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available at the end of the article a novel sufficient condition for finite-time bounded with an Hy, performance index is

derived. Based on the derived condition, the reliable Hy, control problem is solved,
and an explicit expression of the desired controller is also given, the system trajectory
stays within a prescribed bound during a specified time interval. Finally, numerical
examples are given to demonstrate that the proposed approach is more effective
than some existing ones.
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1 Introduction

Markovian jump systems were introduced by Krasovskii and Lidskii [1], which can be de-
scribed by a set of systems with the transitions in a finite mode set. In the last few decades,
there has been increasing interest in Markovian jump systems because this class of sys-
tems is appropriate to model many physical systems mainly those random failures, re-
pairs and sudden environment disturbance [2-5]. Such class of systems is a special class
of stochastic hybrid systems with finite operation modes, which may switch from one to
another at different time. As a crucial factor, it is shown that such jumping can be deter-
mined by a Markovian chain [6]. For linear Markovian jumping systems, many important
issues have been studied extensively such as stability, stabilization, control synthesis and
filter design [6—12]. In finite operation modes, Markovian jump systems is a special class
of stochastic systems that can switch from one to another at different time. It is worth
pointing out that time delay is one of the instability sources for dynamical systems and is
a common phenomenon in many industrial and engineering systems [13—18]. Hence, it
is not surprising that much effort has been made to investigate of Markovian jump sys-
tems with time delay during the last two decades [19-23]. The exponential stabilization
of Markovian jump systems with time delay was first studied in [19] where the decay rate
was estimated by solving linear matrix inequalities [20]. However, in the aforementioned

works, the network-induced delays have been commonly assumed to be deterministic,
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which is fairly unrealistic since delays resulting from network transmissions are typically
time varying.

Generally speaking, the delay-dependent criterions are less conservative than delay-
independent ones, especially when the time delay is small enough in Markovian jump
systems. Thus, recent efforts were devoted to the delay-dependent Markovian jump sys-
tems stability analysis by employing Lyapunov-Krasovskii functionals [24—32]. However,
most efforts have been given on how to construct an appropriate Lyapunov functional by
dividing the delay interval [-u,, —1] into N equal length subintervals [22]. It should be
pointed out that the delay decomposition method is not effective when the lower bound
of time-varying delay is zero. Furthermore, although the decay rate can be computed, it
is a fixed value that one cannot adjust to deduce if a larger decay rate is possible. There-
fore, how to obtain the improved results without increasing the computational burden has
greatly improved the current study.

Over the years, many research efforts have been devoted to the study of finite-time sta-
bility of systems. In finite-time interval, finite-time stability is investigated to address these
transient performances of control systems. Recently, the concept of finite-time stability
has been revisited in the light of linear matrix inequalities (LMIs) and Lyapunov function
theory, some results are obtained to ensure that system is finite-time stable or finite-time
bounded [33-49]. It is noted that there are still some related issues to be solved, to the
best of our knowledge, the finite-time Hy, control for a class of Markovian jump systems
with time-varying delay has not been fully developed. The analysis method in the existing
references seems still conservative to study Markovian jump system. There is room for
further investigation.

The main contribution of this paper is as follows: Firstly, we present a new augmented
Lyapunov functional by employing the more general decomposition of a delay interval for
a class of Markovian jump systems with mode-dependent time-varying delay. Secondly, in
order to reduce the possible conservativeness and computational burden, some slack ma-
trices are introduced [18]. Several sufficient conditions are derived to guarantee the finite-
time stability and boundedness of the resulting closed-loop system. Last but not the least,
it is shown that less conservative and more general results can be derived since the time-
varying delays are divided into a more general decomposition. We find that finite-time
stability is a concept independent from Lyapunov stability and can always be affected by
switching behavior significantly, thus it deserves our investigation. The finite-time bound-
edness criteria can be tackled in the form of LMIs. Finally, numerical examples illustrate
the effectiveness of the developed techniques.

Notations: Throughout this paper, we let P >0 (P > 0, P < 0, P < 0) denote a sym-
metric positive definite matrix P (positive semi-definite, negative definite and negative
semi-definite). For any symmetric matrix P, Amq (P) and Api, (P) denote the maximum and
minimum eigenvalues of matrix P, respectively. R” denotes the n-dimensional Euclidean
space and R " refers to the set of all # x m real matrices and A = {1,2,...,N}. The iden-
tity matrix of order # is denoted as I,,. x represents the elements below the main diagonal of
a symmetric matrix. The superscripts T and —1 stand for matrix transposition and matrix

inverse, respectively.

2 Preliminaries
Given a probability space (2, F,P) where €2, F and P respectively represent the sample
space, the algebra of events and the probability measure defined on F. In this paper, we
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consider the following Markov jump system over the space (2, F, P) described by

X(2) = Apx(t) + Arpx(t — 7,,(2) + By u(t) + Dy, 0(2),
z(t) = Cpx(t) + Crpx(t — 7,,(£)) + Ey,u(t) + EFr,00(2), (1)
x(t) = (/’(t)’ t= [_HQ; O]r

where x(t) € R" is the state vector of the system, z(t) € R? is the controlled output,
u(t) € R™ is the control input and ¢(t), t = [-i42,0] and ry € A are initial conditions of
continuous state and the mode. w(k) € R1 is the disturbance input satisfying

/m oT(Hw(t)dt < d. (2)
0

Let the random form process {r;, ¢ > 0} be the Markov stochastic process taking values
on a finite set N = {1,2,..., N} with the transition rate matrix Q = {m;}, i,j € NV, and the
transition probabilities described as

. ) i A+ 0(A) ifi #j,
Pr(rysa=jlri=i)=1" 7
1+m;A +0(A) ifi=j,
where A >0, ;; > 0, for i #}, is the transition rate from mode i at time ¢ to mode j at time
t+ Aand

N
—Tii = E Tij

j=Lji

for each mode i € NV, lima_o, % = 0. 7;(t) denotes the mode dependent time-varying

state delay in the system and satisfies the following condition:

0 < p1; < 7i(t) < poi < 00, (3)

hi < T(t) < h, (4)

where p; = min{uy;,i € N'} and uy = max{u,;, i € N'} are prescribed integers representing
the lower and upper bounds of time-varying delay 7;(¢). Similarly, #; = min{/y;,i € N'} and
hy = max{hy;,i € N'} are prescribed integers representing the lower and upper bounds of
time-varying delay 7;(¢). A,, A¢r,» Bry» Dy,» Cy,5 Coy,s Ey, and F,, are known mode-dependent
matrices with appropriate dimension functions of the random jumping process {r;} and
represent the nominal systems for each r, € N For notation simplicity, when the system
operates in the ith mode (r; = i), A,,, A¢r,» By, Dr;» Cyy» Coyys Er, and F,, are denoted as A;,
A:i, Bi, D;, Ci, Cyy, E; and F;, respectively.

Remark 1 In this paper, the lower bound of 7;(¢) is required in order to implement the
proposed delay decomposition method. If /; = /15; = 0, then 7;(¢) corresponds to the con-
stant delay.

Moreover, the transient process of a system can be clearly characterized if its decay rate
is available. The objective of this study is to develop a new approach to designing a state
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feedback controller
u(t) = Kix(t) (5)

via a novel Lyapunov functional such that the resulting closed-loop system is finite-time
stable, where K; is the controller gains to be designed.

In this paper, we split the delay interval [—py, —u1] into two segments: [—7;(£), —p1] U
[—u2, —Ti(2)]. Moreover, we further subdivide each interval into /, m equal length subseg-
ments [—tx, —Tx_1] and [Ty, —T145-1], respectively, where

k S
Te=p+ Y(Ti(t)_/il): T = () + ;(Mz -4(®), k=0,1,...,5,s=0,1,...,m,

and /, m are given positive integers.

Remark 2 The delay intervals are divided subsegments dependent on ¢, thus the pro-
posed delay decomposition method is more general than those in [13-17, 19-24]. The
conservatism will be reduced with the partitioning number / and m increase.

In order to more precisely describe the main objective, we introduce the following def-
initions and lemmas for the underlying system.

Definition 2.1 System (1) is said to be finite-time bounded with respect to (c1,¢3, T, R,,, d)
if condition (2) and the following inequality hold:

sup  E{xT(v)R,,x(v), %" (V)R 4(v)} < &1
—u2<v=<0
= IE{xT(t)Rtx(t)} <cy, Vtel0,T], (6)

where ¢y > ¢; > 0 and R, > 0.

Definition 2.2 [49] Consider V (x;,r;) as the stochastic Lyapunov function of the resulting
system (1), its weak infinitesimal operator is defined as

.1 .
£V (%10, t) = Alggo E[E{V(xnm; Teean b+ At)} = Ve, i, t)]

N
d . il N ;
= & V(xt, IS t) + a V(xt; i, t)x(t! l) + ]Zzlj nijv(xt!]’ t)

Definition 2.3 Given a constant T > 0, for all admissible w(t) subject to condition (2),
under zero initial conditions, if the closed-loop Markovian jump system (1) is finite-time
bounded and the control outputs satisfy condition (5) with attenuation y > 0,

T T
]E{/O zT(t)z(t)dt} < yze”TE{/o a)T(t)a)(t)dt},

then the controller system (1) is called the finite-time bounded with disturbance attenua-
tiony.
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Remark 3 It should be pointed that the assumption of zero initial condition in system (1)
is only for the purpose of technical simplification in the derivation, and it does not lose
generality. In fact, if this assumption is lost, the same control result can still be got along
the same lines, except adding extra manipulations in the derivation and extra terms in
the control presentation. However, in real world applications, the initial condition of the

underlying system is generally not zero.

Lemma 2.1 [18] Letf; : R"™ — R (i =1,2,...,N) have positive values in an open subset D

of R™. Then the reciprocally convex combination of f; over D satisfies
—Jilt )+ max ¢
{BiBi>0, ZL/S =1} Z f( )= Zf( ) Zgu( )

subject to

R o | S &)
8ij+ R" — R,g/,l(t) —g,,,(t), |:gi,j(t) ﬁ(t) :| > 0} .

Lemma 2.2 For a given function juy; < t(t) < pas, hy < 1,(t) < ho; (i € N), there exist

Sfour functions a1(£) > 0, aa(t) > 0, B1(£) = 0 and Ba(t) > 0 satisfying o1 (t) + ax(t) = 1 and
Bi(t) + Ba(t) = 1, respectively, such that Vi € N, the following equation holds:

i(8) = o (B) s + 2 (B) pais 7i(£) = fr(O)mi + B2 () ha.
Lemma 2.3 [50] For matrices A, Q= QT >0 and P > 0, the following matrix inequality
ATPA-Q<0

holds if and only if there exists a matrix G of appropriate dimension such that

—Q ATG
<0.
¥ P-G-GT7
Lemma 2.4 ([14] Schur complement) Given constant matrices X, Y, Z, where X = XT and
0<Y=YT,then X + ZTY'Z <0 ifand only if

|:X ZTi| |:—Y Z]
<0 or <0. 7)
x =Y * X

3 Finite-time H,, performance analysis
We first consider the problem of stability analysis for system (1) with u(¢) = 0. The fol-
lowing results actually present the finite-time stability for the Markov jump system with

time-varying delay.

Theorem 3.1 System (1) is finite-time bounded with respect to (i, c2,d, R;, T) if there exist
matrices P; > 0, Ql(«r) >0,Q">0(r=12,...,(m+10),R;,R>0, W>0,S;,Vi,jeN,scalars
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1<c, T>0,k1>0,k>0,63>0,A>0(s=1,2,...,7),A>0,n>0 and A >0, such that
foralli,je N, k=1,2,...,1,s=1,2,...,m, the following inequalities hold:

Qi (Upis hgi) i Yo
Qi(“qi: hqi) = % in(ﬂpi’ hql) T3i < 0, p = 1; 2yq = 1: 27 (8)
* * Y4
A N s a
ej(/‘pi_lll) Z nl]Q](k) S Q(k)’ eW(MZ_Mpi) Z nle}(l+S) S Q(Z+S)’ p= 1’ 2’ (9)
j=1 j=1
N
e ijRj <R, (10)
j=1
1 -nT -nT
alA +dir—(1-e) <A™, (11)
n
where
Qli(ﬂpir hqz’)
—ﬁli(ﬂpir hgi) 0 0 0 o 0 ]
* QZi(Mpi;hqi) —Mim R; 0
* * 23 (Upis gi) _uzim R;
* * * . . '
* * * * éli(ﬂpi’ hqi) _ﬁRi
i % % * * * §(l+1)i(/1-pirhqi)_
QZi(/prii hqi)
_§1i(upi, hqi) —ﬁRi 0 |
* Qoi(ipihgi) 2R
= * * ‘. X ‘. . 0 )
* * * ﬁmi(ﬂpirhqi) - mrfm R;
i % * * * Q)i (Lpis M) |
[ PA 0 -~ 0 0 |
S; 28 - 285 S
Yy = S; 285 - 285 S|,
| -EoR+ S 25 - 250 S|
_PiDl‘ A;rRl AlTR 0 AIl‘Ri ALR
0 0 0 0 0 0
Yo = ) s = ’
L O 0 0 0 0 0
[-»W DIR, DIR
T4i = * —Kl—lRl 0 )
* * -1R
L K2

Page 6 of 22
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N
Qui(fapir hgi) = —APi + PA; + Al Pi + Zﬂijpj
j=1
/ A[u1+k(upiiﬂl)] )L[Mﬁ(k*l)(ﬂprlq)]
e / —e I
o3 ; o
k=1
m eﬂﬂpﬁ(lw)(uyz—upg)] B e“l’«pi‘f(lﬂ_l)(zz_upl)]
+ Z Q(l+s),
A
s=1
O 2 (upi-n1) HD !
Qai(Mpis hgi) = TP Q + R;,
M2 — 1
~ 1 1 Ao o 21/
Q3i(1pis hgi) = —<1 - _hqi> QV + (1 - _hqi)el(#pl QP + R;,
l l M2 — 1
~ l— 2 ] l— 2 A . I— 2l
St =—(1- =21+ (12 et 2 g,
l l M2 —
~ -1 . [-1 L) 21
Q(l+1)i(Mpithi) = —<1 - Thq,) Qf b + (1 - Thqi)el(/‘lﬂ lll)QE) +—R,,
M2 — K1
e} i Ao —pi) (1 l+m
Qui(ppis i) = =1 = hg) QP + (1 = hg)em 21 QY+ —— Ry,
M2 — M1
_ m—1 m—1 3 2m
Qoi(1pir hgi) = —(1 - _hqi> Q" + (1 - —hqi>em(“2_“”’)QEI+2) + R;,
m m M2 — K1
— 1 _ 1 p , 2m
Qmi(ﬂpi; hqi) = _<1 - _hqi> Q§l+m D + <1 - _hqi)eW<M2_Mpl)QEl+m) + Ri}
m m M2 — U1
— 1 m
Q(m+1)i(:u'pi’hqi) = _Qf ) + Lo — [ Rir
et _ phiu eMe _ phi _ )&(MZ _ Ml)
Kl=——"— k= > ,
A A
2eM2 — 2 — A2 (3 — pu7) — 21 (12 — )
K3 = 2)\'3 )
A = )»2 + Kl)»g + K2()L4 + )\5) + K3)\,6,
5 =50
A1 = max Amax (P;), Ao = Max Amax (P)), A3 = max Amax (Q:7),
1 Py ma: ( l) 2 Py ma: ( l) 3 N 1<r=(mil) ma: (Ql )

Ay = )‘-max(é): }‘-5 = n;% )‘-max(ﬁi)’ )‘-6 = )‘-max(jé); A7 = )\max(W)’
i

ST

PR, Q"=R

[T

P,

R;

~

S

RR.2, R=R

4

S

=

i

R

Proof First, in order to cast our model into the framework of the Markov processes, we

define a new process {(x;,r;),t > 0} by
x(s) =x(t +5), s€[-pa—pul

Now, we consider the following Lyapunov-Krasovskii functional:

5

V(xt’ A7) t) = Z ‘/l(xt: Ity t); (12)
=1
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where

Vi(xe, 1, £) = 2(8) T Py x(2),

! I=Tk-1
Vabwrat = 3 [ 0Tl v
k=1 -1
m

=Tpy5-1
+ / ek(“”")xT(v)Q(ri“)x(u) dv,
t:

=1 “T+s

! —Tk-1 t
Vs(xs, 74, t) = Z/ / V%7 (L)QWx(v) dv db
k=1 Y Tk t+6
“Ts-1
+ Z /

“T+s

t
/ V%7 ()QWIx(v) du db,
t+6
-n1 pt
Vi, 1,t) = f "V (V)R,,%(v) dv db,
) t+

-u1 0 pt
Vs (e, 14, 8) = / / / VT (V)Rx(V) du di db.
-2 6 t+k

Then, let the mode at time ¢ be i, i.e., 7, = i € N, we have

EVi(%e, i t) = MM (£)Pix(2) + 2™ 2T (£) Py (Ae(t) + Ari (¢ — T4(2)) + Dioo(£))

+exT(t) <Z T )x(t)

l

EVa(oni ) Z[(l -0 )= ) I Qe )

k=1

- (1 - I—;t'i(t)>xT(t — et QM x(t - Tk):|

!

Z/ ~Tk-1 Au+Tg) xT(v) <Z nlIQ( )x(v)dv

k=1

m

ZI:( Tl(t))xT(t_ Tlts— l)e (4T =Thas1 Q(lﬂ)x(t Tles-1)
=1

m

=751 N
+ Z/ (v”’”)xT(U) (Z nlel(.l+S)>x(U) dv
‘ -
j=1

n(t))xT(t T145)e Qx(t — ms)]

s=1 ~Tl4s

l
Z[( u(t))x (t- e T QPa(E - i)
k=1
k . (k)
- (1 - 7ti(t)>xT(t - 7)) Q; x(t - Tk):|

m
m—-s+1 A
+ e [(1 - 'Ei(t)>xT(t — s 1)en P2 QI x(t — 7y, )
s=1
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- (1 - m- S'L"i(t)>xT(t - Tl+s)Q;('l+S)x(t - Tl+5)i|

m

[T N
n Z/ e)‘(v”k)xT(U) Znile('k) x(v)dv
k=1 V1% j=1

m =Tpp5-1 N I
+> / VT 1T (1) Zm,Q; ) ) x(v) dv,
s=1 Y Tls j=1

! AT, AT,
. etk — e Tk-1
EVg(xt,l, t) = e“ E e—

k=1

! =T
2T()QWx(2) - e“Z/ ‘ xT(L)QWx(v) du
k=1 YTk

l ¢
+ Z t'k/ S VXT (1) QW x(v) du
k=1 t—ty

1

t
—§ :fk_l f VDT (1) QP x(v) du
—

eMlivs — eMTlws-1

vy ————aT(OQ" ()

I=Tp1

—eM i/ 2T (L)QWIx(v) du

s=1 Yt s

m ¢
Y / Vsl T (1) Q1 x(v) du
s=1 I=Tp4s
m t
- AMUtTis-1) 5T (I+s) d
- Tls-1 € X (U)Q X(U) v
s=1 =451
1 )L[M”k(fi(tl)*/q)] B A[M1+(k71)(ra(t)7/11)]
At T € € *)
<eMxT(t) Z 5 Q
k=1

Moy BT 1y L2 50)

+ Z e - i Q(Hs) }x(t)

s=1

l

—eM Z ft_rk_l 2T (0)QWx(v) du

k=1 v "k
m =745 "

—eM Z/ 2T (L) QU x(v) dv,
s=1 Y1 Tss

e _ phil t—p1
EVa(xs, i, 8) = 2T (t)e™ x TRia'c(t) - e“/ xT(V)Rix(v) dv
t—p2

ot N
+ f / HUOET W) Y R, i) dv
—ug  Jt+0 j=1

ez — e — Mpa — )
e
)

2
—H1 t

—eM / / X7 (s)Rx(s) ds db.
—12 0

L+

EVs(xp, 6, £) = XT(£)Rx(t)
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Moreover, denote

n(k) = f T iwyde, nles) = / ) d,

—Tk “Tl+s

By using Lemma 2.1, it yields that

-1
—/ xT(V)Rix(v)

—H2

=- Z / wri)- Zf T RW)
!
Sl TR, (] (!
n(t)_m;n ()————Rin(k) ,(t)Zn (+5) " Ran(L+9
! !
l ta — Ti(t) !
= T(k)———Rn(k) - —=—2~ T(k Rin(k
;n()m_m n(k) n(t)—m;n()m—m n(k)
l m () = 1 m
‘EWT(“S)M_MIRL'"UH)—m;m(m)m_ R+

Zk 1 1(k) mRi Si Zi:l n(k) ' (13)
B R L T

It follows from (9) and Q¥ > 0 (r=1,2,..., (m + 1)) that
! =T N
Z/ eA(ka)xT(U) (Z nijQ](.k) x(v)dv
k=1 Y J=1
! I=Tp-1 N
SeMZ/ T (v)eHTT) Zn‘7Q;k) x(v) dv
k=1

273 j=1

S|

l
oy
k=1"?

N

=Tj4s-1
Z / oy T () (Z m;Qﬁ“”)x(u)du
t

Tl+s j=1

<e“Z/

I=Tys

N
xT(U)e/\(fz+s—fz+s-1> <Z ijl(,lﬂ))x(U) dv

Jj=1

I=Tly5-1

< eMZ / xT(0)Q"x(v) dv. (15)

I=Tys

Similarly, (10) implies

/—Ml /t eMu—e)ch(U (ZHU )x(v)dv <é / xT(S)Rx(s) dsdo. (16)
—uy  Jt+0 s Jso

xT(0)QWx(v) du, (14)
%

Page 10 of 22
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From (12)-(16), we can eventually obtain
£V (10, 8) = AT (OWal(t) < eET(6) Ei(ti(2), 11(2)) (2), (17)
where

ST(t) = [xT(t)rxT(t - /’Ll)rxT(t - Tl)!“ . ’xT(t - ‘L’]),xT(t - ‘L'[+1), .. -7xT(t - Tl+m): wT(t)]r

and
Eu(wi(), 1:(2)) i i
Ei(n(®), t(0) = * Eai(Ti(?), Ti(2)) X )
* * -AW + D] (k1R; + k2R)D;
E1i(wi(0), 1:(2))
ECORI0) 0 0 0 0 .
* Bailw(®), 1:(2)) - ,lzfm R 0 “ee 0
* * Eai(ni(e), 1(t)) *ﬁRi 0
- * * * . ’
* * * * Ei(mi(t), t(8)) —ﬁ ;
L * % * * * B ini(t), 1:(8)) ]
Eai(mi(8), T:(1))
[E1i(Ti(e), #:(2)) — e Ri 0 )
* Eoi(Tilt), 1:(2)) — o Ri
= % % ‘. . B ‘e . 0 )
* Emi(Ti(2), T:(£)) o Ri
L * * * * Emenyi(Tilt), Ti(t)) |
[ PA+AT(R +16R)A,; O -~ 0 0 |
S; 25, - 25 S
2= S; 28, - 25 S ,
i — SR+ S 28 - 25 S |
_Pl‘Dl’ + Al»T(KlRi + KZR)DZ‘ AL(IQR[‘ + K2R)Dl‘
0 0
Yo = ) 33 = ,
L 0 0
N
Eli(‘fl‘(t), 'L'l(t)) = )\Pl + P,‘Ai +AZTP,‘ + Z?Tijpj + +AZT(K1R,‘ + KQR)AZ‘
j=1
I M+ k(fi(t)*m)] M+ (kfl)(fi(t)*ﬂl)]
e l —e [
(k)
+
2 ; °

AlTi(6)+ 7<I+S)(M,2,,_ri<t))] _ M)+ —(lﬂ_l)(,uﬂz_zi(t»]

m
e
+ Z — Q(l+s)’

s=1
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)
M2 — M1

5i(Ti(0), 1:(t)) = (1— 1rl(t)>Q +< - lfl(,;)> 7E0-m) P |

A

E (Tl(t) Tl(t)) = 7 )‘Hl)QEl) n

Ri;

21

o

[I] l

i(Ti(®), r'l(t)) = _<1 _

-2 21
" (1 B Tf‘i(ﬁ)el Oy =R,
M2 — U1

l+1 (Tz(t) Tz(t)) (1 - Z_Tlfl(t)) QEI_I)

-1 21
+ <1 - —ii(t)>e?(fi(t)—m)Q§l) n R,
l M2 — M1

Eu(u(0), 1) = -(1- 1) Q" + (1 - 1,(®))em 2w QD

[+m .
+ R; + AJ;(k1R; + i3R)A;,
M2 — 1
_ ] 1
Eai (Tt(t); Ti(t)) <1 — ‘L'i(t)) leﬂ)
2m
+ (1 Tl(t)>em pan(0) Q) R
M2 —

_ 1
E i (1), 1:0)) (1-—1,@)) QU1
m

1 2m
+ (1 — —'L'l )e}n(ﬂz—fi(f))QL(‘ler) + 713[,’
M2 — 1
= ¢ m
Emei(T0), 1:(8) = Q"™ + ———R;.
M2 — M1

By Lemma 2.2, there exist functions a4 (f) > 0, ax(¢) > 0, B1(¢) > 0 and B, (¢) > O satisfy-
ing o1(2) + a2(t) =1 and Bi(2) + B2(t) = 1, respectively. Using the Schur complement such

that

Bi(mi(®), 1:(2)) = 01(8) Bu() (s i) + 2 () B () (i 1)

+ a1 (8) B2 ()24 (pai, hai) + o (8) Bo (£) i (i H12i),

where Q; (1415, 1), Qi(1oi, 11;), Qi(1s, ha;) and (o, Hp;) are defined in Theorem 3.1. Sub-

stituting (18) into (17), then (18) can be rewritten as

2 2
EV(x1,71,8) = AT (OWot) DY Qulitpis hgi)-

p=1 q=1

Therefore, the following relation holds by condition (8) and (19):
]E{EV(xt, ts t)} < ]E[n Vixe, 1y, t)] + AT () Wolt).
Multiplying the aforementioned inequality by e, we can get

E{£[e™V(x,ru )]} < e AT () Walt).

M2 — U1

Rir
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By integrating the aforementioned inequality between 0 and ¢, it follows that

t
e "E[V (%1, 1)] - E[V(x0,70,0)] < A/ e T (s)Ww(s)ds.
0
B _RpR 3
Denote P; =R; *P;R; %, Q;" =R
it yields that

E[V(xo,ro, 0)]

> A" 0
< imaxX Amax(P;) + max A )+ Ko
= { Py max( l) K1 N 1<r=(me]) max(Ql ) K2 max(Q)

+ 12 X A (B) + Kshman ()] % sup {xTIRa(v), 47 (0)Rik(v)}
ieN —Ha<U=0

= (A2 +K1hs + K2(hg + A5) + k3he) X sup {xT(v)l_eix(u),icT(v)I_Qiic(v)}
-u2<v=0

= ClA. (20)
Noting that n >0 and 0 <t < T, we have
t
E[V (%, 7:,8)] <E[e"V(x0,70,0)] + e'”k/ e BT (s)Wwl(s)ds
0
T
<A+ dke”Tkmax(W)/ e Pds
0
T 1 0T
<eé {C1A+dm7—(1—e " )}. (21)
n

On the other hand, it follows from (12) that

E[V (%, 7e,t)] > E[xT(£)e" Pix(£)] = m%()\min(Pi)E[xT(t)Fix(t)]

= ME[xT(®)Rx(t)]. (22)

It can be derived from (21)-(22) that

- e’ 1 T
E[xT(6)Rx(t)] < - {clA - dm7;(1 —e )}. (23)
1

From (11) and (23), we have
]E[xT(t)I_?,»x(t)] <c. (24)

Then the system is finite-time bounded with respect to (cy, c2,d, R;, T). O

Remark 4 It should be mentioned that novel terms V;(xy, i, £) and V3(x;, i, t) are contin-
uous at 7;(¢) = 7; is included in the Lyapunov-Krasovskii functional (12), which plays an

important role in reducing conservativeness of the derived result.

Page 13 of 22


http://www.advancesindifferenceequations.com/content/2013/1/214

Cheng et al. Advances in Difference Equations 2013, 2013:214 Page 14 of 22
http://www.advancesindifferenceequations.com/content/2013/1/214

Remark 5 In this paper, 7;(¢) and 7;(¢) may have different upper bounds in various delay
intervals satisfying (3) and (4), respectively. While in previous work such as [16, 17], 7;(¢)
and 7;(¢) are enlarged to 7;(£) < uo = max{uy;, i € N} and 7;(¢) < hy = max{hy;,i € N},
respectively, which may lead to conservativeness inevitably. However, the case above can

be taken fully into account by employing the Lyapunov-Krasovskii functional (12).

Remark 6 When dealing with term — f;:}fz ! xT(v)R;x(v) dv, the convex combination is not
employed, Lemma 2.1 is used in this paper, then the free-weighting matrices-dependent
null add items are necessary to be introduced in our proof, which leads to the decrease in

the number of LMIs and LMIs scalar decision variables.

Remark 7 The feature of this paper is the way to deal with the integral term. Many re-
searchers have enlarged the derivative of the Lyapunov functional in order to deal with
the integral term in mathematical operations. In this paper, we transform different inte-
gral intervals with the same integral length into an integral interval. It is worth pointing
out that in the proof of the theorem no extra inequality is introduced. We propose a novel
delay-dependent sufficient criterion, which ensures that the Markovian jump system with

time-varying delays is finite-time stable.

Remark 8 One can clearly see from the proof of Theorem 3.1 that neither free-weighting
matrices nor model transformation has been employed to deal with the sum terms, and
none of useful items are ignored, resulting in better results with the less number of LMIs
scalar decision variables, which deduces some conservatism in some sense.

By using the novel Lyapunov functionals with the more general decomposition of delay
interval, a state feedback controller (3) can be designed such that the resulting closed-loop
system is finite-time bounded with H, performance. When r; = i, the closed-loop system

is expressed by

x#(t) = Ax(t) + Ax(t — 7., (t)) + Diw(2),
2(t) = Cix(t) + Crix(t — 7i(t)) + Fio(t),

where

Zi = A,’ + Bl'1<,', El‘ = Cl‘ + EJ(,
Theorem 3.2 System (25) is finite-time bounded with respect to (c1,cy,d,R;, T) if there
exist matrices P; > 0, QEr) >0,Q" >0 (r=1,2,...,(m+1), R, R>0,S;, Vi,j € N, scalars

y>0,c1<¢, T>0,k1>0,k2>0,k3>0,A5>0(s=1,2,...,6),A>0,n>0and A >0, such
that foralli,je N, k=1,2,...,1,s=1,2,...,m, the following inequalities hold:

O (1 pis 1gi) T Yo
(g, hgi) = * Qoi(Upirhg) T3] <0, p=12,q=12, (26)
b3 k T4,‘

1
al +dry?= (1 - ef"T) <hce T, (27)
n
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where
O (Upis hgi)
_(:)U(Mpi,hqi) 0 0 0 0
* Qaitpir Mgi) —Mfm i 0 -
* * Qat(ﬂpbhqi) —Mim i
~ ’ l‘
* Qui(pir hgi) TN
L * * * * * Qqnyi(pir hgi)
[P.D; C: AR AR
B 0 0 0 0
Tau=| . )
L 0 0 0 0
[0 C.i AR, AIR
- 0 0 0 0
T3; = . )
o 0 0o o0
-y*l F;, D]R;, DR
¥ * -1 0 0
4 * * —KilRi 0 ’
* * * -1R
L PN
N
O1i(tpi» hgi) = —AP; + PiA; +A P+ Zﬂijpj
j=1
k(ppi=n1) (k=1)(ppi=11)
Lo+ —2—1 _ A+ ——F—1
e I —e I
(k)
+
2 z ?

(L+s) (o =11p;) (l+s=1)(jy—jtpy;)
Mpit —— 2] _ it —— L

it ]

(I+s)
A Q@
s=1

Proof We now consider the Hy, performance of system (25). Select the same Lyapunov-
Krasovskii functional as Theorem 3.1 and the Schur complement, it yields that

£V (xi,i,t) + 27 (0)2(t) — Y 0T (B)o(t) < ET(8)Oi(1tpir i) (2).

(28)
It follows from (26) that

E{£V(xnit)} <E[nV(x,it)] + v ot @o(t) - E[zT(#)z()].

(29)
Multiplying the aforementioned inequality by e, one has

E{£[e "V} < e[0T (t)o(t) - 27 (£)z(2)].

(30)
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Under zero initial condition and E[V(xy,,t)] > 0, by integrating the aforementioned in-
equality between 0 and T, we can get

T T
]E|:/ e‘””zT(v)z(v)dvj| <yE [/ e‘”“a)T(U)w(U)dv]. (31)
0 0
Then it yields
T T
]E|:/ ZT(U)Z(U)dU] < yze”TIE[/ oT(v)w(v) dvi|. (32)
0 0

Thus it is concluded by Definition 2.3 that system (25) is finite-time bounded with an
H, performance y. The proof is completed. O

Remark 9 From the proof process of Theorem 3.1 and Theorem 3.2, it is easy to see that
neither bounding technique for cross terms nor model transformation is involved. In other
words, the obtained result is expected to be less conservative.

Remark 10 Lyapunov asymptotic stability and finite-time stability of a class of systems
are independent concepts. Lyapunov asymptotically stable system may not be finite-time
stable. Moreover, finite-time stable system may also not be Lyapunov asymptotically sta-
ble. There exist some results on Lyapunov stability, while finite-time stability also needs
our full investigation, which was neglected by most previous work.

4 Finite-time H,, control

Theorem 4.1 System (25) is finite-time bounded with respect to (c1, ¢3, d, R;, T) if there exist
matrices ﬁi >0, /Q\l(-r) >0, a(’) >0(r=12,...,(m+1), ﬁi, R> 0,:?\,', Vi,j € N, scalars c1 < ca,
T>0,60>0,k>0,63>0,0,>0(s=1,2,...,5), A>0, >0 and A >0, such that for all
LieN,k=1,2,...,0,s=1,2,...,m, the following inequalities hold:

D1 i 1gi) Oy, Ty, Ty,
Doi(itpishy) W 0
qu(l'th hqi) = : Zl(ﬂjl ql) \~I]3l 0 < 0, p = 17 21q = 1) 2¢ (33)
4i
* * x Ty

N
et 3 00 < W,
j=1

N (34)
e (n2=Hpi) Z mja}gns) <0, p=1,2,
j=1
N
e Z iR < Ry, (35)
j=1
0'11_2;1 < Xl‘ < E;l, 0< aii < Gzﬁi, 0< ai < Ggﬁi, ( )
36
0 < R < 04R;, 0 <R; <osR;,
A+diy?t@-e ) —creT
a yi (=€) —cre Ja <0, 37)
NG 01
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where
D1i(pir hgi)
_au(ﬂpb Hyi) 0 0 0 ... 0 E
* 52;‘(#;;1‘, hgi) - ﬁﬁii 0
B * * D3, (Upis hgi) —ﬁRu‘
* * * . N .
* * * * (Dli(.u’pir hqi) - ﬁRii
L * * * * * 5(l+1)i(ﬂpiihqi)_
®2i(l“pi: hqi)
_ali(ﬂpi; hg) - mﬁn‘ 0 i
* DPoi(pishgi) =75 Rii
- . . 0 ,
* * * 5mz’(l’l/pir hqz’) - M;:lm Ry
i * * * * D@ (rs1)i (Ui gi) |
[ AuX 0 -~ 0 o0 |
Sii 28; -+ 28 S
Uy, = Sii 28; 0 28 Sa |,
_‘ﬁk\ii +Si 28 - 28; S ]
[D:X; X,CT+Y:E] XAl +Y,Bl XAT+YB]
- 0 0 0 0
Wy, = ,
L o 0 0 0
[0 X.CT. XAT, XAT
- 0 0 0 0
3= . ) ) .
0o o 0 0
—y2(2X;-1) XF; X;D] X;D]
T o * -1 0 0
M= * k —%(ZXZ _je\ii) 0 ’
i * * * - % (2X; - E)

Iy = [VmaXi . oo T Xis S Tie) Xis - - /TN XD
Hgi = diag{Xl, oo :Xi—erH-ly PN ,XN},
D (ipir hgi) = =2 X + AiX; + XiA] + X

k(ppi—11) (k=1)(ppi=141;)
Lo e =20 e —— AT
€ € o®
2 . Q
k=1

(I+8) (o —1tp;) (Hs=D)(po—1ipi)
ek[ﬂpi‘*‘ I 2 ] _e)h[l‘«pi"' I a 1

m
A(l+s)
+2 - Q")

s=1
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~ Ay ~
Doiphpis hyi) = el MI)QS) R;;,
M2 — K1
~ 1 -~ 1 Ao~ 21 ~
D3i(ppir hgi) = —<1 - —hqi) QE}) + (1 - _hqi)e_[(ﬂpl “DQE?) + ——Ry,
) l M2 —
~ -2 (1-2) l- A (upi—p1) A1) 20 ~
Dii(ppir hgi) = (1 - Thql)Q T\ Th et Hl)Qu’ + L — Rii,
~ l— 1 ~(]- l— 1 A i (] 2[ ~
D ()i (pir hgi) = —<1 - —hqi> QA+ <1 - —hqi>€’(“‘” QY + Ri;,
l l M2 — M1
— A (i) A l+m ~
Dy(pis i) = —(1 - hqz)Q” + (1= hg)em (12 “I“)Qﬁ,-”) + Ri;,
M2 — M1

— (I m—1 Ao )N (1 2m  ~
Do (ppis hgi) = <1 - —hql>Q Hy (1 - —hqz’)em(m m QU 2Ry,

m m M2 — K1
_ 1 2m  ~
D oni(pis hgi) = _(1 - _hql>Q i (1 - hql>emmz Q™ + Rij,

m M2 — M1

% O+m) m_ %
D ()i pin hgt) = Q™ + o Ry;,

A = k109 + Ko (03 + 04) + K305.
Moreover, the state feedback gain matrices can be designed as
K =YX7', Vi=12,...,N.

Proof Consider Theorem 3.2 and the overall closed-loop Markov jump system (25). Pre-
and post-multiplying inequality (26) by block-diagonal matrix diag{P;%,..., P;!,I, R}, R}
and its transpose, respectively. Letting

Xi=P',  Yi=KX, QV=xQ"%x, Q"=x:Q"x

R R R (38)
R,’j = Xl‘R]'Xi, Ri = XiRXi, Szj = Xl‘Sle‘.
It can be easily obtained that
D1 (1hpir hgi) By (Y
* Doi(ppihg) W3 0
Ti(igio hgi) = PO <0, p=12,4q=12, (39
l(“'ql qz) X N T, 0 p q (39)
* * * Ty
where
-y2X:X; XFi X;Df X;D]
~ * -1 0 0
[ = 1y H-1
% «  —LXRIX 0
* * * XiRi"lX

From Lemma 2.3, for any X; > 0, /Iéii >0 and ﬁi > 0, one can obtain -X;X; < 2X; — I,
—lee\ﬁXi <2X; —Ei, —le?\iXi <2X; —E. Then (33) is equivalent to (39). Therefore, if (33)
holds, system (1) is finite-time bounded with a prescribed Hy, performance index y. The
proof is completed. d
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Remark 11 By solving the Markovian jumping system with finite-time observer-based
controller, the mode-dependent positive-definite weighting matrices R; in inequalities
(33)-(37) should be known first. For convenience, we always choose the initial value for
Ri=1I

Remark12 In many actual applications, the minimum value of ¥, is of interest. In Theo-

rem 3.2, with a fixed A, ymin can be obtained through the following optimization procedure:
min 2
s.t. (26)-(27).

In Theorem 4.1, as for finite-time stability and boundedness, once the state bound c; is
not ascertained, the minimum value ¢, is of interest. With a fixed A, and define A; =1,
A = o1, then the following optimization problem can be formulated to get the minimum

value ¢ min

mingy? +(1-¢)c

s.t. (33)-(37),
where ¢ is weighted factor, and ¢ € [0,1].
5 lllustrative example

Example 1 Consider the Markovian jump system (1) with two operation modes and the
following data:

-09 05 -05 -03
A= o An= )
-0.32 -0.8 03 -02
-1.05 0.8 06 -04
Bl = ) Cl = )
-015 -13 035 -0.41
and the transition probability matrix is
-02 02
Q= .
08 -0.38

Under different levels of the upper bound w, and A, Table 1 and Table 2 list the results
of the maximum allowable upper bound, the decay rate A for different time delays and

Table 1 Comparison of the upper bounds of the decay rate for different delays

ny=02 ;=05 py,=08 =1 py=12

[22] (m=2) 1.2718 1.0223 0.8234 0.7145 06209
[22] (m=4) 1.3648 1.1245 0.9515 0.9980  0.8241
211(m=2) 1.3641 1.1972 1.0035 08398 06934
[21](m=4) - - - - -

Theorem 3.1 (m=1,/=1) 13663 1.2019 1.1012 09920  0.7125
Theorem 3.1 (m=2,/=2) 14834 13132 1.2563 1.0197  0.9582
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Table 2 Comparison of the allowable values of time delay p; for different decay rates

A=06 1=08 A=1 A=12 Ai=14

[22] (m=2) 1.2496 0.8045 0.5304  0.2801 0.0662

221 (m=4) 1.3562 09123 06294  0.3883 0.1716

[21] (m=2) 1.3525 1.0512 0.8044 04953 0.1318
11(m=4) -

Theorem 31(m=1,/=1) 14681 1.2003 0.9943 06015 0.2726
Theorem 3.1 (m=2,/=2) 15722 1.3620 10342 07110 0.3675

maximum values of 1, derived from various methods including the one proposed in this
paper, respectively. One can see from Table 1 and Table 2 that the same results are obtained
in [21,22].Itis clear from Table 1 and Table 2 that the performance achieved by our method
is much better than those by [21, 22]. Therefore, our results not only are less conservative,
but also require the less number of scalar decision variables.

Example 2 Consider a two-mode Markovian jump system (1) with
[~08 15 ~0.45 1
Al = ’ A‘[l = ’
2 3 2

.1 o
5 - 0.2
05 -0.1

o |02 o 0.03
"“lo o1 0.01 0.02
002 0 0.01
El = ) = ]
0.01 0.01 0.001

Ay

f
I 1
&
_
L
1
b S
~
[\*)
I
|
© -
_
[\>]
1

05|’
(11 0.2
BZ = ) DZ = )
05 -2 0.3
(01 0.02 002 0
C = , Cro = ,
0 0.1 0.1 0.02
0.04 0 0.04
E; = , F, = .
0.1 0.01 0.01
In addition, the transition rate matrix is given by
-1.2 1.2
Q= .
1 -1

Then we choose Ry =R, =1, T =2, ¢; = 1, d = 0.01, through Theorem 4.1, it yields that
¢y = 152.4231. Moreover, we also can obtain the following controller gains:

-11562 2.5461 0.9613 -1.7163
Kl:[ } Kzz[ ]

-0.2712 3.2523 -2.2864 4.3842
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It confirms the effectiveness of Theorem 4.1 for the state feedback controller design to

finite-time Markovian jump systems with time-varying delay.

6 Conclusions

In this paper, we have examined the problems of finite-time Hy, control for a class of
Markovian jump systems with mode-dependent time-varying delay. Based on a novel ap-
proach, a sufficient condition is derived such that the closed-loop Markovian jump system
is finite-time bounded and satisfies the prescribed level of Hy, disturbance attenuation in
a finite time interval. The controller and observer gains can be solved directly by using
the existing LMIs optimization techniques. Finally, numerical examples are also given to
illustrate the effectiveness of the proposed design approach.
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