Cho and Srivastava Advances in Difference Equations 2013, 2013:93 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2013/1/93 a SpringerOpen Journal

RESEARCH Open Access

Subordination properties for a general class
of integral operators involving
meromorphically multivalent functions

Nak Eun Cho'" and Rekha Srivastava?

"Correspondence:

necho@pknu.ackr Abstract

'Department of Applied . . . S

Matﬁematics Pukfopng National The purpose of the present paper is to investigate some subordination- and

University, Busan, 608-737, Korea superordination-preserving properties of certain nonlinear integral operators defined

Full list of author information is

_ _ on the space of meromorphically p-valent functions in the punctured open unit disk.
available at the end of the article

The sandwich-type theorems associated with these integral operators are established.
Relevant connections of the various results presented here with those involving
relatively simpler nonlinear integral operators are also indicated.

MSC: Primary 30C45; secondary 30C80

Keywords: differential subordination; differential superordination; meromorphic
functions; integral operators; convex functions; close-to-convex functions;
subordination (or Lowner) chain

1 Introduction, definitions and preliminaries
Let H = H(U) denote the class of analytic functions in the open unit disk

U:{z:ze(Cand |z|<1}.
ForaeCandneN=1{1,2,3,...}, let
Hla,n) = {f e H :f(2) =a+ a2+ amz" " +---}.

Let f and F be members of H. The function f is said to be subordinate to F, or F is said
to be superordinate to f, if there exists a function w analytic in U, with

w(0)=0 and |w(z)| <1 (zel),
such that

f@) =F(w(z)) (ze).
In such a case, we write

f<F or f(z)<F(z) (zel).
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Furthermore, if the function F is univalent in U, then we have (¢f. [1, 2] and [3])
f<F <<= f(0)=F(0) and f(U)cCF(U).
Definition 1 (Miller and Mocanu [1]) Let
¢$:C*—>C,
and let /1 be univalent in U. If p is analytic in U and satisfies the differential subordination
¢(p(2),20'(2)) < h(z) (z€ D), (1.1)
then p is called a solution of the differential subordination. The univalent function g is
called a dominant of the solutions of the differential subordination or, more simply, a dom-
inant if
p<qg (zel)
for all p satisfying (1.1). A dominant g that satisfies the following condition:
g=<q (zel)
for all dominants g of (1.1) is said to be the best dominant.
Definition 2 (Miller and Mocanu [4]) Let
¢:C? - C,

and let /1 be analytic in U. If p and ¢(p(z),zp’(z)) are univalent in U and satisfy the differ-

ential superordination

h(z) < p(p(2),2p'(2)) (z€ D), (1.2)
then p is called a solution of the differential superordination. An analytic function g is
called a subordinant of the solutions of the differential superordination or, more simply, a
subordinant if

g=<p (zel)
for all p satisfying (1.2). A univalent subordinant g that satisfies the following condition:

q=<q (zel)

for all subordinants ¢ of (1.2) is said to be the best subordinant.
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Definition 3 (Miller and Mocanu [4]) We denote by O the class of functions f that are
analytic and injective on U \ E(f), where

E(f) = [g :¢ €0l and lim f(2) :oo},
and are such that
F©)#0 (¢ €dU\EF)).
We also denote the class D by
D:={p € H[L,1]: ¢(0) =1and ¢(z) #0 (z € U)}.

Let X, denote the class of functions of the form

1 ag a)
flz) = Z—p+zﬁ+zﬁ+~~~+an+p,1z”+~-~ peN)
which are analytic in the punctured open unit disk D = U \ {0}. Let =" and % be the sub-
classes of X; consisting of all functions which are, respectively, meromorphically starlike
and meromorphically convex in D (see, for details, [1, 5]).

For a function f € X,, we introduce the following general integral operator Ig[’,’g%g de-
fined by

y-pB [*
27 ¢(2) Jo

(f € Zpia,B,y,8 €C; € C\ {058 —pa =y —pB;Rly -pB} >0;6,9 €D).  (13)

1/B
08, 5@ = ( 7 ()e(t) dt)

Several members of the family of integral operators 12,?,}/,5(1( ) defined by (1) have been
extensively studied by many authors (see, for example, [6—10]; see also [11] and [12]) with
suitable restrictions on the parameters «, 8, y and §, and for f belonging to some favored
subclasses of meromorphic functions. In particular, Bajpai [6] showed that the integral
operator 111,’%'1,1(}’ ) belongs to the classes &" and X, whenever f belongs to the classes X"
and Xy, respectively.

Making use of the principle of subordination between analytic functions, Miller et al.
[13] and, more recently, Owa and Srivastava [14] obtained some interesting subordination-
preserving properties for certain integral operators. Moreover, Miller and Mocanu [4]
considered differential superordinations as the dual concept of differential subordinations
(see also [15]). It should be remarked that in recent years several authors obtained many
interesting results involving various integral operators associated with differential subor-
dination and superordination (for example, see [5, 16—18]). In the present paper, we obtain
the subordination- and superordination-preserving properties of the general integral op-
erator 13”;5’% s defined by (1) with the sandwich-type theorem.

The following lemmas will be required in our present investigation.

Lemma 1 (Miller and Mocanu [19]) Suppose that the function

H:C>?->C
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satisfies the following condition:
R{H(is,t)} <0

for all real s and for all t with

£ < _”(12”2) (n €N).

If the function
pi)=1+p,2" +---
is analytic in U and
R{H(p(z),2p'(2))} >0 (z€),
then
R{p(@)}>0 (zeD).

Lemma 2 (Miller and Mocanu [20]) Let

B,yeC (B#0) and heH(U) (h(O):c).

If
R{Bh(z) +y}>0 (ze),
then the solution of the differential equation

zq (2)

¢@+ﬂﬂd+y

=h(z) (z€U;q(0)=c)

is analytic in U and satisfies the following inequality:

R{Bqz) +y}>0 (zel).
Lemma 3 (Miller and Mocanu [1]) Let
peQ (p(0)=a),
and let
qiz)=a+a,Z" +---
be analytic in U with

q(z)£a and neN.
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If the function q is not subordinate to p, then there exist points
zo=roe? €U and ¢y edU\E(f),
for which

q(U,,) C p(U), q(z0) =p(&o) and zoq'(z0) = m&op'(Co) (m 2 n).

Let
N = N(o) = 19V +;SZ()C) +309 (ce CR(0) > 0).

If R is the univalent function defined in U by

2N
R(z) = —= (ze D),
1-22

then the open door function (see [1]) is defined by

R.(2) = R( <rb ) (b=R(c)ze). (14)
1+bz

Remark1 The function R, defined by (1.4) is univalent in U, where R.(0) = ¢, and R.(U) =
R(U) is the complex plane with slits along the half-lines given by

Rw)=0 and ‘J(W)|ZN.

Lemma 4 (Totoi [21]) Let o, B,y,8 € C with
B #0, §—pa=y-pB, R{y -pB}>0 and ¢,9eD.
Iff € EZ’Y’;M, where

2f'(2)  z¢'(2)

+

f@)  e2)

(o o .
Ea,f},y,B = { €X,:a

+8 < Rs_pq (z)} (1.5)
and Rs_,q(2) is defined by (1.4) with ¢ = § — pa, then

g, sN@ e, 21 (E)F0 (zel)

and

{ ﬂzuf:;;’,y,s(f)(z»/ 2¢'(2)

0 ),
134, 5N @) " o) +V} >0 (zeU)

where If,’z’y, s is the integral operator defined by (1).
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A function L(z,t) defined on U x [0, 00) is the subordination chain (or Lowner chain) if
L(-,t) is analytic and univalent in U for all £ € [0, 00), L(z, -) is continuously differentiable
on [0, 00) for all z € U and

L(z,s) < L(z,t) (z€eU;0<s<t). (1.6)
Lemma 5 (Miller and Mocanu [4]) Let
geHla1l] and pn:C*>*—C.
Also set
1(q(2),24'(2)) =:h(z) (z€ ).
if
L(z,t) = 1(q(2), tzq (2))
is a subordination chain and
peHtallNQ,
then the following subordination condition:
h(z) < u(p(2),2p'(2)) (z€U) 1.7)
implies that
q(z) <p(z) (z€).
Furthermore, if
1(9(2),24 (2)) = h(z)
has a univalent solution q € Q, then q is the best subordinant.

Lemma 6 (Pommerenke [22]) The function
Liz,t)=a1(t)z+---

with
a)(t) #0 and tl_iglolal(t)’ = 00.

Suppose that L(-, t) is analytic in U for all t 2 0 and that L(z, -) is continuously differentiable
on [0,00) for all z € U. If the function L(z,t) satisfies the following inequalities:

zaé(z,t)
m( 9z )>0 (zeU;0 < t<00) (1.8)

dL(z,t)

ot
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and
|L(z, t)| < I(0|al(t)| (|z| <rg<L;05¢t< oo) (1.9)

for some positive constants Ky and ry, then L(z,t) is a subordination chain.

2 Main results and their corollaries and consequences
We begin by proving a general subordination property involving the integral operator

I:fg 3 defined by (1), which is contained in Theorem 1 below.

Theorem1 Letf,ge X /3 /.5 Where 23,’2,;/,5 is defined by (1.5). Suppose also that

zv!(2)
%{1 + 2

) } >-8 (z€Usvy(e) = 2("g(2)) " 0(2)), 1)

where

_1+ly —Wé};{l}i :Eﬂ—_();}—pﬁ -1)% (Rly —pB -1} >0). 22)
Then the subordination relation
r(2) < ve(z) (z€U) (2.3)
implies that
22104 ,(N@) () < 2(Z12%, ,@@) ¢2) (), (2.4)

where I¢ﬁ ,,5 1S the integral operator defined by (1). Moreover, the function

2(2125,,,@)@) 9 ()
is the best dominant.

Proof Let us define the functions F and G, respectively, by
F(2):=2(212% 5(N() $(2) and G(2):=2(2 L%, 5(0)(2) (2). (2.5)

We first show that if the function ¢ is defined by

zG"(2)
G'(2)

q(z):=1+ (zel), (2.6)

R{q@)}>0 (ze).
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From the definition of (1), we obtain

z (If,’g,y,(;(g)(z))’ s z¢'(z)
@ 6@

(124 @) $(2) [ﬁ + y} =(y -pB)(#g(2)) p(2). (2.7)

We also have

wyfys@@) 29'@) _2G@)

-1. 2.8
7 @e 9@ G P 28

It follows from (2.7) and (2.8) that
(¥ —pB)ve(2) = (¥ — pB —1)G(2) + 2G'(2). (2.9)

Now, by a simple calculation with (2.9), we obtain the following relationship:

ZV;(Z) B Zq,(Z) 3
L m ST oy e = .10

Thus, from (2.1), we have
D‘i{h(z)+y—pﬁ—l} >0 (zel),

and by using Lemma 2, we conclude that the differential equation (2.10) has a solution

q € H(U) with
q(0) =h(0) =1.
Put
v
Huv)y=u+ —— +p, (2.11)
ury-pp-1

where p is given by (2.2). From (2.1), (2.10) and (2.11), we obtain
R{H(q(2),24'(2)} >0 (z€).

We now proceed to show that

R{H(is,t)} <0 (s cRr< ;Sz)). 2.12)

Indeed, from (2.11), we have

m{H(lS,t)} :9{{15+ m + ,0}
Ry -pp-1}
Cly-pB-1+isP

Ey(s)

- , 2.13
= 2y -pB-1+is|? 213)
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where

Ey(s):= (Rly —pB -1} -2p)s’ —4p(I{y —pB -1})s
~2ply —pB -1 + Ry -pp -1}. (2.14)
For p given by (2.2), we note that the coefficient of s> in the quadratic expression E,(s)

given by (2.14) is positive or equal to zero and also E,(s) is a perfect square. Hence from
(2.13), we see that (2.12) holds true. Thus, by using Lemma 1, we conclude that

i)‘i{q(z)} >0 (zel).

That is, the function G(z) defined by (2.5) is convex in U.
We next prove that the subordination condition (2.3) implies that

F(z) <G(z) (zel) (2.15)

for the functions F and G defined by (2.5). Without loss of generality, we can assume that

G is analytic and univalent on U and that

F(§)#0 (lg1=1).

We now consider the function L(z, ¢) defined by

—pB-1 1+t
1et=Y"PP oy 2 60 (eU0<t<co).
vy —pB y —pp
We note that
0L D) :G/(O)(1+ ! );zo (€ U;0 < £ < 00)
0z vy -pB

z=20

and

ZaL(Z, t)/aZ _ ZGN(Z)
m{m}—9%{)/—19,3—1+(1+t)<1+G/—(Z)>}>0 (ZG[U).

Furthermore, since G is convex, by using the well-known growth and distortion sharp
inequalities for convex functions (see [23]), we can prove that the second condition of
Lemma 6 is satisfied. Therefore, by virtue of Lemma 6, L(z, t) is a subordination chain. We

observe from the definition of a subordination chain that

vPPlos Y 6w =-1w0)
y —pB vy —pB

Vg(z) =

and

L(z,0) < L(z,t) (z€U;0 <t<o00).
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This implies that
L(¢,t) ¢ L(U,0) =1,(U) (¢ €9U;0 <t <00).

We now suppose that F is not subordinate to G. Then, in view of Lemma 3, there exist
points zy € U and ¢y € 9U such that

F(zo) = G(¢o) and 2zoF(zo) = (1+£)0G () (0 <t<00).

Hence we have

—-pB-1 1
Lo = Y LG+ 1 6)
vy —pB vy —pB
_ry-pb-1

1
F — 2z F
Ny (o) + , —p,BZO (20)
=vr(z0) € vg(U),

by virtue of the subordination condition (2.3). This contradicts the above observation that
L(%o, ) ¢ vg(U).

Therefore, the subordination condition (2.3) must imply the subordination given by (2.15).
Considering F = G, we see that the function G is the best dominant. This evidently com-
pletes the proof of Theorem 1. O

We next prove a solution to a dual problem of Theorem 1 in the sense that the subordi-
nations are replaced by superordinations.

Theorem 2 Letf,g € Ef,'g,y,a» where Zf,’g,y,s is defined by (1.5). Suppose also that

w120y (e U= a(e) o)

where p is given by (2.2) and vy is univalent in U, and
(2125, @) 92 € Q,
where IZ"KV’S is the integral operator defined by (1). Then the superordination relation
ve(2) < vr(z) (zel) (2.16)
implies that
22105,50@) 6@ < 22105, (@) ¢() (zeD).
Moreover, the function
A1, ,00) 9 ()

is the best subordinant.
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Proof Let the functions F and G be given by (2.5). We first note from (2.7) and (2.8) that
—pp-1
S~ PP G(z) +

vy —pB Yy —pB
= 1(G'(2),2G (2)). (2.17)

Vg(z) ZG/(Z)

After a simple calculation, equation (2.17) yields the following relationship:

2vg @) 74 (2)

1 = N 5 1
0@ Ta@+y -pp-1

where the function ¢ is given in (2.6). Then, by using the same method as in the proof of
Theorem 1, we can prove that

%{q(z)} >0 (zel),

that is, G defined by (2.5) is convex (univalent) in U.
We next prove that the superordination condition (2.16) implies that

G(z) < F(z) (zel). (2.18)
For this purpose, we consider the function L(z, ¢) defined by

Len=""PP ey,

¢
zG'(z) (zeU;0 <t<oo).
vy -pB vy —pB

Since G is convex and R{y — pB — 1} > 0, we can prove easily that L(z, t) is a subordina-
tion chain as in the proof of Theorem 1. Therefore, according to Lemma 5, we conclude
that the superordination condition (2.16) must imply the superordination given by (2.18).
Furthermore, since the differential equation (2.17) has the univalent solution G, it is the
best subordinant of the given differential superordination. Hence we complete the proof
of Theorem 2. d

If we combine Theorem 1 and Theorem 2, then we obtain the following sandwich-type
theorem.

Theorem 3 Letf, g € Ef”;’y’s (k=1,2), where Ef"g’% s is defined by (1.5). Suppose also that

9%{1 + %} >—p (2€Usvg (2) = 2(g(2)) p(2);k = 1,2), (2.19)
o

where p is given by (2.2) and the function vy is univalent in U, and
22125, 5N@) ¢ € Q
a,B,y,8 ’
where If”;%s is the integral operator defined by (1). Then the subordination relation

Vg (2) < Vr(2) < v, (2) (z€U)
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implies that

(Zp1¢§ys(g1)(z)) ¢(z)<z(z”[¢§y5(f) ) b(2)
<2(210h,5@)@) ¢() (zeD).

Moreover, the functions
z(z’”]i'g,m(gl)( ) o(z) and z(z”]‘pgy 5(22) z)) ¢(2)
are the best subordinant and the best dominant, respectively.

The assumption of Theorem 3, that is, the functions

2(f(2) ") and z(ZI0%, (@) $(2)

need to be univalent in U, will be replaced by another set of conditions in the following
result.

Corollaryl Letf,g € Ef,’g,y,a (k=1,2), where 23’;%5 is defined by (1.5). Suppose also that
the condition (2.19) is satisfied and

zvf”(z) N
9‘%{1 + ) } >—p (2€Us11(2):=2(2f(2)) 0(2);2f (2) € Q), (2.20)
f

where p is given by (2.2). Then the subordination relation
Vg, (2) < v7(2) < g, (2) (z€U)
implies that

(2195, ,@)@) 6@ < 22’124, ,(1)(2) 6 (2)

<2(212%,;@)2) ) (zel),

where 1°¢

.8,y iS the integral operator defined by (1). Moreover, the functions

22124 5@)@) $(2) and 22124 5(@)@) $()
are the best subordinant and the best dominant, respectively.

Proof In order to prove Corollary 1, we have to show that the condition (2.20) implies the
univalence of v¢(z) and

F(2) = 2(212%,, 5(1)(2) $(2). (2.21)

By noting that 0 < p < 1/2 from (2.2), we obtain from the condition (2.20) that ¢ is a
close-to-convex function in U (see [24]), and hence vy is univalent in U. Furthermore,
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by using the same techniques as in the proof of Theorem 3, we can prove the convexity

(univalence) of F and so the details may be omitted. Therefore, by applying Theorem 3,

we obtain Corollary 1. O
By setting ¥ — pB = 3 in Theorem 3, we have the following result.

Corollary 2 Let f,gi € Eg:g,pms,s (k =1,2), where Zf,'g,p,3+3,a is defined by (1.5) with y =

pB + 3. Suppose also that

v, (2)

v (z
m{l + L()
f

1 o
} > (z € Usv(2) = 2(Z gk (2)) 0 (2); k = 1,2),
and the function vy is univalent in U, and

22108 .35(N@) $(2) € Q, (2.22)

where 15,'§,p,3+3,a is the integral operator defined by (1) with y = pB + 3. Then the subordina-

tion relation
Vg <Vr <vg (z€0)
implies that

2P Lo poppr35(@)@) 3(2) < 2(Z L ppprss () (2)

< 2(PLppprss@)2) 9(2) ().
Moreover, the functions
U luppprss@)@) 6@ and  2(2Lupppis@)@) $()
are the best subordinant and the best dominant, respectively.

If we take y — pB =2 + i in Theorem 3, then we are easily led to the following result.

Corollary 3 Let f,gc € B34 55,15 (k = 1,2), where Eg;g,p;s+2+i,5 is defined by (1.5) with

y =pB + 2 + i. Suppose also that

m{uzvgk(z)} >_3_\/§ (2.23)

Ver (2) 4

(z € Us g, (2) := 2(2" gk (2)) 9 (2); k = 1,2),
and the function vy is univalent in U, and

ALY p0is(N@) 0(2) € Q, (2.24)
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where If";flpﬁ +2+i,5 18 the integral operator defined by (1) with y = pf +2 + i. Then the subor-
dination relation

Vg <Vr <V (z€0)
implies that

Z(Zplf,’g,pmzn,a (gl)(z))ﬂqﬁ(z) = Z(Zplf,yg,pmzn,s (f)(z))ﬂq)(z)
<2(2' 10 520y (@) @) (@) (2 ).

Moreover, the functions

Z(Zplf,'g,p,sarzn,a(gl)(z))ﬁ¢(z) and Z(zplf,'g,pmzn,a(32)(2))ﬂ¢(z)

are the best subordinant and the best dominant, respectively.
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