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Abstract

In this paper, a composite disturbance-observer-based control (DOBC) and Huo
control scheme is applied to solve the spacecraft attitude control with time-varying
input delay. Compared with some existing results, distinct features of the proposed
method are that the delay-dependent disturbance observer and Hy, controller are
used to estimate and compensate the main disturbance caused by flexible
appendages and to attenuate exogenous bounded disturbances with attenuation
level, respectively. The proposed design is obtained by combining the augmented
Lyapunov functional with linear matrix inequality technique. The effectiveness of the
proposed design method is illustrated via a numerical example.

Keywords: flexible spacecraft; disturbance observer; time-varying delay; Hy, control;
LMI

Introduction

Flexible spacecraft plays an important role in communication, remote sensing and a va-
riety of space related research works [1-4]. However, the design of these appendages of-
ten involves the need for large, complex and light-weight space structures to achieve in-
creased functionality at a reduced launch cost [5]. During the control of the rigid body
attitude, the unwanted excitation of flexible modes, together with other external distur-
bances, measurement and actuator error, may degrade the performance of attitude con-
trol systems [6]. On the other hand, spacecrafts usually operate in the presence of various
disturbances, which include radiation torque, gravitational torque, aerodynamic torque
and non-environmental torques, etc. [7]. The problem of disturbance rejection is particu-
larly pronounced in the case of low-earth-orbiting satellites that operate in altitude ranges
where their dynamics are substantially affected by most of the disturbances mentioned
above [2, 8]. In modern control theory, anti-disturbance control methodologies can be di-
vided into two main types. One is the disturbance attenuation method such as Hy, control
[9-11]. The other is the disturbance rejection method which may compensate the distur-
bance via the compensator [12-14]. However, these approaches only deal with one type
of disturbance. In practice, together with the rapid development of sensor and data pro-
cessing technologies, the disturbances or noise from different sources (e.g., sensor and
actuator noise, friction, vibration) can be characterized by different mathematical mod-
els. Also, disturbance can represent the unmodeled dynamics and system uncertainties.
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For the case of multiple disturbances, a composite hierarchical anti-disturbance control
was proposed [7, 15] to guarantee the simultaneous disturbance attenuation and rejection
performance.

In practical application, input delay always exists in a flexible spacecraft due to the phys-
ical structure and energy consumption of the actuators. Although it is not the most im-
portant factor to affect the attitude control, it still leads to substantial performance de-
terioration and even to instability of the system [16, 17]. Hence, anti-disturbance control
algorithms for such systems that explicitly take input time delay into account are of prac-
tical interest. Up to now, the issue of anti-disturbance control problems for flexible space-
craft subject to both disturbance and input time delay has not been fully investigated and
remains to be open and challenging.

Motivated by the preceding discussion, in this paper, a composite attitude controller de-
sign approach is designed for a flexible spacecraft based on DOBC and H, state-feedback
control. By constructing an augmented Lyapunov functional with slack variables, new
delay-dependent DOBC and H, controller are obtained in terms of linear inequality ma-
trices. The resultant DOBC can reject the effect of vibrations from flexible appendages,
and H,, state-feedback control can attenuate the influence of the norm bounded distur-
bances. Moreover, compared with the existing results [6, 7, 16], (I) Input time delay is
considered in the designed controller, which is more practical than the methods in [6, 7];
(I) An augmented Lyponov function is used to design H,, controller, which may lead to
a more relaxed design than the methods in [16]. Finally, a numerical example is shown to
demonstrate the good performance of our method.

Notation: Throughout this paper, R” denotes the n-dimensional Euclidean space; the
space of square-integrable vector functions over [0,00) is denoted by /5[0, 00); the su-
perscripts ‘T’ and ‘—1" stand for matrix transposition and matrix inverse, respectively;
P > (> 0) means that P is real symmetric and positive definite (semidefinite). In symmet-
ric block matrices or complex matrix expressions, diag{-- -} stands for a block-diagonal
matrix, and * represents a term that is induced by symmetry. For a vector v(t), its norm is
given by [[v(2)]|3 = fooo v (t)v(t) dt. Matrices, if their dimensions are not explicitly stated,

are assumed to be compatible for related algebraic operations.

Problem formulation and preliminaries

Similarly to the references [7, 16], the single-axis model can be derived from the non-
linear attitude dynamics of the flexible spacecraft. In this paper, the problem is simplified
and only considers the single-axis rotational manoeuvre. It is assumed that this model
includes one rigid body and one flexible appendage, and the relative elastic spacecraft

model is described as

JO(t) + Fii(t) = u(t) + wi(e), O

i) + Cun(t) + An(t) + FTO(t) = 0,
where 0(t) is the attitude angle, J is the moment of inertia of the spacecraft, n(¢) is the
flexible modal coordinate, F is the rigid-elastic coupling matrix, u(¢) is the control torque
generated by the reaction wheels that are installed in the flexible spacecraft. w;(t) rep-
resents the merged disturbance torque including the space environmental torques, un-
modeled uncertainties and noises from sensors and actuators and belongs to /5[0,1) and
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w1 ()] < 81. Cpy = diag{2& 1, ..., 28,0, } is a modal damping matrix, where §; (i = 1,...,n)
is the damping ratio and w; (i = 1,...,n) is the modal frequency. A = diag{a)f, . ,.,a)f,} is a
stiffness matrix. Since vibration energy is concentrated in low frequency modes in a flexi-
ble structure, its reduced order model can be obtained by modal truncation. In this paper,
only the first two bending modes are taken into account. Then we can get

(J = EFT)§ = F(Cpuit(8) + An(2)) + u(t) + wi(2). 2)
Denote x(¢) = [0(t) 6(¢)] T, then (2) can be transformed into the state-space form
x(t) = Ax(¢) + Bu(t) + Bwi(t) + Bwsy(t), (3)

where wy(t) = F(C,,7(¢) + An(t)) is as the disturbance due to elastic vibration of the flexible
appendages, and where 1w, (£) is supposed to belong to /5[0,1) and ||w;(£)|| < 8, and

0 I 0
A:[o o}’ B:|:(]—FFT)‘1:|'

According to system (3), we formulate the disturbance observer as

ip(t) = —LB(p(t) + Lx(t)) — L(Ax(t) + Bu(t)), @

wa(£) = p(£) + Lx(2),

where p(¢) is an auxiliary variable, L is the gain of the observer to be designed. The esti-
mation error of the disturbance observer is defined as e(t) = wy(t) — W (¢). Then we have

é(t) = wo(t) — LBe(t) — LBw (2). (5)

The first step of DOBC framework is to estimate the disturbance via the disturbance ob-
server. According to the practical situation of the flexible spacecraft, we should design an
appropriate L such that e(t) — 0. In the DOBC scheme, a general controller including
time delay is constructed as

u(t —d(t)) = -y (t) + Kx(t - d(t)), (6)

where K is the gain of controller and needs to be designed. d(t) is time-varying delay and
satisfies 0 < d(f) < dy and d(¢) < p < 1. It can be seen that the composite hierarchical
controller consists of two parts: the inner loop is the disturbance observer and feedfor-
ward compensation, and the outside loop is the attitude controller. Thus, the composite
controller can effectively control the spacecraft attitude and attenuate disturbances [7].
Then, with the control law (6), the augmented system can be expressed as follows:

2(t) = Az(t) + Adz(t - d(t)) + Bw(?) (7)
and the reference output is chosen as

¥(t) = Cz(t) + Caw(2), (8)
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where
[0 _[a B ~ [BK o0
A0 = e(t):|’ A_[o —LBi|’ Ad'{o o]
(2 )
_LB I W, (0)

C=[C, G, Ca = [Ca1, Can].

Meanwhile, it is noted that w(t) belongs to /5[0, 00) and ||w(¢)| < 8, where § = max {51, 52}
For the system described by (7)-(8), the objectives of this paper are as follows:
+ Designing the observer gain L and controller gain K makes the closed-loop system
(7)-(8) asymptotically stable;
+ The performance of system (7)-(8) satisfies ||y(¢)||2 < ¥ [[w(£)||2 for any nonzero
w(t) € [,[0, 00) under the zero initial condition.

To obtain our main results, we need the following lemma.

Lemma 1 [18] For any functions W1(t), Wx(£) € R satisfying W1(£) > 0, Wa(¢) > 0, if 0 <
dy, < d(t) < dyy, then the following inequality is true:

Wi(2) . W) (t) >min{3Wl(t)+W2(t) Wl(t)+3W2(t)}
At -d, " du-do dn—d, ' du-d, |

Main results
In this section, we consider the augmented system (7)-(8). We give the design method

based on LMI to compute the controller gain and the observer gain simultaneously.

Theorem 1 Given scalars y >0, u < 1. For any delay d(t) satisfying 0 < d(t) < dy and
dit) < W, system (7)-(8) is asymptotically stable and satisfies ||y(t)|l2 < y |w(¢) |2 for any
nonzero w(t) € [;[0, 00) under the zero initial condition if there exist matrices Py > 0, Q; > 0,
Q2 >0, R >0, P, and Ps such that the following inequalities hold:

[Qu- 2R Qi Q3 +ﬁR 0 P 1:3 c" 7
* Qyn  PjA, 0 PJB 0
4 1
Q- * * 933 - WR ERI 0 0 < 0’ (93)
* * * Q1 — WR 0 0
* * * * -y C)
L * * * * * -1 |
_Qu - ﬁR 912 ng +_$R 0 P;? CT ]
* Qn  PjAs 0 PIB 0
4 3
g—z _ * * 933 - ER WRB, 0 0 <0, (9b)
* * * -Q - ER 0 0
* * * * -y C)
L * * * * * -1 |
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where

Qu=P]A+A Py +Q +Qy,
Q=P -P] +ATPs,

Q3 =P, Ay,

Qg2 = —P3 - P; +dyR,

Q33 =—(1-1)Qs.

Proof The first step is to analyze the asymptotic stability of system (7). Consider system
(7) in the absence of w(t), that is,

2(t) = Az(t) + Agz(t - d()). (10)

Choose the following Lyapunov-Krasovskii functional:

Vi(t) = ET(t)EPS(t) + /t ZT(S)le(S) ds + /t zT(s)sz(s) ds
t—dpg -

d(t)

0 pt
+/dM /m? 2T (s)Rz(s) ds dv, (11)

where

LY el
0O O P2 P3 Z(t)

Py >0, Q1>0, Q,>0, R>0.

Then along the solution of the system in (7), the time derivative of V(¢) is given by
Ve =2Twp"| - 2O
—z(t) + Az(t) + Agz(t — d(t))
+2" (£)(Qu+ Qo)z(t) — 2" (¢ — dar) Quz(t — dir)
t

— (- Wz (t-d®)Quz(t - d)) + dui  ORX) - | 2 (IRx(s)ds.  (12)

t—dpr

It is noted that

¢ t—d(t) t
- / 2T (s)Rz(s)ds = — / 2T (s)Rz(s) ds — f 2T (s)R%(s) ds
t—dpg t

—dy t-d(t)

1 t-d(t) ] T t—d(t) )
= </t_dM 4 ds) R(ft_dM 4 ds)
1/ O
- % (/t-d(z) 26) ds) R</t-d(t) 2s) ds>' (13)
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Letting Wi (£) = ([, 2(5) ds) R(f} 4 2(5) ds) and Wa(8) = ([0 2(s) ds) "R( |

" 0 2(s) ds),

t—dp
from Lemma 1, one obtains

W) Wa(9) < max _3Wa@) + Wa(e)  Wa(e) + 3Wa(2) (1)
dit)  dy-d@) — dy ’ dy ’
where
3W1(t) + Wz(t)
dy
T 3 3
z(t) —%R WR 0 z(t)
= | z(t-d(@®) %R —%R ﬁR z(t—d(©) |, (15)
1 1
z(t — du) 0 R —-R| | 2(t—dn)
Wl(t) + 3W2(t)
dy
T 1 1
z(#) -mR R 0 z(2)
= | z(t-d()) ﬁR —%R %R 2(t-d@) |- (16)
z(t — dyy) 0 %R —ﬁR z(t —dy)
According to (12), (13), (14), it is clear that
Qu Qi Qi3 0
. * Qo Q03 0
V() <n' (¢t t
O =<n @ c % Qn 0 n(t)
* * x -
3W1(t) + Wz(t) Wl(t) + 3W2(t)
+ maxJ — ,— , 17)
dm dm

where n() = [z (1) 2T (1) 2" (t = d(t)) 2" (t = dp)]T and Qu1, Qi2, s, Rz, Q33 are defined
in (9a)-(9b). Applying the Schur complement to (9a)-(9b) gives

Qu Qp Q3 0
T * 922 923 0 3‘)Vl(t) + WZ(t)
t f)—————=<0 18
n () « % Qn 0 n(#) v < (18)
* * * -
and
Qyu Qp Q3 0
Q Q 0 Wa(t) + 3Wh(t
Tl FOS U n(0) - 1(8) +3W5(0) <0, (19)
k k 933 0 dM
* * * -

which implies V(t) < 0. Hence, system (7) is asymptotically stable. Next, we shall establish
the Ho, performance of the time-delay system (7)-(8) under the zero initial condition. Let

J(8) = t[yT ($)y(s) — > w' (s)w(s)] ds. (20)
0

Page 6 of 12
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It can be shown that for any nonzero w(t) € [;[0,00) and ¢ > 0,

7)< /0 [T ¥6) - 2w ()wis) + V(5)] ds.
It is noted that
Y ($)y(s) =y w (s)w(s) = ' (2) [diag{O, 0,0,0, —7/21} +YT Y](,b(t) (21)

and

Qu Q» Q3 0 P/B

* 922 923 0 P:;FB
Vis)<¢"(s)| = * Q33 0 0 |o(s)
* * * —-Q 0
* * * * 0
3Wi(s) + Wa(s)  WA(s) + 3Wh(s)
+ max{ — ,— , (22)
dM dM

where ¢(t) = [n(¢),w(t)] and Y = [C 0 0 0 C,]. According to (21) and (22), J(¢) < O fol-
lows from (9a)-(9b), which implies that ||y(¢)||2 < y [|[w(¢)]l2 holds for any nonzero w(t) €
[,[0, 00). O

In Theorem 1, a new Lyapunov-Krasovskii functional is constructed by employing slack
variables P, and Pjs. It is noted that P, and P;5 are useless for reducing the conservatism
of stability conditions in [19]. However, they can provide a more relaxed design of the Hy,
controller later on since P, need only be an invertible matrix rather than a positive definite
matrix.

On the basis of Theorem 1, we will present a design method of the disturbance observer
based Hs, controller in the following.

Theorem 2 Given scalars y >0, u <1, Ay and . For any delay d(t) satisfying 0 < d(t) <
du, system (7) is asymptotically stable and satisfies ||y(t)|l2 < y [|w(£)||2 for any nonzero
w(t) € 1,0, 00) under the zero initial condition if there exist matrices 1311 >0, P, >0, Qu >
0, Qm >0, Q12>0,0Q >0, ﬁl > 0, Ry > 0 and invertible matrix Py, and any matrices M,
N, Py, such that the following inequalities hold:

M B M 0 BM+z R 0 0 0 B 0o pLcl
% Tl MBT Ty 0 0 0 0 NB Py, cy
* * M 0 MBM+gRi 0 0 0 2B 0 0
* * % Tl 0 0 0 0 —aNB P, 0
* * * * Ils5 Ao ﬁkl 0 0 0 0
* * * * * Iee Ao ﬁRz 0 0 0
* * * * * * [T771 0 0 0 0
* * * * * * fgs1 0 0 0
* * * * * * * * -y 0 ch
* * * * * * * * * —y21 C;,z
L * * * * * * * * * * -1 |
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M B Ms 0 BM+ ﬁiel 0 0 0 B
* Moy MmBT Tl 0 0 0 0 NB
s % a3 0 MBM+ ﬁfel 0 0 0 MB
* * * IMys AO 0 0 . 0 —-AoNB
* * * * 55 AO &Rl 0 0
* * * * * Ige 0 ﬁ Ry 0
* * * * * * 772 0 0
* * * * * * * Igs 0
* * * * * * * * -y
* * * * * * * * *
K * * * * * * * *
<0,

where

~ ~ ~ ~ ~ 3 .

Mg = APy + Py AT + Qu + Qo — —Ry,
dym

2 AT AT L A ~ L

IMip = APy + Py A" + Qu + Qu — Ry,
dym

M3 = Py — Py + )Llj);lAT,

~ TT 3
MMy =—NB-B N + Q2+ Q2 — i R,
M

N 1
My, = —-NB ~-B'NT + Qu2 + Qo — d—Rz,
M

Mgy = Py —Pjy — 2B'NT,
M35 = A Py — )»113;1 +dyRy,

Mly4 = —AyPpy — APy + dyRy,

A ~ 4 A

55 = —(1 - )Qo1 — —Ry,
dy

N 4
IMge = —(1— 4)Qa2 — d—Rz,
M

o ~ 1 . N 1
771 = Qu — —Ry, IMgg1 = Qi2 — — Ry,
dM dM

N a 3 . . 3
775 = Qu - —Ry, Mggy = Q2 — —Ry.
dM dM

K=MP;}, L=P;N.

Proof Suppose the inequality (9a)-(9b) holds and let

b |Pn 0 b _[Pn0 o [MPa 0
o pp| o Pyl § 0 Py |

Qu O Qu O R 0
= , = , R .
@ |: 0 Q12j| & |: 0 Q22:| |:0 R2j|

Moreover, the controller gain matrix K and observer gain matrix L are given by

(24)

(25)

Page 8 of 12
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Substitute (25) into (9a)-(9b) and let

3
My = Py A+A Py + Qu + Qo — d—Rl,
M

T T 1
[Myp =Py A+A Py +Quu + Qo — d_Rb
M

3 = Py — Py, + MA ' Py,

My, = Py, BK,

3
My = —Py,LB—B LT Pyy + Qiz + Quy — —Ry,

dym
T T,;T 1
My = =Py LB—B L Py + Qi + Q22 — —Ry,
dym
T T,;T
[yy = Py — Py, —AaB' L' Py,
T
33 = =M Py — M Py + dyRy,
4
M55 = —(1 - u)Qa1 — —Ry,
dy
1
IM771 = Qu - —Ry,
dym
3
1775 = Qu — Ry
dy
Thus, we have the following inequalities hold:
My PpB T 0 Mu+zR 0
* Moy MB™Py Ty 0 0
* * l'l33 0 Mg + %Rl 0
* * * fl44 0 0
* * * * 55 0
* * * * * M6
* * *k k * *
* * * * * *
* * * * * *
* * k k * *
L * * *k k * *
<0,
_nnz P;VIB 1_[13 0 HM + tRl 0
% Iy MBTPy Tl 0 0
* * 1_[33 0 M 1_[14 + ﬁRl 0
* * * fl44 0 0
* * * * 55 0
* * * * * Tes
* * * * * *
* k * * * k
* * * * * *
* * * * * *
L * * * * * *
<0,

0 0 P,,B

0 0 P,LB

0 0 MPyLB

0 0 ~)oP),LB
R 0 0

0 R 0
1_[771 0 0

* ﬁggl 0

* * -y

* * *

* * %

0 0 P)B

0 0 P),LB

0 0 MPjB

0 0 —)oP),LB
R 0 0

0 R 0
H772 O O

* Igs 0

* * -y

* * *

* * *

Ca
Co
-1 |

(26b)

where 144, [gg, [Tgg1 and gy, are defined in (23a)-(23b). Then pre-multiply (26a)-(26b)
by diag{P;,",1, P ,1, Py, 1, Py ,1,1,1,1} and post-multiply by diag{P5},1, P51, 1, P51, 1, P51,

Page 9 of 12


http://www.advancesindifferenceequations.com/content/2013/1/142

Zhang et al. Advances in Difference Equations 2013, 2013:142 Page 10 of 12
http://www.advancesindifferenceequations.com/content/2013/1/142

1,1,1,1} and define some matrices as follows:

Py = Py, Py = Py PPy, Qu = Py Quby,

Q= Py QiP5 R = Py Ry Py

From (9a)-(9b), it is clear that (23a)-(23b) holds. As a result, the closed-loop system (7)-(8)
is asymptotically stable and satisfies ||y(¢)||2 < ¥ [|w(£)||2. The proof is thus completed. [J

Compared with the design method in [16], the matrices P»; and Py, are invertible matri-
ces instead of positive definite matrices, which makes the design more flexible. Moreover,
the augmented Lyapunov functional method also can be extended to the systems without
time delay.

Using Theorem 2, a feasible design algorithm can be summarized as follows:

(1) Forgiveny >0, u <1, A1, Ay and dy, solve LMI (23a)-(23b) with P >0,Pp >0,

Qi >0,Q>0,Qi2>0,Q2 >0, R >0,Ry >0;
(2) Compute K and L through K = MP,}, L = Py N;
(3) Construct the controller and observer as (4) and (6).

Numerical example

In this section, the composite control scheme will be applied to a spacecraft with one flex-
ible appendage. Since low-frequency modes are generally dominant in a flexible system,
only the lowest two bending modes have been considered for the implemented spacecraft
model. Thus, we suppose that w; = 3.17 rad/s, w, = 7.38 rad/s with damping & = 0.0001,
&, = 0.0015. We suppose that F = [F; F,], where the coupling coefficients of the first two
bending modes are F; = 1.27814, F, = 0.91756, ] = 35.72 kg/m? is the nominal principal
moment of inertia of pitch axis. The flexible spacecraft is supposed to move in a circu-
lar orbit with the altitude of 500 km, then the orbit rate » = 0.0011 rad/s, the disturbance
torques acting on the satellite are assumed to be w(¢) = 4.5 x 103 cos ¢ + 1.5sin¢). The
initial pitch attitude of the spacecraft is 6(0) = 0.08 rad/s, 6(0) = 0.001 rad/s. And Hy, per-
formance index is supposed to be y = 1.5 and time delay satisfies d;; = 0.03, # = 0.1. The
tuning parameter is chosen as A; = -0.12, A, = 0.1, C; = [0.1 0], C; = 0.1, Cj; = 0 and
Cz = 0. By using Theorem 2, the controller gain and observer gain are obtained as

1<=[—5.7323 —5.4831], L=[0 105.4207].

Figures 1 and 2 show the attitude angle and attitude angle rate. From these, it is clear
that the response performance can be guaranteed under the composite controller. Fig-
ure 3 shows the elastic vibration estimation error via disturbance observer, the effect of

the elastic vibration can be rejected by feed-forward compensation.

Conclusion

In this paper, composite disturbance-observer-based control (DOBC) and Hy, control
scheme has been investigated. The LMI-based conditions are formulated for the existence
of the admissible disturbance observer and controller, which ensures that the closed-loop
system is asymptotically stable with a H., disturbance attenuation level. A numerical sim-
ulation shows the performance of the attitude control system. Further improvement in a
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Figure 1 The responses of attitude angle. 5
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Time

Figure 2 The responses of attitude angle rate. 15

o

Attitude angle rate(deg/s)

0 10 20 30 40 50 60 70 80
Time

Figure 3 The responses of estimation error.

Estimation error (Nm)

Time

composite disturbance observer with output feedback control for flexible spacecrafts will
be considered in our future work.
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