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Abstract

The presence of a self-mapping increases the difficulty in proving the existence and
uniqueness of solutions for general iterative fractional differential equations. In this
article, we provide conditions for the existence and uniqueness of solutions for the
initial value problem. We also determine the Burton stability of such equations. The
arbitrary order case is taken in the sense of Riemann-Liouville fractional operators.

1 Introduction

Fractional calculus is an area of specialization in mathematics that is concerned with dif-
ferential and integral operators of arbitrary orders. Fractional derivatives are considered
excellent tools for the description of nonlinearity. Fractional derivatives are mainly used
with classical integer order patterns, in which such effects are neglected. The significance
of fractional derivatives is manifested in modeling, electrical properties of real materials,
capacity of rheological properties of rocks, and many other fields. Fractional derivatives
and fractional integrals have various definitions. The most famous operators are Riesz,
Grunwald-Letnikov, Riemann-Liouville, and Caputo [1-10].

Existence and uniqueness theory is studied widely in fractional differential equations.
Agarwal et al. studied the existence of solutions for the Riemann-Liouville operator for a
class of integro-differential equations of high fractional order [11]. Moreover, Agarwal et
al. presented some existence and uniqueness outcomes for a class of fuzzy fractional inte-
gral equations utilizing the Schauder fixed point theorem in semilinear Banach spaces
[12]. Li et al. established the existence of a class of nonlinear fractional g-difference
equations with mixed nonlinear assumptions, including the fractional g-derivative of
Riemann-Liouville type, employing the Guo-Krasnoselskii fixed point theorem on cones
[13]. Ibrahim applied the Tarski fixed point theorem to study the existence of extremal so-
lutions for fractional differential equations with maxima [14]. The existence and unique-
ness in complex domains have been imposed considering the Srivastava-Owa fractional
operators [15, 16].

In this study, we introduce some conditions for the existence and uniqueness of solutions
for the initial value problems of iterative equations. We also determine the Burton stability
of such equations. The arbitrary order case is taken in the sense of Riemann-Liouville
fractional operators, as well as Caputo derivative.
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2 Preliminaries
This section deals with some preliminaries and notations regarding fractional calculus.
Fractional calculus originated from the Riemann-Liouville definition of fractional inte-

gral of order « in the form

/ G f(r)dr,

where ¢ is continuous.
The fractional (arbitrary) order differential of the continuous function ¢ of order « > 0
is defined by

-1

Dav(®) = dt  TU-a)

Y(t)dr.

When a = 0, we conclude that

Fim+1
D“‘t”’:Lm"’, m>-1;0<a<1
F'(m-o+1)
and
r 1
I“tm—ﬂm*a, m>-1;0>0.
I'(m+o+1)

Let ¥ be a continuously (n) differentiable function. The Caputo derivative can then be

realized by the following form:

1 AR (9
Fn-y) J, (t-g)y—=n

D{f(t) = ¢, (n-1)<y<n,

where 7 is an integer and y is a real number.

3 Related work

Differential equations with state-dependent delays attract interest of specialists because
they arise from application models, such as the two-body problem of classical electrody-
namics, transmission, mechanical models, population models, infection disease, position
control, and dynamics of economical systems. As a special type of state-dependent delay
differential equations, iterative differential equations have distinct characteristics. Such
equations have been investigated in recent years in terms of their smoothness, analyticity,
monotonicity, convexity, and numerical solution. In the theory of differential equations,
one of the essential and important problems is the initial value problem. Numerous ex-
istence results on special iterative differential equations can be found in the literature. In
1984, Eder proved the existence of the unique monotone solution for the second iterative

differential equation [17] using the contraction principle as follows:

¥y (8) = y(x(2))
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linked with y(ty) =ty (to € [-1,1]). Feckan investigated the general second iterative differ-
ential equation [18]

y® =f(r(y®))

with the initial value y(0) = 0. Modified iterative functional differential equations have
been recently suggested by Zhang and Gong [19] to determine approximate solutions.
They studied the following iterative functional differential equation:

¥ (©) =f (610,92 @), ... 5" 0),
(ko) = o,
which satisfies the following result.

Lemma 3.1 Let
Op = {y € CO([to — Nty + h]) : |y(t) —y(s)| <M|t—s|,Vt,s €[ty —h,ty +h]},

where M < 1. If f,g € ou, then

o 1-M ‘
1 =& oo = T W~ &ltonagns =120

Ibrahim utilized nonexpansive operators to establish the existence and uniqueness of
iterative fractional differential equations of various forms [20, 21]. Recently, Ibrahim and
Darus established sufficient conditions for fractional differential equations as follows:

D”y(t) =f (t,y(®), y(B1),y(»(®))), B € (0,1],

with the initial value y(0) = y,, see [22].
In this study, we aim to establish the existence and uniqueness of the fractional iterative

D y(e) = f (5" (0,5 ®),.... 9" (1)) &)
subject to the initial value

¥(to) = Yo,
where yV1(¢) := y(yU~1(¢)) indicates the jth iterate of self-mapping y, where j = 1,2,..., 7.

4 Existence and uniqueness
We start with the following result.

Theorem 4.1 Suppose that f : K" — R is continuous. If positive r exists, such that
(1 _Ml)r > lOr lO > 0: (2)

where My = ||f |5, ) <1 and B(zo,7) denotes the closed ball centered at zy = (o, yo, - ., o)
with radius r, then Eq. (1) has a solution defined on [ty — I,y + 1] for any | € [lo/(1 - M), r].
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Proof The existence of solutions of Eq. (1) is equivalent to finding a continuous solution
of the integral equation

(t—s)~
o) ds. (3)

O =0 + / £l (6,52 6),..., () L=

Define a set ¢y, as follows:

|t —sl”

= {y € C*([to — I, to +11) : y(t0) = y0, [y(2) — ¥(s)| < Mlm,

Vt,s € [to—l,to +l]}

for any [ € [ly/(1 — M), r]. Then, for y € gpr,, we prove that YW(©E) (G=2,3,...,n) are well
defined on [ty — [, £y + []. It suffices to establish

7 (0) ~ 30| <1 @

for j € N by induction. In fact, for £y <s < t, we have

|t —sl”

(©) = 30l = @) =] + [5(5) = yo| <Ml + My s <

We let |yU!(£) — yo| < [ for a positive integer j > 1, then

WU (E) — yo| < M|y (E) - y(s)| + |y(s) — yo| < L.
On the basis of induction, (4) holds and y/ ([, — /, £, + []) are well defined for any y € Oy
In the sequel we apply the Schauder fixed point theorem to prove the existence of the

continuous solution of Eq. (3). To this end, we define the integral operator G : ¢p, —
C[to - L, to + 1]) by

Gy(t) :=yo + %y) /0 F(5,5™M(), 52 (s), ..., 5" (s)) (¢ — 5) " ds. (5)
Clearly,
_ L[ gy o2 0] y-1
Gyt =0+ 15 [ F656) 56y 57 s (6)

for any y € gy, . In view of

(&M @), 92 @), ..., 5" () = (0,0, 305590
= max{|t - tol, [y"(2) = yo, [y (©) = yo ..., [y (&) = yo }

< max{|t - to, My |t — to|, My [y (@) = yol,.., My [y 1 (2) - 3o}

< max{l,Mll,Mll, .. .,Mll} <l<r,
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we get

[n] (s) (- S)y_l

B i () 412]
Gy(1r) Qy(tz)|5‘fo A CH A OR S O IR T'(y) i
ty (t2_s)y_1
B 1] [2] (n] —_—
/Of(s,y (8),57(8), .. (S))‘ I'(y) ds‘
1!.{1(;7?:'[:: t,tr >s.

Then @y, is a nonempty convex and compact subset of the Banach space C°([a, b]). We
consider the mapping 7 : g, — C°([a, b]) defined by

Ty =30+ / £, 26,9 ¢ -7 ds. %

To show 7T is a self-mapping, we note that for any #,¢, € [fo — [,£o + []. Therefore Egs.
(5)-(7) yield Gy € gu;; (i.e., G is a self-mapping operator). It remains to show that G is
continuous. For this purpose, taking any y1, ¥, € @ar,, we obtain

’gyl gy2 ‘ </ V SJ’I](S [2] ’ ,ygn]( ))

(560, 526), . ,yg”](s>)|%ds, Ios,

By Lemma 3.1, we conclude that

| (5,947 (5), 57 (5)s o (5)) = (5,987 5), 927 5), ,yé"] )|

= max{ |y (s) =95 ()], |y1” () - 95 () - 95 (s)|)
-M; 1- My
< max{ lyr = y2liz0-t,0+015 A ly1 = y2llito-tto+01s -+ 122, ly1 = 2l o120+ }

= Yallito-t,e0+01-

||J’1 )’2||[t0—l,t0+l] <

T1- M 1-M;

Given the uniform continuity of f on B(zo, r), for any & > 0, there exists §(¢) > 0, the in-

equality
Gy - Gyall < el

holds for ||y1 — y2ll{tg-1,40+ < 8, which yields G is continuous. @y, is a convex, compact
subset of the Banach space C°([ty — I, £y + []) and G is a continuous operator that satisfies
all conditions of the Schauder fixed point theorem, G has a fixed point g € ¢, and gisa
solution for Eq. (1) on the interval [y — [, £y + ]. This completes the proof. O

Theorem 4.2 Suppose that f : R — R is continuous and any compact interval [a, b)

includes ty and yo. If

MZAtO =< By()v (8)
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where Ay, = max({ty—a,b—ty}, By, = min{yo—a,b—yo}, Mz = ||f |4 pn1 and |a, b denotes
the product of n + 1 intervals [a, b], then Eq. (1) has a solution defined on [a, b].

Proof Let

Orty = {ye CO([a,b), [a,B]) : ¥(t0) = you [y () = y()| < My~ v s [a,b]}, 9)

I'(y +1)

then ¢y, is a nonempty convex and compact subset of the Banach space C°([a,b]). We

consider the mapping 7 : g, — C°([a, b]) to be defined by

SRR SN PRI PN () (4 — )71
To=30+ i [ £60007 070657 s (0)

To show 7T is a self-mapping, we note that

1 t
|Ty(t)|§y0+—‘/f(s,y[ll(s),y[zl(s),...,y[n](s))(t—s)?’1ds, £>s
') o
(t—to)”
M , >t
=Yoot 2F(y+1) > 1o
<yo+MyA;y <yo+B; <b, (11)
1 t
|Ty(t)|2yo——’/ £y, 92), ..., () 57 Lds|, £
'(y)1Jo
[t —to|”
> vy — M. > y9 — MyA
= Yo 2I‘(y+1) = Yo 24y,
>yo — By, > a. (12)

Clearly, Ty(to) = y0. Moreover, for any 4, ¢, € [a, b], we obtain

| Ty(t) - Tyta)| < 1 / 1[f(s,yF] (s),72(s),...,y" $)|[(t-s)7""ds, t>s

T'(y)
[t — L]
< 2F(y+1)' (13)

Therefore, (12) and (13) yield that 7 maps ¢y, into itself. The definitions of A;, and B,
prove that M, <1, thus for any y;, ¥, € @ar,, according to Lemma 3.1, we have

| (5:976), 72 (6)s o 9)) = (5,955,957 (6), .95 9)) |

92 () =y (S)],- . [0V (5) = 955) |}

ooy

= max{|y{(s) - 55 (s)],

_ 2 _ n
< max{ 71 = yallian) 1 —Mi lyr = y2lliapr - - 1 _Mi lly1 —yzll[a,b]}
- M,
=10, ly1 = 2l {61
< lyr = y2ll .-

1-M,
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By the uniform continuity of f on [a, b]"*!, for any & > 0, there exists §(¢) > 0. When ||y, —
Y2 llap) <6, we obtain

I (5,97 (), 92 (8), o 07(8)) = £ (5,95 (8), 95 (5), -, 957 (9)) | < &

Consequently,

’Tyl Ty2 ‘ < / V s, ygll [2] ), . ,ygn]( ))

_g)-1
f(s V5 ](S) y[z] (S) Yy ](S)) | % ds, t>s

< e(b-a),

which means that 7 is a continuous operator. It follows that ¢, is a convex, compact
subset of the Banach space C°([a, b]). By the Schauder fixed point theorem, 7 has a fixed

point /1 € g, and 4 is a solution of Eq. (1) on the interval [, b]. This completes the proof.
O

5 Applications

In this section, our theorems are illustrated by the following example. First, we prove the
existence of smooth solutions of (1) based on the results provided by Si and Wang [23]. In
this paper, smooth function g € C" means that the function g has a number of continuous
derivatives, and its nth continuous derivative is Lipschitzian. We require the following
result.

Lemma 5.1 Let
Q(Nl)-~~1Nn+l;I) = {g € Cn(171) : |g(l)(t)| SNi’i: 1;2)“'1”1
lg™®) - g"(8)| < Nylt —sl,t,s e I}.

Then, for any x(t) € QNi, ..., Ny;1), there exist a function

y*ik(t) = Pik(le(t), cee ’yl,z’—l(t); e ;ka(t): cee ryk,l'—l(t))

and positive constants N'X such that
k-l
’Pik(klo, v ki) = Pi(haos - kk,i—1)| < Z ZN;];MW — Al
u=1 v=0

Jor (X105 -+ s Aki1)s (A10s -+ > Axii1) belong to compact sets [0, N;]' x [0, Na]? x - - x [0, Ni]Y,
where y,;(t) = ’)(y[’] (), yir(t) = (y[i] ()W and Py isa uniquely defined multivariate poly-
nomial with nonnegative coefficients and1 <u <k,0<v<i-1.

Theorem 5.1 Counsider the equation

D'y(®) =Y ait)y"(®) + F(z) (14)

i=1

associated with y(ty) = yo, where a;(t), F(t) € C" are given smooth functions.
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Proof For R > 0, by the smoothness of the given functions, we have positive M, and M
such that

|a:(8)] < M, |F(t)] <Mp, telto-Rto+R)i=12,...,m.
Denote
M, = lrg?;{Mai}, Ny = mM,(|to| + R) + Mp.
If (1 - N1)R > |yg — Lo, then Eq. (14) has a solution in the function set
Dy, = {)/ € Co([to — b, b +4]) :y(to) = yo, }y(t)—y(S)! <Nilt-s|,Vt,s € [to— 1, o +ll]}

by Theorem 4.1, where arbitrary /; € [|yo — to|/(1 — N1), R]. In fact, for any y € gn,, we see
that the function

L& @ P @),y 0) = D @@y @) + F(2)

i=1

is continuous on [ty — L, fo + [1] and

If (650, 92 (), .., 5" ()|

Y aioy(0) + F(e)
i=1

m
<> M,(lto| + R) + M

i=1

= WlMﬂ(lt()| +R) +M1: =N1.

Since (1 - Ni1)R > |yo — to|, the condition of Theorem 4.1 is satisfied, there exists a solution
y =¥ (t) of Eq. (14) in the functional set ¥y, . In the sequel, we show that Y (1) also is

Lipschitzian on the compact interval [ty — /1, £ + /;]. In view of Lemma 5.1, we obtain

Vit (t) = Pik(ylo(t): oo YLi-1(8); 5 ko (), ~»yk,i—1(t))
= ik(y’(t),y/(yl),~~.,y/(yH);---;y(")(t),y(k)(yl),~~,y(k)(yi71)),

where y, = y"N(t), n=1,2,...,i - 1.
Denote

i terms i terms i terms
—N— —— ———
Hyc = Pi(Ny,...,Ni;Na, ..., Naj...;Nk, ..., Ni),

ai(t) € QLa, ..., Lignen); [0 — i, o + 11]),

F(t) € Q(My, ..., My;[to — b, bo + 1]).
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Then, for any ti, b € [t() - ll, to + l}], we get

[y () - (1)
n m

= jn‘ o (tl)(l//[l (tl)) ‘m_s)(tz)(l/f[i](tz))<s>|

i=1 s=0

+ |F(")(t1) —F(n)(t2)|

n

<] () - a™ 1)] - W @) + |4l (e2)| - [wP (&) - v (8)]}
=
* Zn: i C (|a" () - a2 ()| - | (v P (1)) |
P
+1a )] |9 (oo Wi 8)) = Y (Ya0(E2)s o Wi 1(62))])
= ; (Lignsy (Io] + &) + LimN{) 'lfl(_ ’W)
+ZZC ( im+1-9Hislty = ta] + L; m_S)XS:XO: |%v(t1)—1/fuv(t2)|)
P Lol
+ Myt — B
Since
[Vinlt) = Y (82)| S]\[Lﬂlw[vl(’fl -y (®)] <Nu+1N1V|F( t2|)

we attain

[y () — p D ()|

n

n —6l
=< Z(Li(m+1)(|t0| + ll) + Lile | ! 2| Z Z C ( z(m+1—s)His|t1 - t2|
i=1 i=1

S

o |t = ta]”
ZN;SV|¢MV(t1) - wuv(t2)|> + MnHW

u=1 v=0

= { (ZLi(m+l)(|t0| +4) +Lime)

i=1

(Z Z C ( i m+1—S)HLS + L (m=s) Z ZN;SVNI,,+1NIV)) + Mn+1 } _|1—t:ll(; -t'-z'l—); )

i=1 s=1 u=1 v=0
which implies that y**D(¢) is Lipschitzian. d

Example 5.1 Consider the equation

Dy = Sy00) - (15)
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associated with
(1) =2 (16)

y =5
Now we check the conditions of Theorem 4.2. For the compact interval [-1, 0], we see

that yo = —%, to=-1,y = %, F(%) =0.88 for all £ € [-1,0]. Since My = [|yll;_yopnn1 = 1/5 +
1/4 = 9/20 < 0.5, also Ay = max{ty —a,b — tp} = max{-1+1,0 + 1} = max{0,1} =1, B, =

min{yo —a,b—yo} =min{5 +1,0 + 3} =min{3, 3} =1/2, and I'(3) = 0.8, then 7% = 75,
3 ;
which satisfies the conditions of Theorem 4.2. Then Eq. (15) associated with Eq. (16) has

a solution.

Remark 5.1 In the proof of an invariant set, they require the inequalities

¢ (t—s)
fo f(s,x(s),x(x(s))) Fo+1) ds

t—xol”
|t — %ol -

|(Fx)(®)| < Ixol + ST

<lxo| +M-

t (t—s)Y
/(; f(s,x(s),x(x(s))) IO+ 1) ds

|(Fx)(2)] = o] — > %0 — Cyy > a.

The right-most inequality of Eq. (15) contradicts the definition of C,,. We overcome this
difficulty by defining B,;.

6 Burton stability
In this section, we aim to discuss the stability of solutions of a class of iterative fractional
differential equations. We need the following observations.

Definition 6.1 Letg: [0, 00[+> [1,00[ be an arbitrary continuous strictly increasing func-
tion with g(¢) = oo as ¢ = oo and define a Banach space (W, |- |,) of continuous functions
d : [0, 00— N" with the property that

|D(2)]

|®l, = sup —— < o0, 17)
7 o2t g0

Definition 6.2 [24] Let B be a closed and densely defined operator on Y and [ € C(*)
be a scalar kernel. A family J;>¢ is called a k-regularized resolvent family if the following
conditions are satisfied:

(a) 3 is strongly continuous on Nt* and J(0) = k(0)I;

(b) Iy € D(B) and B(t)(y) = J(¢)By for all y € D(B) and ¢ > 0;

(c) the k-regularized resolvent equation holds

J()(y) = K(#)(y) - /0 BK(t —s)(s)y ds.

Lemma 6.1 [25] Let N be a closed ball in AB, let P: N — N be continuous, and let PN be
locally equicontinuous. Then there exists a point WV € N with PV = V.

Lemma 6.2 [25] Let N be a convex, nonempty, bounded subset of AB, let P: N +— N, and
let PN be locally equicontinuous. If, in addition, the g-norm closure of PN is in N, then
there exists a point V € M with PV = W.
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Next, we discuss the stability of Eq. (14) for a special case by putting
F(t) = ZB Oy (¢ - ().

Theorem 6.1 Counsider the fractional differential equation

m

1) =Y [~ @ + By (t-r®)],  ¥0) =y, O<y<l, (18)

i=1

where A;, B, 1; : [0,00) > [0, 00) are continuous. Moreover, suppose that
(@) a;:=-A;(¢t), Ai(¢) is bounded on [0, 00[;
(b) A;(t) — Bi(t) = 6 forall ty > 0, and a constant § > 0;
(c) ri(¢)>0forallt>0.

Then the zero solution of Eq. (18) is stable.

Proof Consider problem (18). Assume that 3¢ > 0 and max;[sup,.A4;(t)] < ¢ for all £ > 0
such that

_ ¢ y-1
K(t)_F(y)t .

Then for the Lizama resolvent (3, ), which satisfies

t
3(t) = K(¢) - f K(t - 5)3(s) ds,
0
we have
o0
0 < 3(¢) < K(¢), t3(t)—>0 ast—> oo and / J(s)ds = 1.
0

Rewrite Eq. (18) as follows:

m

D'y(t) =Y _[-Aiep" (&) + By (£ - (1))
i=1

=Y [-ey@ + [y =]+ (& = A" + Bue) )y (¢ - ri(0)].
i=1
Therefore, the solution y(¢) of Eq. (18) achieves

y(t) = Z[W(t) +/0 3, (t=9)[y - y"](s) ds

i=1

s o140 oo BO ]=~
+f0 Sy (t s)<1 ¢ )y (s)ds+f0 Syt =)=~y s =) | = ),

where w(t) = yo(1 - [, 3(s) ds).
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3
LetO0<e < g, we may assume that { >1and 0 < § <1 so that 5% < €. Now set
no = min[inf{s - r,(s);s > 0}].
l
o . . . 3
Let ¢ : [1n9,0] — N be a given continuous initial function with ||¢|| < ‘% < €. Define

N={V ecAB| V| <€}

For the natural mapping defined above with y(s) = ¢(s) for s < 0, we can show that
P:N > N.We observe that > ", [r — r;] is increasing on [0, €] and we obtain

|(Py)(2)] < Z[|W(t)| +(e—e) +€ld /ttsy(t—s)(l _ Az(t) + |Bi(t)|)dsj|

= 0 ¢

< |:|¢(0)|+(e—e[i])+e[i]<1—§)i| <e€.

=1

It is clear that PN is equicontinuous on [0,00) and the g-norm closure of PN is in N
(Lemma 6.1). Consequently, in view of Lemma 6.2, P has a fixed point y € N which is a
solution of Eq. (18). Thus, the zero solution of Eq. (18) is stable. This completes the proof.
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