
Ashyralyev and Cakir Advances in Difference Equations 2013, 2013:120
http://www.advancesindifferenceequations.com/content/2013/1/120

RESEARCH Open Access

FDM for fractional parabolic equations with
the Neumann condition
Allaberen Ashyralyev1,2 and Zafer Cakir3*

*Correspondence:
zafer@gumushane.edu.tr
3Department of Mathematical
Engineering, Gumushane University,
Gumushane, Turkey
Full list of author information is
available at the end of the article

Abstract
In the present study, the first and second order of accuracy stable difference schemes
for the numerical solution of the initial boundary value problem for the fractional
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1 Introduction
Mathematical modeling of fluid mechanics (dynamics, elasticity) and other areas of
physics lead to fractional partial differential equations. Numerical methods and theory
of solutions of the problems for fractional differential equations have been studied exten-
sively by many researchers (see, e.g., [–] and the references given therein).
The method of operators as a tool for investigation of the well-posedness of boundary

value problems for parabolic partial differential equations iswell known (see, e.g., [–]).
In paper [], the initial value problem

du(t)
dt

+D


t u(t) +Au(t) = f (t),  < t < T , u() =  (.)

for the fractional differential equation in a Banach space E with the strongly positive op-
erator A was investigated. This fractional differential equation corresponds to the Basset
problem []. It represents a classical problem in fluid dynamics where the unsteady mo-
tion of a particle accelerates in a viscous fluid due to the gravity of force. Here D



t =D



+ is

the standard Riemann-Liouville’s derivative of order 
 .

The well-posedness of (.) in spaces of smooth functions was established. The coercive
stability estimates for the solution of the mth ordermultidimensional fractional parabolic
equation and the one-dimensional fractional parabolic equation with nonlocal boundary
conditions in space variable were obtained.
In paper [], the stable first order of accuracy difference scheme for the approximate

solution of initial value problem (.)

{
τ–(uk – uk–) +Auk +D



τ uk = fk ,

fk = f (tk), tk = kτ ,  ≤ k ≤ N ,Nτ = T , u = 
(.)
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was presented. Here (see, []),

D


τ uk =

√
π

k∑
m=

�(k –m + 
 )

(k –m)!
um – um–

τ



,

�

(
k –m +




)
=
∫ ∞


tk–m– 

 e–t dt.

(.)

Let Fτ (E) be the linear space of mesh functions ϕτ = {ϕk}N with values in the Banach
space E. Next, on Fτ (E) we introduce the Banach spaceCτ (E) = C([,T]τ ,E) with the norm

∥∥ϕτ
∥∥
Cτ (E)

= max
≤k≤N

‖ϕk‖E .

The well-posedness of (.) in difference analogues of spaces of smooth functions was
established. Namely, we have the following theorems.

Theorem . Let A be a strongly positive operator in a Banach space E. Then, for the so-
lution uτ = {uk}N in Cτ (E) of initial value problem (.) the stability inequality holds:

∥∥{D 

τ uk

}N


∥∥
Cτ (E)

+
∥∥{τ–(uk – uk–) +Auk

}N


∥∥
Cτ (E)

≤ M
∥∥f τ

∥∥
Cτ (E)

. (.)

Theorem . Let A be a strongly positive operator in a Banach space E. Then, for the
solution uτ = {uk}N in Cτ (E) of initial value problem (.) the almost coercive stability in-
equality is valid:

∥∥{τ–(uk – uk–)
}N


∥∥
Cτ (E)

+
∥∥{Auk}N ∥∥Cτ (E)

≤ Mmin

{
ln


τ
,  + ln‖A‖E→E

}∥∥f τ
∥∥
Cτ (E)

. (.)

Here, and in future, positive constants, which can differ in time (hence: not a subject of
precision) will be indicated with an M. On the other hand M(α,β , . . .) is used to focus on
the fact that the constant depends only on α,β , . . . .
Finally, the coercive stability and almost coercive stability estimates for the solution of

difference schemes the first order of approximation in t for the mth order multidimen-
sional fractional parabolic equation and the one-dimensional fractional parabolic equa-
tion with nonlocal boundary conditions in space variable were obtained.
In the present paper, applying the second order of approximation formula

D/
τ uk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

–d
√
/u + d

√
/u, k = ,

d
√
/u + d

√
/u + d

√
/u, k = ,

d
∑k–

m={[(k –m)λ(k –m) +μ(k –m)]um–

+ [(m – k – )λ(k –m) – μ(k –m)]um–

+ [(k –m + )λ(k –m) +μ(k –m)]um}
+ d


√
 [–uk– – uk– + uk], ≤ k ≤ N

(.)

for

D/
t u(tk – τ /) =


�(/)

∫ tk–τ /


(tk – τ / – s)–/u′(s)ds,
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and using the Crank-Nicholson difference scheme for parabolic equations, we present the
second order of accuracy difference scheme

{
τ–(uk – uk–) + 

A(uk + uk–) +D


τ uk = fk ,

fk = f (tk – τ
 ), tk = kτ , ≤ k ≤ N ,Nτ = T , u = 

(.)

for the approximate solution of initial value problem (.). Here,

d =
√
πτ

, λ(r) =
√
r + / –

√
r – /,

μ(r) = –


(
(r + /)/ – (r – /)/

)
.

The well-posedness of (.) in Cτ (E) is established. In applications, the initial boundary
value problem for the fractional parabolic equation

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂u(t,x)
∂t +D/

t u(t,x) –
∑m

p= ap(x)
∂u(t,x)

∂xp
+
∑m

p= bp(x)
∂u(t,x)
∂xp + σu(t,x) = f (t,x),

x = (x, . . . ,xm) ∈ �,  < t < T ,
∂u(t,x)

∂	n = , x ∈ S, ≤ t ≤ T ,
u(,x) = , x ∈ �̄

(.)

is considered. Here, � is the open cube in them-dimensional Euclidean space

R
m :

{
x ∈ � : x = (x, . . . ,xm);  < xj < ,  ≤ j ≤ m

}
with boundary S, �̄ = �∪ S, ap(x) and bp(x) (x ∈ �) and f (t,x) (t ∈ (,T), x ∈ �) are given
smooth functions and ap(x)≥ a > , σ >  and 	n is the normal vector to S.
The first and second order of accuracy difference schemes for the approximate solution

of problem (.) are presented. The almost coercive stability estimates for the solution of
these difference schemes are established. The theoretical statements for the solution of
these difference schemes for one-dimensional fractional parabolic equations are sup-
ported by numerical examples.

2 The well-posedness of difference scheme
It is clear that the following representation formula

uk = –
k∑
s=

Bk–sCD


τ usτ +

k∑
s=

Bk–sCfsτ ,  ≤ k ≤ N (.)

holds for the solution of problem (.). Here, C = (I + τA
 )– and B = (I – τA

 )C.

Theorem . Let A be a strongly positive operator in a Banach space E. Then, for the
solution uτ = {uk}N in Cτ (E) of initial value problem (.) the following stability inequality
holds:

∥∥{D 

τ uk

}N


∥∥
Cτ (E)

+
∥∥∥∥
{
τ–(uk – uk–) +

A

(uk + uk–)

}N



∥∥∥∥
Cτ (E)

≤ M
∥∥f τ

∥∥
Cτ (E)

. (.)
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Proof Using formulas (.) and (.), we get

D


τ u = d

√
/

{
–CD



τ uτ +Cfτ

}
,

D


τ u = d

√
/

{
–CD



τ uτ –

C

D



τ uτ +Cfτ +

C

fτ

}
,

D


τ uk = d

k–∑
m=

{[
(k –m)λ(k –m) +μ(k –m)

]

×
[
–

m–∑
s=

Bm––sCD


τ usτ +

m–∑
s=

Bm––sCfsτ

]

+
[
(m – k – )λ(k –m) – μ(k –m)

]

×
[
–

m–∑
s=

Bm––sCD


τ usτ +

m–∑
s=

Bm––sCfsτ

]
(.)

+
[
(k –m + )λ(k –m) +μ(k –m)

]
×
[
–

m∑
s=

Bm–sCD


τ usτ +

m∑
s=

Bm–sCfsτ

]}

+
d


√


{
–

[
–

k–∑
s=

Bk––sCD


τ usτ +

k–∑
s=

Bk––sCfsτ

]

– 

[
–

k–∑
s=

Bk––sCD


τ usτ +

k–∑
s=

Bk––sCfsτ

]

+ 

[
–

k∑
s=

Bk–sCD


τ usτ +

k∑
s=

Bk–sCfsτ

]}
, ≤ k ≤ N .

Now, let us first estimate zk = ‖D 

τ uk‖E for any  ≤ k ≤ N . Using formula (.) and the

estimate

‖C‖E→E ≤ M, (.)

we get

z ≤ ‖C‖E→E
[∥∥D 


τ u

∥∥
E + ‖f‖E

]√
τ ≤ M

√
τ
[
z + ‖f‖E

]
, (.)

z ≤
{


‖C‖E→E

[∥∥D 

τ u

∥∥
E + ‖f‖E

]
+ ‖C‖E→E

[∥∥D 

τ u

∥∥
E + ‖f‖E

]}√
τ

≤ M
√

τ
[
z + z + ‖f‖E + ‖f‖E

]
. (.)

Nowwe consider the case ≤ k ≤ N . Applying formula (.), the triangle inequality and
estimates []

∥∥ABkC∥∥
E→E ≤ M

kτ
,

∥∥BkC
∥∥
E→E ≤ M,  ≤ k ≤ N , (.)
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we get

zk ≤ M

k–∑
s=

√
(k – s)τ

τ
(
zs + ‖fs‖E

)
+M

(
zk + ‖fk‖E

)
τ


 . (.)

Applying the difference analogue of the integral inequality and inequalities (.), (.)
and (.), we get

∥∥{D 

τ uk

}N


∥∥
Cτ (E)

=
∥∥{zk}N ∥∥Cτ (E)

≤ M
∥∥f τ

∥∥
Cτ (E)

. (.)

Using the triangle inequality and equation (.), we get

∥∥∥∥
{
τ–(uk – uk–) +

A

(uk + uk–)

}N



∥∥∥∥
Cτ (E)

≤ [∥∥f τ
∥∥
Cτ (E)

+
∥∥{D 


τ uk

}N


∥∥
Cτ (E)

]
≤ M

∥∥f τ
∥∥
Cτ (E)

. (.)

Estimate (.) follows from estimates (.) and (.). Theorem . is proved. �

Theorem . Let A be a strongly positive operator in a Banach space E. Then, for the
solution uτ = {uk}N in Cτ (E) of initial value problem (.) the almost coercive stability in-
equality is valid:

∥∥{τ–(uk – uk–)
}N


∥∥
Cτ (E)

+
∥∥∥∥
{
A

(uk + uk–)

}N



∥∥∥∥
Cτ (E)

≤ Mmin

{
ln


τ
,  + ln‖A‖E→E

}∥∥f τ
∥∥
Cτ (E)

. (.)

Proof Using formula (.), we get

τ–(uk – uk–)

= –
C

D



τ uk –

k–∑
s=

ABk––sCD


τ usτ +

C

fk +

k–∑
s=

ABk––sCfsτ . (.)

The proof of estimate

∥∥{τ–(uk – uk–)
}N


∥∥
Cτ (E)

≤ Mmin

{
ln


τ
,  + ln‖A‖E→E

}∥∥f τ
∥∥
Cτ (E)

(.)

for the solution of initial value problem (.) is based on formula (.) and estimate (.)
and the following estimates []:

max
≤k≤N

∥∥∥∥∥C fk +
k–∑
s=

ABk––sCfsτ

∥∥∥∥∥
E

≤ Mmin

{
ln


τ
,  + ln‖A‖E→E

}∥∥f τ
∥∥
C(E),
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max
≤k≤N

∥∥∥∥∥C fk +
k–∑
s=

ABk––sCD


τ usτ

∥∥∥∥∥
E

≤ Mmin

{
ln


τ
,  + ln‖A‖E→E

}∥∥{D 

τ uk

}N


∥∥
C(E).

Using these estimates, the triangle inequality and equation (.), we get

∥∥∥∥
{
A

(uk + uk–)

}N



∥∥∥∥
Cτ (E)

≤ Mmin

{
ln


τ
,  + ln‖A‖E→E

}∥∥f τ
∥∥
C(E). (.)

Estimate (.) follows from estimates (.) and (.). Theorem . is proved. �

3 Applications
Now, we consider the applications of Theorems . and . to initial boundary value prob-
lem (.). The discretization of problem (.) is carried out in two steps. In the first step,
let us define the grid space

⎧⎪⎨
⎪⎩

�̄h = {x = xp = (hp, . . . ,hmpm),p = (p, . . . ,pm),
 ≤ pj ≤ Mj,hjMj = , j = , . . . ,m},

�h = �̄h ∩ �, Sh = �̄h ∩ S.

We introduce the Banach space Ch = C(�̄h) of the grid function ϕh(x) = {ϕ(hp, . . . ,
hmpm)} defined on �̄, equipped with the norm

∥∥ϕh∥∥
C(�̄h)

=max
x∈�̄h

∣∣ϕh(x)
∣∣.

To the differential operator Ax generated by problem (.), we assign the difference oper-
ator Ax

h by the formula

Ax
hu

h(x) = –
m∑
p=

ap(x)uhx̄xp ,jp (x) +
m∑
p=

bp(x)uh◦x,jp
(x) + σuh(x)

acting in the space of grid functions uh(x), satisfying the conditions Dhuh(x) =  for all
x ∈ Sh. Here, Dhuh(x) is the first or second order of approximation of ∂u

∂	n . It is known that
(see, [, ]) Ax

h is a strongly positive definite operator in C(�̄h). With the help of Ax
h we

arrive at the initial boundary value problem

{
dvh(t,x)

dt +D/
t vh(t,x) +Ax

hv
h(t,x) = f h(t,x),  < t < T ,x ∈ �h,

vh(,x) = , x ∈ �̄
(.)

for a finite system of ordinary fractional differential equations.
In the second step, applying the first order of approximation formula defined by (.) for

D/
t u(tk) =


�(/)

∫ tk


(tk – s)–/u′(s)ds
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and using the first order of accuracy stable difference scheme for parabolic equations, we
can present the first order of accuracy difference scheme

⎧⎪⎨
⎪⎩

uhk (x)–u
h
k–(x)

τ
+D/

τ uhk(x) +Ax
hu

h
k (x) = f hk (x), x ∈ �̄h,

f hk (x) = f h(tk ,x), tk = kτ ,  ≤ k ≤ N ,Nτ = T ,
uh(x) = , x ∈ �̄h

(.)

for the approximate solution of problem (.).
Moreover, applying the second order of approximation formula defined by (.) for

D/
t u(tk – τ /) =


�(/)

∫ tk–τ /


(tk – τ / – s)–/u′(s)ds

and using the Crank-Nicholson difference scheme for parabolic equations, we can present
the second order of accuracy difference scheme

⎧⎪⎨
⎪⎩

uhk (x)–u
h
k–(x)

τ
+D/

τ uhk(x) +

A

x
h(u

h
k(x) + uhk–(x)) = f hk (x), x ∈ �̄h,

f hk (x) = f (tk – τ
 ,x), tk = kτ ,  ≤ k ≤N ,Nτ = T ,

uh(x) = , x ∈ �̄h

(.)

for the approximate solution of problem (.).

Theorem . Let τ and |h| =
√
h + · · · + hn be sufficiently small numbers. Then the solu-

tions of difference scheme (.) satisfy the following almost coercive stability estimates:

max
≤k≤N

∥∥∥∥uhk – uhk–
τ

∥∥∥∥
Ch

≤ M ln


τ + |h| max
≤k≤N

∥∥f hk ∥∥Ch
,

max
≤k≤N

m∑
p=

∥∥(uhk)x̄pxp ,jp∥∥Ch
≤ M(σ ) ln


h
ln


τ + |h| max

≤k≤N

∥∥f hk ∥∥Ch
.

The proof of Theorem . is based on the abstract Theorem . and on the estimate

min

{
ln


τ
,  +

∣∣ln∥∥Ax
h
∥∥
Ch→Ch

∣∣}≤ M(σ ) ln


τ + |h| (.)

as well as on the positivity of the operatorAx
h in Ch [, ], along with the following theo-

rem on the almost coercivity inequality for the solution of the elliptic difference equation
in Ch.

Theorem . [] Let |h| =
√
h + · · · + hn be sufficiently small number. Then, for the so-

lutions of the elliptic difference equation

Ax
hu

h(x) = ωh(x), x ∈ �h (.)

the following almost coercivity inequality

m∑
p=

∥∥uhx̄pxp ,jp∥∥Ch
≤ M(σ ) ln


|h|

∥∥ωh∥∥
Ch

is valid.
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Theorem . Let τ and |h| =
√
h + · · · + hm be sufficiently small numbers. Then the solu-

tions of difference scheme (.) satisfy the following almost coercive stability estimates:

max
≤k≤N

∥∥∥∥uhk – uhk–
τ

∥∥∥∥
Ch

≤ M ln


τ + |h| max
≤k≤N

∥∥f hk ∥∥Ch
,

max
≤k≤N




m∑
p=

∥∥(uhk + uhk–
)
x̄pxp ,jp

∥∥
Ch

≤ M(σ ) ln

h
ln


τ + |h| max

≤k≤N

∥∥f hk ∥∥Ch
.

The proof of Theorem . is based on the abstract Theorem . and on estimate (.)
and on the positivity of the operatorAx

h inCh and on Theorem . on the almost coercivity
inequality for the solution of the elliptic difference equation in Ch.
Note that one has not been able to get a sharp estimate for the constants figuring in the

almost coercive stability estimates of Theorems . and .. Therefore, our interest in the
present paper is studying the difference schemes (.) and (.) by numerical experiments.
Applying these difference schemes, the numerical methods are proposed in the following
section for solving the one-dimensional fractional parabolic partial differential equation.
The method is illustrated by numerical experiments.

4 Numerical results
For the numerical result, the initial value problem

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂u(t,x)
∂t +D/

t u(t,x) – ∂
∂x (( + x) ∂u(t,x)

∂x ) + u(t,x) = f (t,x),
f (t,x) = [ + t + 

√
t


√

π
+ ( + x)πt]t cosπx

+ π t sinπx,  < t < ,  < x < ,
ux(t, ) = ux(t, ) = ,  ≤ t ≤ ,
u(,x) = ,  ≤ x≤ 

(.)

for the one-dimensional fractional parabolic partial differential equation is considered.
The exact solution of problem (.) is u(t,x) = t cosπx.

4.1 First order of accuracy difference scheme
Applying difference scheme (.), we obtain

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ukn–uk–n
τ

+ √
π

∑k
r=

�(k–r+/)
(k–r)! ( u

r
n–ur–n
τ /

)

– 
h [( + xn+)

ukn+–u
k
n

h – ( + xn)
ukn–ukn–

h ] + ukn = ϕk
n ,

ϕk
n = f (tk ,xn), tk = kτ ,  ≤ k ≤ N ,xn = nh,  ≤ n≤ M – ,

uk = uk , ukM– = ukM,  ≤ k ≤ N ,
un = , ≤ n ≤M.

It can be rewritten in the matrix form

{
AUn+ + BUn +CUn– =Dϕn,  ≤ n≤ M – ,
U =U, UM– =UM,

http://www.advancesindifferenceequations.com/content/2013/1/120
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where

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

   · · ·  
 an  · · ·  
  an · · ·  

· · · · · · · · · · · · · · · · · ·
   · · · an 
   · · ·  an

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×(N+)

,

B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

b   · · ·  
b b  · · ·  
b b b · · ·  
· · · · · · · · · · · · · · · · · ·
bN bN bN · · · bNN 
bN+, bN+, bN+, · · · bN+,N bN+,N+

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×(N+)

,

C =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

   · · ·  
 cn  · · ·  
  cn · · ·  

· · · · · · · · · · · · · · · · · ·
   · · · cn 
   · · ·  cn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×(N+)

,

D =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

   · · ·  
   · · ·  
   · · ·  

· · · · · · · · · · · · · · · · · ·
   · · ·  
   · · ·  

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×(N+)

,

ϕn =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ϕ
n

ϕ
n

ϕ
n
...

ϕN–
n

ϕN
n

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×

, Uq =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

uq
uq
uq
...

uN–
q

uNq

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×

, q = n± ,n,

an = –
 + xn+

h
, cn = –

 + xn
h

, b = , b = –
√
τ
–

τ
,

b =
√
τ
+

τ
+
 + xn+ + xn

h
+ , b = –

�( + /)√
πτ

,

b =
�( + /) – �(/)√

πτ
–

τ
, b =

√
τ
+

τ
+
 + xn+ + xn

h
+ ,

bij =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

–�(i–+/)√
πτ (i–)! , j = ,

√
πτ [�(i–j+/)

(i–j)! – �(i–j–+/)
(i–j–)! ],  ≤ j ≤ i – ,√

πτ [�( + /) – �(/)] – 
τ
, j = i – ,

√
τ
+ 

τ
+ +xn++xn

h + , j = i,
, i < j ≤ N + 
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for i = , , . . . ,N +  and

ϕk
n =

[
 + kτ +


√
kτ


√

π
+ ( + nh)πkτ

]
(kτ ) cos(πnh) + π (kτ ) sin(πnh).

So, we have the second order difference equation with respect to n matrix coefficients.
This type system was developed by Samarskii and Nikolaev []. To solve this difference
equation, we have applied a procedure for difference equation with respect to k matrix
coefficients. Hence, we seek a solution of the matrix equation in the following form:

Uj = αj+Uj+ + βj+, UM = (I – αM)–βM, j =M – , . . . , , ,

where αj (j = , , . . . ,M) are (N + ) × (N + ) square matrices and βj (j = , , . . . ,M) are
(N + )×  column matrices defined by

αj+ = –(B +Cαj)–A,

βj+ = (B +Cαj)–(Dϕj –Cβj), j = , , . . . ,M – ,

where j = , , . . . ,M – , α is the (N + )× (N + ) identity matrix and β is the (N + )× 
zero matrix.

4.2 Second order of accuracy difference scheme
Applying the formulas

ux(tk , ) =
uk – uk

h
–
h

uxx(tk , ) + o

(
h
)
,  ≤ k ≤ N ,

ux(tk ,M) =
ukM – ukM– + ukM–

h
+ o

(
h
)
,  ≤ k ≤ N ,

ut(tk , ) =
uk+ – uk–

τ
+ o

(
τ ),  ≤ k ≤ N – ,

ut(tN , ) =
uN – uN–

 + uN–


τ
+ o

(
τ ), k =N

and using difference scheme (.), we obtain the second order of accuracy difference
scheme in t and in x

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ukn–uk–n
τ

+D/
τ ukn –


 [( + xn)

ukn+–u
k
n+ukn–

h + ukn+–u
k
n–

h – ukn
+ ( + xn)

uk–n+–u
k–
n +uk–n–
h + uk–n+–u

k–
n–

h – uk–n ] = ϕk
n ,

ϕk
n = f (tk – τ /,xn), tk = kτ ,xn = nh,  ≤ k ≤ N , ≤ n ≤ M – ,

u = , k = ,
– h

τ
uk– + [ h +

h
D

/
τ + h

 ]u
k
 +

h
τ
uk+ = 

hu
k
 +

h
ϕ

k
,  ≤ k ≤ N – ,

h
τ
uN–
 – h

τ
uN–
 + [ h +

h
τ

+ h
D

/
τ + h

 ]u
N
 = 

hu
N
 + h

ϕ
N
 , k =N ,

ukM – ukM– + ukM– = ,  ≤ k ≤ N ,
un = , ≤ n ≤M.
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Here, D/
τ ukn is the fractional difference derivative defined by the formula (.). It can be

rewritten in the matrix form{
AUn+ + BUn +CUn– =Dϕn,  ≤ n≤ M – ,
EU = FU + Rϕ, UM – UM– +UM– = ,

(.)

where

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

   · · ·  
an an  · · ·  
 an an · · ·  

· · · · · · · · · · · · · · · · · ·
   · · · an 
   · · · an an

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×(N+)

,

B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

b   · · ·  
b b  · · ·  
b b b · · ·  
· · · · · · · · · · · · · · · · · ·
bN bN bN · · · bNN 
bN+, bN+, bN+, · · · bN+,N bN+,N+

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×(N+)

,

C =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

   · · ·  
cn cn  · · ·  
 cn cn · · ·  

· · · · · · · · · · · · · · · · · ·
   · · · cn 
   · · · cn cn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×(N+)

,

D =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

   · · ·  
   · · ·  
   · · ·  

· · · · · · · · · · · · · · · · · ·
   · · ·  
   · · ·  

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×(N+)

,

ϕn =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ϕ
n

ϕ
n

ϕ
n
...

ϕN–
n

ϕN
n

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×

, Uq =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

uq
uq
uq
...

uN–
q

uNq

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×

, q = n± ,n,

an = –



(
 + xn
h

+

h

)
, cn = –




(
 + xn
h

–

h

)
, d =

√
πτ

,

λ(r) =
√
r + / –

√
r – /, μ(r) = –



[
(r + /)/ – (r – /)/

]
,

b = , b = –
d
√



–

τ
+
 + xn
h

+


, b =

d
√



+

τ
+
 + xn
h

+


,
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b =
d

√



, b =

d
√



–

τ
+
 + xn
h

+


, b =

d
√



+

τ
+
 + xn
h

+


,

b = d
[
λ() +μ()

]
, b = d

[
–λ() – μ()

]
–

d

√

,

b = d
[
λ() +μ()

]
– 

d

√

–

τ
+
 + xn
h

+


, b = 

d

√

+

τ
+
 + xn
h

+


,

b = d
[
λ() +μ()

]
, b = d

[
–λ() – μ() + λ() +μ()

]
,

b = d
[
λ() +μ() – λ() – μ()

]
–

d

√

,

b = d
[
λ() +μ()

]
– 

d

√

–

τ
+
 + xn
h

+


, b = 

d

√

+

τ
+
 + xn
h

+


,

bi,j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d[(i – )λ(i – ) +μ(i – )], j = ,
d[( – i)λ(i – ) – μ(i – ) + (i – )λ(i – ) +μ(i – )], j = ,
d[(i – j + )λ(i – j) +μ(i – j) + (j – i + )λ(i – j – )

– μ(i – j – ) + (i – j – )λ(i – j – ) +μ(i – j – )], ≤ j ≤ i – ,
d[λ() +μ() – λ() – μ()] – d


√
 , j = i – ,

d[λ() +μ()] –  d

√
 –


τ
+ +xn

h + 
 , j = i – ,

 d

√
 +


τ
+ +xn

h + 
 , j = i,

, i < j ≤ N + 

for i = , , . . . ,N +  and

ϕk
n =

[
 + kτ +


√
kτ


√

π
+ ( + nh)πkτ

]
(kτ ) cos(πnh) + π (kτ ) sin(πnh).

For the solution of the matrix equation (.), we use the same algorithm as in the first
order of accuracy difference scheme, where

uM = [I – αM + αM–αM]– ∗ [(I – αM–)βM – βM–
]
,

α = E–F , β = E–Rϕ,

F =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

   · · ·  
 /h  · · ·  
  /h · · ·  

· · · · · · · · · · · · · · · · · ·
   · · · /h 
   · · ·  /h

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×(N+)

,

R =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

   · · ·  
   · · ·  
   · · ·  

· · · · · · · · · · · · · · · · · ·
   · · ·  
   · · ·  

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×(N+)

,
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E =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

e   · · ·  
e e  · · ·  
e e e · · ·  
· · · · · · · · · · · · · · · · · ·
eN eN eN · · · eNN 
eN+, eN+, eN+, · · · eN+,N eN+,N+

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(N+)×(N+)

,

e = , e = –
h
τ

–
h


√

πτ
, e =


h
+
h

+

h

√

πτ
, e =

h
τ

,

e =

√
h


√

πτ
, e =

–
√
h


√

πτ
–

h
τ

, e =

h
+
h

+


√
h


√

πτ
, e =

h
τ

,

e =
dh

[
( + /)λ() +μ()

]
, e =

dh

[
–λ() – μ() + /λ() +μ()

]
,

e = –
h
τ

+
dh

[
( + /)λ() +μ() –  – (–/)

]
,

e =

h
+
h

+
dh

[
( + /)λ() +μ()

]
, e =

h
τ

,

e =
dh

[
( + /)λ() +μ()

]
,

e =
dh

[
– · λ() – μ() + ( + /)λ() +μ()

]
,

e =
dh

[
( +  + /)λ() +μ() –  · λ() – μ() + /λ() +μ()

]
,

e = –
h
τ

+
dh

[
( +  + /)λ() +μ() – λ() – μ()

]
,

e =

h
+
h

+
dh

[
( + /)λ() +μ()

]
, e =

h
τ

,

eij =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dh
 [(i –  + /)λ(i – ) +μ(i – )], j = ,
dh
 [–(i – )λ(i – ) – μ(i – )
+ (i –  + /)λ(i – ) +μ(i – )], j = ,

dh
 [(i – j +  + /)λ(i – j) +μ(i – j) – (i – j)λ(i – j – )
– μ(i – j – ) + (i – j –  + /)λ(i – j – ) +μ(i – j – )],  ≤ j ≤ i – ,

– h
τ

+ dh
 [( + /)λ() +μ() – λ() – μ()], j = i – ,


h +

h
 +

dh
 [( + /)λ() +μ()], j = i,

h
τ
, j = i + ,

h
τ

+ dh
 [(i –N +  + /)λ(i –N + ) +μ(i –N + )

– (i –N + )λ(i –N) – μ(i –N)
+ (i –N –  + /)λ(i –N – ) +μ(i –N – )], j =N – ,

– h
τ
+ dh

 [( + /)λ() +μ() – λ() – μ()], j =N ,

h +

h
 +

h
τ

+ dh
 [( + /)λ() +μ()], j =N + ,

, j > i + 

for i = , , . . . ,N +  and

ϕk
 =

(
 + kτ +


√
kτ


√

π
+ πkτ

)
(kτ ).
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Table 1 Comparison of errors

Method N =M = 30 N =M = 60 N =M = 120

1st order difference scheme 0.0910 0.0448 0.0222
2nd order difference scheme 0.0160 0.0040 0.0010

4.3 Error analysis
Finally, we give the results of the numerical analysis. The error is computed by the follow-
ing formula

EN
M = max

≤k≤N ,≤n≤M–

∣∣u(tk ,xn) – ukn
∣∣,

where u(tk ,xn) represents the exact solution and ukn represents the numerical solutions of
these difference schemes at (tk ,xn).
The numerical solutions are recorded for different values of N and M. Table  is con-

structed for N =M = , and , respectively.
Thus, the results show that, by using the Crank-Nicholson difference scheme increases

faster then the first order of accuracy difference scheme.

5 Conclusion
In the present study, the second order of accuracy difference scheme for the approximate
solution of initial value problem (.) is presented. A theorem on almost coercivity of this
difference scheme in maximum norm is established. Almost coercive stability estimates
for the solution of the first and second order of accuracy stable difference schemes for
the numerical solution of the initial boundary value problem for the fractional parabolic
equation with the Neumann boundary condition are obtained. Of course, stability esti-
mates permits us to obtain the convergence of difference schemes for the numerical solu-
tion of the initial boundary value problem for the fractional parabolic equation with the
Neumann boundary condition.Moreover, the Banach fixed-point theorem andmethod of
the present paper enables us to obtain the estimate of convergence of difference schemes
of the first and second order of accuracy for approximate solutions of the initial-boundary
value problem:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂u(t,x)
∂t +Dα

t u(t,x) –
∑m

p= ap(x)
∂u(t,x)

∂xp
+ σu(t,x)

= f (t,x;u(t,x),ux (t,x), . . . ,uxm (t,x)), x = (x, . . . ,xm) ∈ �,  < t < T ,
∂u(t,x)

∂	n |S = ,  ≤ t ≤ T ,  ≤ α < ,
u(,x) = , x ∈ �̄

for semilinear fractional parabolic partial differential equations with smooth ap(x) and
f (t,x;u(t,x), v(t,x), . . . , vm(t,x)).
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