ds, te[0,T], 1<i<n (6.1)

0
has a solution in (C[0, T1)", where,

fftu, ... un) =fi(tivi,...,vn), te[0,T], 1<i<n (6.2)
where for 1 <j < n,

Vi = uj, Gjuj >0
1 0, qu]‘ <0.
Clearly, f*(t,u) : [0, T] x R" — R and f/satisfies (C2).
We shall employ Theorem 3.1, so let u = (i3, uy,..., u,) € (C[0, T])" be any solution
of

T
ui(t) = A | hi(t) +/gi(t,s)ﬁ*(s,u(s))ds , te]0,T], 1<i<n (6.3),
0
where A € (0, 1). Using (E1)-(E3), we have for € [0, T] and 1 < i < n,

T

Giui(t) =A Qih,’(t) + /gi(t, s)@,-fi*(s,u(s))ds > 0.
0

Hence, u is a constant-sign solution of (6.3),, and it follows that
fftu®) =fi(tu(®)), te[0,T], 1<i<n. (6.4)

Noting (6.4), we see that (6.3), is the same as (3.1),. Therefore, using a similar tech-
nique as in the proof of Theorem 3.2, we obtain (3.15) and subsequently ||u|| <
maxi.;<, [; = L. It now follows from Theorem 3.1 (with M = L + 1) that (6.1) has a
solution u* e (C[0, T])".

Noting (E1)-(E3), we have for £€ [0, T] and 1 <i < n,

O (t) = Gihi(t) + ng,-(t, $)0if7 (s, u*(s))ds > 0.

Thus, u* is of constant sign. From (6.2), it is then clear that
fftu()) =fi(tu*(t)), te[0,T], 1<i<n.

Hence, u* is actually a solution of (1.1). This completes the proof of the theorem. O

Page 27 of 35



Agarwal et al. Advances in Difference Equations 2011, 2011:43 Page 28 of 35
http://www.advancesindifferenceequations.com/content/2011/1/43

Based on the proof of Theorem 6.1, we can develop parallel results to Theorems 3.3-
3.11 as follows.

Theorem 6.2 Let the following conditions be satisfied for each 1 < i < n: (C1), (C2)-
(C4) with p; = = and q; = 1, (C7), (C8) and (E1)-(E3). Then, (1.1) has at least one con-
stant-sign solution in (C[0, T])".

Theorem 6.3 Let the following conditions be satisfied for each 1 < i < n: (Cl), (C2)-
(C4) with p; = o and q; = 1, (C9), (C10) and (E1)-(E3). Then, (1.1) has at least one con-
stant-sign solution in (C[0, T1)".

Theorem 6.4 Let the following conditions be satisfied for each 1 < i < n: (C1), (C2)-
(C4) with p; = ~ and q; = 1, (C10)-(C12) and (E1)-(E3). Then, (1.1) has at least one
constant-sign solution in (C[0, T])".

Theorem 6.5 Let the following conditions be satisfied for each 1 < i < n : (C1)-(C4),
(C5), (C10), (C13) and (E1)-(E3). Then, (1.1) has at least one constant-sign solution in
(Clo, T])".

Theorem 6.6 Let the following conditions be satisfied for each 1 < i < n : (C1)-(C4),
(C7), (C10), (C13) and (E1)-(E3). Then, (1.1) has at least one constant-sign solution in
(Clo, T])".

Theorem 6.7 Let the following conditions be satisfied for each 1 < i < n : (C1)-(C4),
(C10), (C13), (Ci4) and (E1)-(E3). Then, (1.1) has at least one constant-sign solution in
(Clo, 11)".

Theorem 6.8 Let the following conditions be satisfied for each 1 < i < n : (C1)-(C4),
(C10), (C13), (C15) and (E1)-(E3). Then, (1.1) has at least one constant-sign solution in
(Clo, T])".

Theorem 6.9 Let the following conditions be satisfied for each 1 < i < n : (C1)-(C4),
(C10), (C13), (C16) and (E1)-(E3). Then, (1.1) has at least one constant-sign solution in
(Clo, 11)".

Theorem 6.10 Let the following conditions be satisfied for each 1 < i < n: (C1)-(C4),
(C10), (C13), (C17) and (E1)-(E3). Then, (1.1) has at least one constant-sign solution in
(Clo, T])".

Remark 6.1 Similar to Remarks 3.1 and 3.2, in Theorem 6.4 the conditions (C10) and
(C11) can be replaced by (C10)’ and (C11)’; whereas in Theorems 6.5-6.10, (C10) and
(C13) can be replaced by (C10)’ and (C13).

6.2 System (1.2)
We shall first obtain the existence of constant-sign solutions of (1.2) in (C[0, «))”. The
first result is “parallel” to Theorem 4.2.

Theorem 6.11 Let the following conditions be satisfied for each 1 < i < n : (D1)-(D5),
(CS).., (C6).. and (E1)..-(E3).. where

(E1)o. O:hy(t) = O for t € [0, =),

(E2)o. gi(t, s) 2 0 for s, t € [0, ),

(E3)0i(t,u) = 0 for (t,u) € [0,00) x [T2; [0, 00);.

Then, (1.2) has at least one constant-sign solution in (C;[0, «))".
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Proof First, we shall show that the system

o0

ui(t) = hi(t) + /gi(t,s)fi*(s,u(s))ds, tel0,00), 1<i<mn (6.5)

0

has a solution in (C;[0, «))”. Here,

fftu, ... un) =fi(tivi, ... v), te]0,00), 1<i<n (6.6)
where

yo= LW U = 0

J 0, quj <0.

Clearly, f(t,u):[0,00] x R" = R and f satisfies (D2).
We shall employ Theorem 4.1, so let u = (uy, u,..., u,,) € (C/[0, =))"” be any solution
of

o0

ui(t) = A | hi(t) +/gi(t,s)ﬁ*(s,u(s))ds , te[0,00), 1<i<n (6.7),

where A € (0, 1). Then, using a similar technique as in the proof of Theorem 6.1
(and also Theorem 4.2), we can show that (1.2) has a constant-sign solution u* e (C;
[0, ))". O

Remark 6.2 Similar to Remark 4.1, in Theorem 6.11 the conditions (D2)-(D5) can be
replaced by (D2)-(D5).

Based on the proof of Theorem 6.11, we can develop parallel results to Theorems
4.3-4.5 as follows.

Theorem 6.12 Let the following conditions be satisfied for each 1 < i < n: (D1)-(D5),
(C7)eey (C8)o and (E1).-(E3).. Then, (1.2) has at least one constant-sign solution in (C;
[0, «))™.

Theorem 6.13 Let the following conditions be satisfied for each 1 < i < n: (D1)-(D5),
(C9).., (C10).. and (E1).-(E3).. Then, (1.2) has at least one constant-sign solution in
(Cil0, <))

Theorem 6.14 Let the following conditions be satisfied for each 1 < i < n: (D1)-(D5),
(C10)..-(C12).., and (E1)w-(E3)... Then, (1.2) has at least one constant-sign solution in
(Ci[0, «))™.

Remark 6.3 Similar to Remark 4.2, in Theorem 6.14 the conditions (C10)., and
(C11)., can be replaced by (C10),, and (C11)...

We shall now obtain the existence of constant-sign solutions of (1.2) in (BC[0, ))".
The first result is ‘parallel’ to Theorem 5.1.

Theorem 6.15 For each 1 < i < n, assume (D2)-(D4) and (D6). For each k = 1, 2,...,
suppose there exists a constant-sign u* = (uf,uk, ..., ut) e (C[0, k])"that satisfies

k

uk (1) =hi(t)+/gi(t,s)ﬁ(s,u’f(s), ul(s), ..., uf(s))ds, te[0,k], 1<i<n. (6.8)
0

Page 29 of 35



Agarwal et al. Advances in Difference Equations 2011, 2011:43 Page 30 of 35
http://www.advancesindifferenceequations.com/content/2011/1/43

Further, for 1 < i < nand k = 1, 2,..., there is a bounded set B € R such that
uf(t) € Bfor each t € [0, k]. Then, (1.2) has a constant-sign solution u*e (BC[0, «))"
such that for 1 < i < n, u}(t) € Bfor all t € [0, ).

Proof Using a similar technique as in the proof of Theorem 5.1, we can show that
(5.2) holds. Let 1 < i < n. Together with the Arzéla-Ascoli theorem, we obtain subse-
quences of integers Nj, Nj,... satisfying (5.3), and functions zf € C[0, £] such that (5.4)
holds. Define a function u} : [0, 00) — R by (5.5), i.e.,

ur(t) =z (1), telo,¢].

Since fuf > 0, we have 6;zf > 0 and so 6iuf > 0. Hence, 4] is of constant sign. The
rest of the proof is the same as that of Theorem 5.1. O

The next result is “parallel” to Theorem 5.2.

Theorem 6.16 Let (D2)-(D4) and (D6) be satisfied for each 1 < i < n. Moreover, sup-
pose the following conditions hold for each 1 < i < n and each w € {1, 2,....} : (C5),,
(C6),, and (E1),, - (E3),, where

(E1),, Oh,(t) = 0 for t € [0, w],

(E2),, gi(t, s) = 0 for s, t € [0, w],

(E3). Ofi(tu) = 0 for (t,u) € [0,w] x [T, [0, 00),.

Then, (1.2) has at least one constant-sign solution in (BC[0, «))".

Proof We shall apply Theorem 6.15. To do so, for w = 1, 2,.., we shall show that the
system (5.8) has a constant-sign solution u* in (C[0, w])". The proof of this is similar
to that of Theorem 6.1 (with T'= w) and Theorem 5.2. As in (5.9) we have |u}(t)| <;
for each t € [0, w] and 1 < i < n. All the conditions of Theorem 6.15 are now satisfied
and the conclusion is immediate. O

Based on the proof of Theorem 6.16, we can develop parallel results to Theorems
5.3-5.5 as follows:

Theorem 6.17 Let (D2)-(D4) and (D6) be satisfied for each 1 < i < n. Moreover, sup-
pose the following conditions hold for each 1 < i < n and each w € {1, 2,..} : (C7),,
(C8),, and (E1),,-(E3),,. Then, (1.2) has at least one constant-sign solution in (BC[0, )

Theorem 6.18 Let (D2)-(D4) and (D6) be satisfied for each 1 < i < n. Moreover, sup-
pose the following conditions hold for each 1 < i < n and each w € {1, 2,...} : (C9),,,
(C10),, and (E1),-(E3),. Then, (1.2) has at least one constant-sign solution in (BC[O0,
o))",

Theorem 6.19 Let (D2)-(D4) and (D6) be satisfied for each 1 < i < n. Moreover, sup-
pose the following conditions hold for each 1 < i < n and each w € {1, 2,..} : (C11),,
(C12),, and (E1),,-(E3)w. Then, (1.2) has at least one constant-sign solution in (BC[O0,
0))”.

Remark 6.4 Similar to Remark 5.1, in Theorem 6.19 the conditions (C10),, and (C11)
» can be replaced by (C10);, and (C11),,

7 Examples
We shall now illustrate the results obtained through some examples.
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Example 7.1 In system (1.1), consider the following f, 1 < i< n:

ki(t,u), ueP

filt,u) = { 0, otherwise. (7.1)

Here,

P={ue (C[O, T])" : ui(t), ua(t), ..., un(t) > cforall t € [0, T]}

where ¢ >0 is a given constant, and x; is such that

(a) the map u a f(t, u) is continuous for almost all £ € [0, 77;

(b) the map ¢ a f{¢, u) is measurable for all u € R";

(c) for any r >0, there exists u,; € L'[0, T] such that |u| < r implies |, (¢, u)| < p,;
(t) for almost all t € [0, TJ;

(d) for any u € P, ui(t)k(t, u(t)) = 0 for all £ e [0, T.

Next, suppose for each 1 < i < n,

hi € C[0, T]with H; = sup |hi(t)| <c. (7.2)
te[0,T]

Clearly, conditions (C1) and (C2) with g; = 1 are fulfilled. We shall check that condi-
tion (C6) is satisfied. Pick r > ¢ and @ = %, 1 < i < n. Then, from (7.2) we have ro; = ¢
> H,.

Let u € P. Then, from (7.1) we have f{t u) = k¢, u). Consider ||u(t)|| > r where ¢ €
[0, T]. If ||u(®)|| = |u,¢)|, then noting (d) we have

ui(0)fi(t, u(t)) = fu ()] - Ifi(t u(@)] = Nu(] - fi(z u(©))|

U0
SR a0 7o
- relf(t u(o)
If ||| = |u(d)| for some k # i, then
(O e u0) = 1@ e ) =r- O e u
(7.4)

>7- : Ifi(t u(®)]
= ra4lfi(t, u(t))).

Therefore, from (7.3) and (7.4) we see that condition (C6) holds for u € P.

For u € (C[0, T])"\P, we have fi(t, u) = 0 and (C6) is trivially true. Hence, we have
shown that condition (C6) is satisfied.

The next example considers a convolution kernel g;(¢, s) which arises in nonlinear
diffusion and percolation problems; the particular case when n = 1 has been investi-
gated by Bushell and Okrasinski [26].

Example 7.2 Consider system (1.1) with (7.1), (7.2), and for 1 < i < n,

gi(t,s) =(t— s)”’1 (7.5)

where 7; > 1.
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Clearly, g; satisfies (C3) and (C4) with p; = . Next, we shall check condition (C5).
For u € P (P is given in Example 7.1), we have

T

T T T
fi(t u(t)) | &i(t s)fi(s u(s))dsi| de = |:/<i(t, u(t)) | (t—s)""kils, u(s))dsj| dt
flio] o]

0
T

< Txflf |:Ki(t,u(t))/Ki(Sr“(S))d5:| d
0

0

(7.6)

<B;

since k;(t, u) satisfies (c) (note (c) is stated in Example 7.1). This shows that condi-
tion (C5) holds for u € P. For u € (C[0, T])"\P, we have f{(¢, u) = 0 and (C5) is trivially
true. Therefore, condition (C5) is satisfied.

It now follows from Theorem 3.2 that the system (1.1) with (7.1), (7.2) and (7.5) has
at least one solution in (C[0, T7)".

The next example considers an g;(¢, s) of which the particular case when »n = 1 origi-
nates from the well known Emden differential equation.

Example 7.3 Consider system (1.1) with (7.1), (7.2), and for 1 < i < n,

gi(t,s) = (t —s)s” (7.7)

where y; > 0.
Clearly, g; satisfies (C3) and (C4) with p; = «~. Next, we see that condition (C5) is
satisfied. In fact, for u € P, corresponding to (7.6) we have

T

T T T
/ |:f,-(t,u(t))fgi(t,s)ﬁ(s,u(s))ds:| dt=/ |:x1-(t,u(t)) /(t—s)sy"x,-(s, u(s))ds:| dt
0 0 0

0

T T (7.8)
<l [ [:q(t,u(t)) [ ki(s, “(5))‘15} de
0

0
< B;.
Hence, by Theorem 3.2 the system (1.1) with (7.1), (7.2) and (7.7) has at least one
solution in (C[0, T1)".
Our next example illustrates the existence of a positive solution in (C[0, T])”, this is
the particular case of constant-sign solution usually considered in the literature.
Example 7.4 Let 0; = 1, 1 < i < n. Consider system (1.1) with (7.1), (7.2), and for 1 <

i<m,
hi(t) =0, te]0,T]. (7.9)

Clearly, condition (E1) is met, and noting (d) in Example 7.1 condition (E3) is also
fulfilled. Moreover, both g(z, s) in (7.5) and (7.7) satisfy condition (E2). From Examples
7.1-7.3, we see that all the conditions of Theorem 6.1 are met. Hence, we conclude
that

the system (1.1) with (7.1), (7.2), (7.9) and (7.5).

and
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the system (1.1) with (7.1), (7.2), (7.9) and (7.7).

each of which has at least one positive solution in (C[0, T])".
Example 7.5 In system (1.2), consider the following f, 1 <i<n:

ki(t,u), u € P

otherwise. (7.10)

e - {3y

Here,
={u € (C[0,00))" : ui(t), us(t), ..., un(t) > cfor all t € [0, 00)}

where ¢ >0 is a given constant, and &; is such that

(a)e the map u a fi(t, u) is continuous for almost all £ € [0, );

(b).. the map ¢ o fi(¢, u) is measurable for all u € R

(). for any r > 0, there exists #,,; € L'[0, ) such that |u| < r implies | (¢, u)| <
u,i(t) for almost all £ € [0, );

(d)o for any u € P.., uft) rt, u(t)) = 0 for all £ € [0, ).

Next, suppose for each 1 < i < n,

hi € C[0, 00)with H; = sup |hi(t)| < c.

1e]0,00) (7.11)

Clearly, conditions (D1) and (D2) are satisfied. Moreover, using a similar technique
as in Example 7.1, we see that condition (C6).. is satisfied.
Example 7.6 Consider system (1.2) with (7.10), (7.11), and for 1 < i < n,

1

17 (1+0)" 5

gi(t,s) =

where y; >
Clearly, g; satisfies (D3), (D4) and (D5) (take gi(s) =
tion (C5)... For u € P., (P.. is given in Example 7.5), we have

m) Next, we shall check condi-

[ i) f 805 u(e)ds | di

0
/ |:/cl(t u(t))/ 5+ 1t (1+1) l.)/ci(s,u(s))ds de (7.13)
0

<2 ki(t,u(t)) | «i(s u(s))ds | dt < B;
[l

since k(t, u) satisfies (c).. (note (c)., is stated in Example 7.5). This shows that con-
dition (C5).. holds for u# € P... For u € (C[0, «))”\P.., we have fi(¢, u) = 0 and (C5).,
is trivially true. Hence, condition (C5).. is satisfied.

We can now conclude from Theorem 4.2 that the system (1.2) with (7.10), (7.11) and
(7.12) has at least one solution in (C;[0, =))”".
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The next example shows the existence of a positive solution in (C;[0, «))”, this is the
special case of constant-sign solution usually considered in the literature.
Example 7.7 Let 6; = 1, 1 < i < n. Consider system (1.2) with (7.10)-(7.12), and for 1

<i<m
hi(t) = 0, te]0,00). (7.14)

Clearly, conditions (E1)..-(E3).. are satisfied. Noting Examples 7.5 and 7.6, we see
that all the conditions of Theorem 6.11 are met. Hence, the system (1.2) with (7.11)-
(7.12) has at least one positive solution in (C;[0, =))”.

Acknowledgements
The authors would like to thank the referee for the comments which help to improve the paper.

Author details

1Department of Mathematics, Texas A&M University - Kingsville, Kingsville, TX 78363, USA 2Departmer\t of
Mathematics, Faculty of Science, King Abdulaziz University, 21589 Jeddah, Saudi Arabia *Department of Mathematics,
National University of Ireland, Galway, Ireland “School of Electrical and Electronic Engineering, Nanyang Technological
University 50 Nanyang Avenue, Singapore 639798, Singapore

Authors’ contributions
All authors contributed equally to the manuscript and read and approved the final draft.

Competing interests
The authors declare that they have no competing interests.

Received: 18 March 2011 Accepted: 11 October 2011 Published: 11 October 2011

References

1. Erbe, LH, Hy, S, Wang, H: Multiple positive solutions of some boundary value problems. J Math Anal Appl. 184, 640-648
(1994). doi:10.1006/jmaa.1994.1227

2. Erbe, LH, Wang, H: On the existence of positive solutions of ordinary differential equations. Proc Am Math Soc. 120,
743-748 (1994). doi:10.1090/50002-9939-1994-1204373-9

3. Lian, W, Wong, F, Yeh, C: On the existence of positive solutions of nonlinear second order differential equations. Proc
Am Math Soc. 124, 1117-1126 (1996). doi:10.1090/50002-9939-96-03403-X

4. Agarwal, RP, Meehan, M, O'Regan, D: Nonlinear Integral Equations and Inclusions. Nova Science Publishers, Huntington,
NY (2001)

5. ORegan, D, Meehan, M: Existence Theory for Nonlinear Integral and Integrodifferential Equations. Kluwer, Dordrecht
(1998)

6. Agarwal, RP, O'Regan, D, Wong, PJY: Constant-sign solutions of a system of Fredholm integral equations. Acta Appl
Math. 80, 57-94 (2004)

7. Agarwal, RP, O'Regan, D, Wong, PJY: Eigenvalues of a system of Fredholm integral equations. Math Comput Modell. 39,
1113-1150 (2004). doi:10.1016/50895-7177(04)90536-5

8. Agarwal, RP, O'Regan, D, Wong, PJY: Triple solutions of constant sign for a system of Fredholm integral equations.
Cubo. 6, 1-45 (2004)

9. Agarwal, RP, O'Regan, D, Wong, PJY: Constant-sign solutions of a system of integral equations: The semipositone and
singular case. Asymptotic Anal. 43, 47-74 (2005)

10.  Agarwal, RP, O'Regan, D, Wong, PJY: Constant-sign solutions of a system of integral equations with integrable
singularities. J Integral Equ Appl. 19, 117-142 (2007). doi:10.1216/jiea/1182525211

11, Brezis, H, Browder, FE: Existence theorems for nonlinear integral equations of Hammerstein type. Bull Am Math Soc. 81,
73-78 (1975). doi:10.1090/50002-9904-1975-13641-X

12. Agarwal, RP, O'Regan, D, Wong, PJY: Positive Solutions of Differential, Difference and Integral Equations. Kluwer
Academic Publishers, Dordrecht (1999)

13.  Anselone, PM, Lee, JW: Nonlinear integral equations on the half line. J Integral Equ Appl. 4, 1-14 (1992). doi:10.1216/
jiea/1181075663

14.  Anselone, PM, Sloan, IH: Integral equations on the half line. J Integral Equ. 9, 3-23 (1985)

15. Bushell, PJ: On a class of Volterra and Fredholm non-linear integral equations. Math Proc Cambridge Philos Soc. 79,
329-335 (1976). doi:10.1017/50305004100052324

16.  Corduneanu, C: Integral Equations and Applications. Cambridge University Press, New York (1990)

17. Krasnosel'skii, MA: Topological Methods in the Theory of Nonlinear Integral Equations. Pergamon Press, Oxford (1964)

18. Meehan, M, O'Regan, D: Existence theory for nonlinear Fredholm and Volterra integral equations on half-open intervals.
Nonlinear Anal. 35, 355-387 (1999). doi:10.1016/50362-546X(97)00719-0

19.  Nashed, MZ, Wong, JSW: Some variants of a fixed point theorem of Krasnosel'skii and applications to nonlinear integral
equations. J Math Mech. 18, 767-777 (1969)

20. O'Regan, D: Existence results for nonlinear integral equations. J Math Anal Appl. 192, 705-726 (1995). doi:10.1006/
jmaa.1995.1199



Agarwal et al. Advances in Difference Equations 2011, 2011:43
http://www.advancesindifferenceequations.com/content/2011/1/43

21.

22.

23.

24.

25.

26.

O'Regan, D: Existence results for nonlinear integral equations on the half line. In: Corduneanu C (ed.) Qualitative
problems for differential equations and control theory. pp. 121-131. World Scientific Publishing, River Edge, NJ (1995)
O'Regan, D: A fixed point theorem for condensing operators and applications to Hammerstein integral equations in
Banach spaces. Comput Math Appl. 30L, 39-49 (1995)

O'Regan, D: Volterra and Urysohn integral equations in Banach spaces. J Appl Math Stochastic Anal. 11, 449-464 (1998).
doi:10.1155/51048953398000379

Dugundji, J, Granas, A: Fixed Point Theory. Monografie Mathematyczne, PWN Warsaw (1982)

Lee, JW, O'Regan, D: Existence principles for nonlinear integral equations on semi-infinite and half-open intervals. In:
Sivasundarem S, Martynyuk AA (eds.) Advances in Nonlinear Dynamics. pp. 355-364. Gordon and Breach Science
Publishers, Amsterdam (1997)

Bushell, PJ, Okrasinski, W: Uniqueness of solutions for a class of nonlinear Volterra integral equations with convolution
kernel. Math Proc Cambridge Philos Soc. 106, 547-552 (1989). doi:10.1017/50305004 100068262

doi:10.1186/1687-1847-2011-43
Cite this article as: Agarwal et al.: Existence results of Brezis-Browder type for systems of Fredholm integral
equations. Advances in Difference Equations 2011 2011:43.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 35 of 35


http://www.springeropen.com/
http://www.springeropen.com/

	Abstract
	1 Introduction
	2 Preliminaries
	3 Existence results for (1.1) in (C[0, T])n
	4 Existence results for (1.2) in (Cl[0, ∞))n
	5 Existence results for (1.2) in (BC[0, ∞))n
	6 Existence of constant-sign solutions
	6.1 System (1.1)
	6.2 System (1.2)

	7 Examples
	Acknowledgements
	Author details
	Authors' contributions
	Competing interests
	References

