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1 Introduction
In this paper, we consider the classification and criteria of limit cases for the following
singular second-order linear equations with complex coefficients:

—(P(t)yA(t))A +q()y” () = aw(t)y” (1), te[p(0),+00) NT, 1.1)

where p and g are complex-valued rd-continuous functions, w is a real rd-continuous func-
tion; p(t) # 0 and w(t) > 0 for all £ € [p(0), +00) N'T; p~! is A-integrable on [p(0), +00) N'T;
A € C is the spectral parameter; T is a time scale with p(0) € T and sup T = +o0; o(£)
and p(t) are the forward and backward jump operators in T; y* is the A-derivative; and
97 (t) := y(o (2)). In general, equation (1.1) is formally self-adjoint if and only if p(¢) and g(¢)
are real, equation (1.1) is called formally non-self-adjoint when Ip(t) # 0 or Jg(t) # 0.

In 1910, Weyl gave a dichotomy of the limit-point and limit-circle cases for singu-
lar formally self-adjoint second-order linear differential equation [1]. Later, Titchmarsh,
Coddington, Levinson et al. developed his results and established the theory of Weyl-
Titchmarsh [2, 3]. Their work was further developed to higher-order differential equa-
tions and continuous Hamiltonian systems [4—9]. Singular spectral problems of self-
adjoint scalar second-order difference equations over infinite intervals were first studied
by Atkinson [10]. His work was followed by Hinton, Jirari et al. [11, 12]. Further, their work
has been developed to formally self-adjoint Hamiltonian difference systems [13, 14]. In the
past few years, the theory of Weyl-Titchmarsh has been greatly developed and generalized
to the discrete symplectic systems. Many important results have been established [15-17].
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In 1957, Sims obtained an extension of the Weyl classification for formally non-self-
adjoint second-order linear differential equations, which the leading coefficients are iden-
tical to 1 and the potential functions are complex [18]. Later, Brown et al. in 1999 [19]
extended this work to a more general case:

~(p()y @)+ q(0)y(e) = 2w@)y(@), t€la,b), 1.2)

where —00 < a < b < +00, p and q are complex-valued functions, w is a weight function,
p(t) #0and w(t) > 0 a.e. t € [a,b), p~L(2), q(t), and w(¢) are locally integrable on [a, b), A is a
spectral parameter. They divided the equations into three cases by using the m-function,
which was defined on a collection of rotated half-planes. Recently, non-self-adjoint Sturm-
Liouville difference equations and Hamiltonian difference systems have been discussed
[20, 21]. Especially, Wilson in [21] gave a discrete analog of the work of Brown et al. [19]
on the following non-self-adjoint second-order difference equations:

-A (p(n —1)Ax(n - 1)) + q(n)x(n) = aw(n)x(n), ne Ny, (1.3)

where Ny = {0,1,2,...}, A is the forward operator, i.e., Ax(n) = x(n + 1) — x(n); p(n) and
q(n) are complex numbers, and w(n) is a real number; p(n) # 0 for n € {-1} U N; and
w(n) > 0 for n € Ny; A is a spectral parameter. He also divided the equations into three
cases, by using the m-function. The classification for formally non-self-adjoint second-
order differential or difference equations is related to the corresponding half-planes. But
in [19, 21], the authors did not discuss whether there existed the case where the equation
was in the case Il with respect to a rotated half-plane and in case III with respect to another
one. More recently, Qi, Zheng, and Sun [22-24] proved that case I and III depend on the
corresponding half-planes by illustrating two examples and gave two propositions to show
how case II and III depend on the corresponding half-planes.

In the past 20 years, a lot of efforts have been made in the study of regular spectral prob-
lems on time scales [25—32]. But singular spectral problems have started to be considered
only quite recently [33—40]. In 2012, we employed Weyl’s method to divide the follow-
ing formally self-adjoint second-order linear equations on time scales into limit-point and
limit-circle cases [38]:

~(py> ()" +q(e)y’ () = aw(@)y’ (), te[p(0),+00) NT,

where p?®, g, and w are real and piecewise continuous functions on [0 (0), +00) N'T, p(¢) # 0
and w(t) > 0 for all £ € [p(0), +00) N T, A € C is the spectral parameter. It has been found
that the formally non-self-adjoint second-order linear differential equations (1.2) and dif-
ference equations (1.3) can be both divided into three cases, by using the Weyl method.
We wonder whether it holds on time scales. The main purpose of this paper is to extend
the pioneering work of classification of (1.2) and (1.3) to equation (1.1), present the ex-
act dependence of cases II and III on the corresponding half-planes, and establish several
criteria of the limit cases for equation (1.1).

The rest of this paper is organized as follows. In Section 2, some basic concepts, funda-
mental theories, and propositions are introduced. In Section 3, a family of nested circles
which converge to a limiting set is constructed. The classification of the limit cases and
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the exact dependence of limit cases on the corresponding half-planes are given. Finally,
several criteria of the limit cases are established in Section 4.

2 Preliminaries
In this section, first, we introduce some basic concepts and fundamental results on time
scales.

Let T C R be a nonempty closed set. The forward and backward jump operators o, p :
T — T are defined by

o(t):=inf{se T:s>t}, p(t):=sup{seT:s<t},

respectively, where inf@) = sup T, sup @ = inf T. A point ¢ € T is called right-scattered, right-
dense, left-scattered, and left-dense if o (t) > £, o (¢t) = ¢, p(£) < t, and p(t) = ¢, separately.
Denote T* := T if T is unbounded above and T* := T \ (p(max T), max T] otherwise. The
graininess u : T — [0, +00) is defined by

u(t):=o(t)-t.

Let f be a function defined on T. f is said to be A-differentiable at ¢ € TX provided
there exists a constant a such that for any ¢ > 0, there is a neighborhood U of ¢ (i.e., U =
(t-46,t+68)NT for some § > 0) with

[f(a(t)) —f(s) —a(a(t) —s)| < 8|o(t) —S| foralls e U.

In this case, denote f2(¢) := a. If f is A-differentiable for every ¢ € TX, then f is said to be
A-differentiable on T. If f is A-differentiable at ¢ € TX, then

lim,—, LOFE) ¢ u(t) =0,

fAe=9{, st 1)

f(rr(;)()t;f(f)’ if u(¢) > 0.

If FA(t) = f(¢) for all ¢ € T, then F(¢) is called an anti-derivative of f on T. In this case,
define the A-integral by

/tf(r)Ar =F(t)-F(s) foralls,teT.

For convenience, we introduce the following results ([41], Chapter 1 and [42], Chapter 1),
which are useful in this paper.

Lemma 2.1 Letf,g:T — R and t € TX.
(i) Iff is A-differentiable at t, then f is continuous at t.
(i) Iff and g are A-differentiable at t, then fg is A-differentiable at t and

(1) (0) =7 (g™ () + 1> (Dg(t) = f*(0)g" (&) + f (g™ ().

(iii) Iff and g are A-differentiable at t, and f(¢)f° (t) # 0, then f~'g is A-differentiable at
t and

-1

@) = (g*Of @) - g *(0)) (f* )f @)
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A function f defined on T is said to be rd-continuous if it is continuous at every right-
dense point in T and its left-sided limit exists at every left-dense point in T. The set of
rd-continuous functions f : T — R is denoted by C,4(T) = C,4(T, R). The set of kth A-dif-
ferentiable functions with rd-continuous kth derivative is denote by Cfd(']l’) = Cfd(T, R).

Lemma 2.2 Iff, g are rd-continuous functions on T, then
(i) f° is rd-continuous and f has an anti-derivative on T.
@) [7Pf()AT = pn(O)f @) forall t € T.
(iii) (Integration by parts) f:f"(r)gA(r)Ar =f(b)g(b) - f(a)g(a) — fabfA(t)g(r)Ar.
(iv) (Holder inequality [43], Lemma 2.2(iv)) Let r,s € T with r <s, then

/ V(r)g(r)|Ar§{ [ Lf&)!"m}”{ / yg<r>|qm}q,

where p >1 and g = p/(p - 1).

We define the Wronskian by

W, y](t) = p@)[x(£)y™ (£) - 2° Oy (1) ]
The following result is a direct consequence of the Lagrange identity [41], Theorem 4.30.

Lemma 2.3 Letx andy be any two solutions of equation (1.1). Then W [x, y](¢) is a constant
on [p(0),+o0) N'T.

Now, it is assumed throughout the present paper that
+00 )
L2 (0(0), +00) := {y: [0(0), +00) — C ‘ f w(t)|y” (£)| At < +oo}
»(0)
and

Q:= E{ % +rp(t),t € [p(0),+00) NT,0 < r < +oo} #C,
where co denotes the closed convex hull. For 1y € C\ Q, denote by K = K()¢) its nearest
point in Q and denote by L = L(A¢) the tangent to Q at K if it exists, and otherwise any
line touching Q at K. We then perform a transformation of the complex plane z+—» z — K
and a rotation through an angle n = (o) € (-, ], so that the image of L coincides with
the imaginary axis. Furthermore, the images of Ay and the set Q lie in the negative and
non-negative half-planes, respectively. In other words, for all ¢ € [p(0),+00) N T and r €

(0, +00),

m[(ﬂ +rp(t) — 1<) ei"] >0 (2.2)
w(t)

and

R[(ro - K)e] <.
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For such admissible K and 7, the negative rotated half-plane can be expressed as
Ayk={1 € C,R[(A - K)e"] < 0}.
Clearly, for all A € Ak, we have
R[(A -K)e"] =-5<0, (2.3)
where § = §,, (1) is the distance from X to the boundary 9 A, k. Set
S:={(nK),K € 3Q,R[(z—K)e"] > 0 forall z € Q}.

Then S consists of all the admissible value of K and 7.
We shall initially establish the analog of the theory of Weyl-Titchmarsh on the half-
planes A, x, but subject to the condition

S)%[ei" cosasin a] <0 (2.4)
for some fixed « € C. Denote by S(«) the set {(n,K) € S, (2.4) is satisfied}.

Proposition 2.1 For each pair of (n,K) € S,
ER[(q(t) —Kw(t))em] >0 and m[p(t)ei”] >0 forallte [p(O), +oo) NT. (2.5)

Proof Note that (2.2) holds for all 0 < r < +00 for each pair of (,K) € S. Then, by setting
r — 0, it can be seen from (2.2) that

5)%[(q(t) - I(w(t))ei”] >0 forallte [,0(0), +oo) NT.

Further, we get from (2.2), for 0 < r < +00,

m[(& +p(t) - 5)ei’7:| >0 forallte [,0(0), +00) N'T
rw(t) r

and hence by letting r — +o0, it follows that
R[p(t)e"] =0 forallte[p(0), +00) NT.
This completes the proof. d

3 Classification
In this section, we focus on the classification of equation (1.1) and show how cases II and
III of this classification depend on the corresponding half-planes.

Let y1(t,A) and y5(¢, 1) be the two solutions of equation (1.1) satisfying the following
initial conditions:

71(p(0),2) =cosa,  p(p(0))y1 (p(0),2) = sina,

y2(p(0),1) =sine, P(0(0))y5 (0(0),1) = —cosa,

(3.1)



Zhang and Sun Advances in Difference Equations (2016) 2016:119 Page 6 of 21

where o € C. Since their Wronskian is identically equal to —1, these two solutions form a
fundamental solution system of (1.1). We form a linear combination of y;(¢, 1) and y»(¢, 1)

(&, A, m) = y1(t, A) + myy (L, 1). (3.2)
Let b € (p(0),+00) NT, z € C, and let (3.2) satisfy
y(b, h, m)z + p(b)y* (b, 1, m) = 0.

Then

916, )z + p(b)yt (b, 1)

M= R = o nz s p By b, 1) (33)
This has inverse
A A
e oG = PO ORI pO0,3) 5

y2(br)\)m +)’1(b,)\)

Theorem 3.1 For n satisfying (2.4) and A € A, , the transformation (3.3) maps the half-
plane R[ze™] > 0 onto a closed disc Dy(1) in C, which has radius

ry(A) = %{—Eﬁ[ei” cosasina|
b ; 2 2 -
+/ ﬂt[e’”(p(t)|y2A(t,A)| + (q(t)—)\w(t)) |y§(t,k)| )]At} (3.5)
p(0)
and center
_ ep(b)y} (b, 1)y2(b, 1) + e "p(b)y1(b, 1)y5 (b, 1)
ap(A) = -

enp(b)y5 (b, \)y2(b, &) + e=p(b)ya(b, 1)y5 (b, 1)
Proof First, we set z = ze", so that the function (3.3) becomes

1B, 1)z + p(b)yy (b, e
92(b,M)Z + p(b)y3 (b, e

mp(X,z) = mp(X,z) = (3.6)

in A 5
- % , and we require this point to be such that 9[z]

is negative. Upon calculation, we find that

The critical point of (3.6) is z =

e"p(b)y5 (b, )y2(b, 1) j|
y2(b, 1)|*

mmz4{
By Lemma 2.2(iii) and (3.1), it follows that
b
/ (O)W (P26 0)* + a6 2) At
P

b b
= —p(t)yzA(t,)\)yz(t,A)lz(o) + /( )p(t)|y2A(t,A)|2At + /( )q(t)|y‘2’(t,x)|2At
0 (0

p
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= —p(b)y5 (b, 1)y2(b, 1) — cosasina
b
+/ ()5 & M| +q@)]p5 & 1)) A,
p(0)

This yields

e"p(b)ys (b, 1)y (b, 1) ]
[y2(b, 1)|?

=-R [ei” cos aﬁ]

b (D) | A 2 (q(t) ) 2) :|
in q\f) -
+/p(o)m[e (—W(t) vy &M+ s A5 &) )wie) |At. (3.7)

Hence, by (2.2) and (2.4), M[z] < 0 as required. Therefore, when (2.4) is satisfied, z >
mp(X,z) maps R[ze] > 0 onto a closed disc D,(1). By the properties of this transforma-

|y2(b,k)|29t[

tion, the center a;(1) of the disc D()) corresponding to the reflection of the critical point
in the imaginary axis. Therefore,

e p(b)ys (b, 1) )
Y2 (b1 )”)

__"pO (B, 1)y:(B,2) + e p Bl (b, 1)y (b,2)
enp(b)y5 (b, \)y2(b, &) + e=p(b)ya (b, 1)y5 (b, 1)

ap(1) = 1y (/\,

Furthermore, zZ = 0 is mapped onto a point on the circle C,(A) bounding Dy(A). That is,

A
in(,0) = L)
y5 (b, 1)
By using the Wronskian of y; (£, 1), y2(¢, 1), and (3.7), we find that the radius r, (1) of Dj(A)
is given by
r() = e pB)yi(b,M)y5 (b, 2) + €"p(b)y (b, V)2 (B, 1) (_y%(b,x)>’
e pB)ya(b, L)y (b, 1) + enp(blys (b, M)ya(b, %) \ 32 (0. )
= [2|%[e"p(B)y5 (b, 1)y2 (B, 1)]|}
1 . N
=5 { -9[e" cosasina]
b ; 2 2 -
+ /( )S}t[e’”(p(t) |y2A(t,A)’ + (q(t) - kw(t)) |y‘2’(t,k)’ )]At} .
(0
This completes the proof. d

Theorem 3.2 If by < by, then Dy, (L) C Dy, (X). That is, the discs Dy(L) are nested as b —
+00.

Proof By (3.2), (3.4) can be written into

_p)y* (b, 2, m)

S
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It follows from Theorem 3.1 that m = m, (), z) € Dy()) if and only if R[ez, (A, m)] > 0, that
is, R[ep(b)y> (b, ., m)y(b, A, m)] < 0. Asin (3.7), R[eTp(b)y> (b, A, m)y(b, ., m)] <0 can be

written as

R [e"p(0(0))y™ (p(0), 2, m)y(p(0), 2,m)]

b
+ / o R[e” (p(0)]y> &2 m)|* + (q(6) = aw(0)) |y° (&, 2, m)|*) | At < 0.
p

On substituting (3.1), this gives m € D, (1) if and only if

b
_/(0) E)i[e”7(p(t)|yA(t>)wm)|2 +(q(8) = aw(®)) |[y” (&, 2, m)|2)]At
o

< —E)i[ei”(sinot —mcosa)(cosa + m sina)]

= ﬁ/(oz, n; m()»)). (3.8)

By (2.2) and (2.3), the integrand on the left side of (3.8) is positive. Therefore, if b; < b,

b 4
/ . R[e" (p(O)|y> & 0 m)|” + (q(0) = 2w(e)) |y (8,0, m)|*) | At
o

by 4

< / R (p(0) |y (& 1o m)|* + (q0) = 2w(e)) |y (&, 2, m)|*) | At
p(0)

< o (o, y;m(1)).

Hence, Dy, (1) C Dy, (1). That is, the discs D,()) are nested as b — +oo. This completes
the proof. d

Corollary 3.1 For A € A, x, as b — +00, the discs Dy()) contract either to a disc Do()) or

to a point m(L). These represent limit-circle and limit-point cases, respectively.

In the limit-point case, it follows from (3.5) that
+00 ) N ) )
/( ) R[e" (p@)|y5 (&1)|" + (q(6) — Aw(®)) |y5 (£, 1)]) ] AL = +00 (3.9)
p(0

whereas in the limit-circle case the left side of (3.9) is finite. Also note that, by (2.3), a
solution y of (1.1) for A € A, x satisfies

/(0) R[e™ (p(8) ]y (& )»)|2 +(q(8) = aw(®)) |y” (& A)|2)]At < +00
P
if and only if
/ o R[e” (p(8)]y" &, W[ + (q(6) — Kw(®) |y (2, 1)|*)] At
P

+00
+ / w(®)]y” (&, )| At < +o0; (3.10)
p(0)
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in particular this yields
y(,A) € Li(p(O), +oo).
This result enables us to give the following full characterization of equation (1.1).

Definition 3.1 Let (7,K) € S(«). Then for A € A, x,

(i) if equation (1.1) has exactly one linearly independent solution satisfying (3.10) and
this is the only linearly independent solution of equation (1.1) in L2,(0(0), +00), then
equation (1.1) is called case [;

(ii) if equation (1.1) has exactly one linearly independent solution satisfying (3.10), but
all the solutions of equation (1.1) are in L2 (0(0), +00), then equation (1.1) is called
case II;

(iii) if all the solutions of equation (1.1) satisfy (3.10) and hence are in L2 (p(0), +00),
then equation (1.1) is said to be in the case IIL

Remark 3.1 It follows from Corollary 3.1 and (3.9) that case I and case II are the sub-cases
of the limit-point case and case III is the limit-circle case.

The next theorem in this section shows that the classification of equation (1.1) into
cases I, I, and III is independent of the choice of X.

Theorem 3.3
(i) If all the solutions of equation (1.1) are in L% (p(0), +00) for some g € C, then the
same is true for all A € C.
(ii) If all the solutions of equation (1.1) satisfy (3.10) for some Ao € Ay k., then the same is
true for all A € C.

Proof (i) Suppose that equation (1.1) has two linearly independent solutions in L2 (p(0),
+00) for A = &g € C. Then y;(£,A¢) and y,(t, ko) are both in L2(p(0), +00). For briefness,
denote

u1(2) = y1(t, Lo), us(t) = y2(t, ho).

For any A € C, let v(£) be an arbitrary non-trivial solution of (1.1), and let u(t) be the solu-
tion of (1.1) with A = Ao and with the initial values

u(a) = v(a), u(@) =v*(a), ael0,+00)NT.
From the variation of constants [41], Theorem 3.73, we have
t
v(t) = u(t) + (A = Xo) / [ul(t)ug () — us()uy (s)]w(s)v" (s)As, tela,+o0)NT. (3.11)
a
Replacing ¢ with o (¢) in (3.11) and using (ii) of Lemma 2.2, we obtain
w3 &) (¢)

o(t)
= w3 (Ou° (£) + (.~ ko) / [w? () (O w? ()5 (5) — w3 ()5 (6)w? () (5)]
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x w2 ()7 (s)As
= w2 (O’ (1) + (= 1o) / [ 00 (w515 (5) = w (00 (09w (90 9]
X w2 (s)V° () As,
which implies by the Hélder inequality in Lemma 2.2 that
Wk (67 (8)] < w2 (O)u’ (1)

+|A—}L0||w%(t)u‘f(t)|[/ w(s)\ug(S)FAs/. w(s)|vtf(s)|2AS:|2

a a

+ |)\—)\.0”W%(t)ug(t)||:/ W(S)ibt(f(s)|2AS/‘ W(S)|V“(S)|2As:|2.

It follows from the inequality (A + B+ C)? < 3(A% + B2 + C?), where A, B, C are non-negative

numbers, that
1 o 2 o 2 2 o 2 ‘ o 2
gw(t)|v (t)| Sw(t)iu (t)| + A=Al [w(t)|u1 (t)| /a w(s)|u2(s)| As
+w(o)|ug ()] / w(s)|u‘1’(s)|2As:| / w(s)|v* ()| As.

Integrating the two sides of the above inequality with respect to t froma to t € (4, +o0)NT,

we get

%/Tw(t)|v"(t)|2At§ /Iw(t)|u”(t)|2At
+|x-x0|2f [W(t)\u‘{(t)yzf w(s)|ug (9)|° As

+w(o)|ug (2)]? /tw(s)|ui’(s)|2As} /tw(s)|v"(s)|2AsAt,

a

which yields

%/arw(mvo(t)\zm
5/+Oow(t)|u”(t)|2At+2|A—A0|2/+oo w(o)|ug (2)|* At
x /W w(t)‘ug(t)yzAtfrw(t)|v"(t)|2At.
Hence,

[1 — 6] — ol /m w(t)’u‘l’(t)|2At/+oo w(t)’ug(t)|2At] / w()|v* (0)]° At

<3 / m w(®)|u ()| At. (3.12)
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The constant a can be chosen in advance so large that
+00 9 +00 9
6|A—A0|2/ w(t)|uf (1)) Atf w(t)|ug ()| At <1.
a a

It follows from (3.12) that v(-) € L2(a, +00) and hence v(-) € L2,(p(0), +00). Therefore, all
the solutions of (1.1) are in L2 (p0(0), +o0) for all A € C.

(ii) Suppose that equation (1.1) has two linearly independent solutions satisfying (3.10)
for A = &g € Ay k. Then uy(t) = y1(8, Ao) and ux(2) = y2(¢, Ao) also satisfy (3.10). For any
A € C, let v(¢) be an arbitrary non-trivial solution of (1.1), and u(¢) be the solution of (1.1)
with A = Ag, which has the initial values u(a) = v(a), u*(a) = v®(a), a € (0,+00) N T. It
follows from the variation of constants, #(¢) and v(¢) also satisfy (3.11). Differentiating both
sides of (3.11), we get

vA@®) = u® @) + (- ko)|: (t)/ S (S)W(s)v° (s) As + us (E)ug ()w(t)” (t):|
— (A - A0)|: (t)/ T W)V (s)As + u3 (E)ug (t)w(t)v"(t)]

=u®(@)+ (- Ao)/ [ulA(t)ug(s) - uZA(t)u‘lT (s)]w(s)v" (s)As.

a

It follows from (2.5) and a similar method in the proof of part (i) that we have

% / mm[ei"p(t)]\vA(t)]zAt

< / h R[e"p(0)]|u @[ At
+|A—A0|2|: [ slenpni o / w(t)| g () At

+/+ ‘R[e”’p ]|u2 |2Atf+mw(t)|uf(t)|2At:| /+OOW(t)|V‘T(t)|2At

and

1 +00 ! ; -
§/a R[e (q(£) — Kw(e)) || @)|” At

< fam R[e™ (q(t) — Kw®)]|u” ()} At + % = ro?
x {/ﬂm s}f[ei"(q(t)—Kw(t))]{u;’(t)let/am w(t)|ug ()| At
- [l - oo s [ wolof ac)
x /ﬂm w(®) v ()| At.

Since u(t), u1(£), ua(t) satisfy (3.10) and v(-) € L% (p(0), +o0),

+00

/+°0 R[e™ (p(t)|VA(l’)|2 + (q(t) — aw(t)) |v"(t)|2)]At + / w(t)|v”(t)|2At < +00,
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and hence v(t) satisfy (3.10). Therefore, all solutions of equation (1.1) satisfy (3.10) for all
A € C. This completes the proof. O

Remark 3.2
(i) Equation (1.1) is in the case I if it has a solution y not to be in L2 (p(0), +00). In fact,
it can be concluded from y(-) ¢ L% (p(0), +00) and (2.5) that y does not satisfy (3.10).
(i) By (i) of this remark and (i) of Theorem 3.3, if equation (1.1) is in the case [ with
respect to some A, k,, then the same is true for all A, g, that is, case I is
independent of A, k.

Remark 3.3
(i) In the continuous case: u(t) = 0. Theorem 3.1-3.3, Corollary 3.1, and Definition 3.1
are the same as those obtained by Brown et al. for formally non-self-adjoint
second-order differential equations [19], Section 2.
(i) In the discrete case: All the points of [p(0), +o0) N T are isolated. Let
[p(0), +00) NT = {t_4,0,11,...}, where £_1 < £y < &1 < - - -. In this case, equation (1.1)
can be written as

_A(ﬁ(tn)Ay(tn)) + é(tn)y(tnﬂ) = )\ﬁ’(nj)y(tnﬂ), ne{-1,0,1,...},

where p(t,) = p(£a)/ 11(t0), q(tn) = q(£) p(t), and w(t,) = w(t,)u(t,). By setting
x(n) = y(t,), p(n) = p(t,), g(n) = q(t,), and w(n) = w(t,), the above problems can be
rewritten as

—A(ﬁ(n)Ax(n)) +qm)x(n+1) = aw(n)x(n+1), ne{-1,0,1,...}.

It is evident that the above equation is of a form similar to (1.3). Hence,
Theorems 3.1-3.3, Corollary 3.1, and Definition 3.1 in this special case are the same
as Theorems 3.1-3.5 in [21].

It has been known that case I is independent of A, x by (ii) of Remark 3.2. Time scales
contain two special cases: continuous case and discrete case. It follows from the former
examples [44], Examples 3.1, 3.2 and [24], Examples 3.1, 3.2, that cases II and III are de-
pendent on A, k, that is, there exist A, x; and Ay, , with A, N Ay, x, # 9 such that
equation (1.1) is in the case II with respect to A, x, and case III with respect to A, x, .
Now, we give the exact dependent of case II and case III on the corresponding half-planes
by the following results.

Theorem 3.4 Let

B = {17, there exists K € 0Q such that (n,K) € S(Ol)}.

Assume that 01,0, € B and n # n, (mod ). If equation (1.1) is in the case 111 with respect
to Ay, x, and Ay, i,, respectively, then equation (1.1) is in the case 111 with respect to all

Ay k.
Proof Let p(t) = |p(t)|e®. Then we have

R[e"p(t)] = |p(t)| cos(m; + p(2)), j=1,2. (3.13)
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Using sin(ny — 1) = sinny cos 0y — cos iy sinny and cos(n; + ¢(£)) = cos n;cos p(t) — sinn; x
sing(t), j = 1,2, and noting that sin(n2 — 1) # 0 by 2 # 1 (mod ), we have

B sin _ sin 1y

cosg(t) = e — cos(m1 + ¢(t)) P cos(nz + B(2)), o

) _cosnm __cosm

sing(t) = P cos(n + (1)) e — cos(nz + B(2)).

It follows from (3.13) and (3.14) that

! sin 7, : sinn; o
9‘ - —g‘ i _ —S]{ 12 ,

L[I](t)] sin(nz — 1) 1[6 p(t)] sin(nz — 1) [e p(t)] (3.15)
5 _ OS2 arimy ] COSTL qar i
Alpo) = sin(ny — m)m[e "pio)] sin(nz — ) nerp]

Hence, it follows from (2.5) and (3.15) that there exists a positive constant M, such that
’p(t)! <M {Si[emlp(t)] + i}t[emzp(t)] } (3.16)

With a similar argument, we can prove that there exists a positive constant M such that
forA e C,

|g(8) = aw(e)| < Mo{|R[e™ (q() — aw(®) ]| + |R[e™ (q(t) - aw(®))]]}- (317)
Now, let (7,K) € S(a) and A € A, k. Let u(t) be a solution of (1.1). Suppose that equa-
tion (L.1) is in the case III with respect to A, x; and A, x,, respectively. Then, it follows

from (ii) of Theorem 3.3 that u(t) satisfies (3.10) with 5, K replaced by 7;, K and 1, Ky,
respectively. Then, we can get from (2.5), (3.10), and u(-) € L2(0(0), +00),

+00
/ ER[e"’ip(t)HuA(t)‘zAt < +00,
p(0)

oo (3.18)
/ Eﬂ[e"”/ (q(t) - Aw(t))] |u” (t)|2At <+o00, j=1,2.
p(0)
It follows from (3.16)-(3.18) that
/ p(@)][u* () At < +00  and / |q(8) = aw()||u? ()| At < +o0. (3.19)
0(0) p(0)
Clearly, (3.19) gives
/ Eﬁ[e”’p(t)] |uA(t)|2At <+00 and
PO (3.20)

+00
/ R[e” (qt) - rw(t))]|u” (t)|2At < +00.
p(0)

Note that A € A, k. We then see from (3.20) and (2.3) that (3.10) holds for each solution
u(t) of (1.1). Hence, equation (1.1) is in the case III with respect to A, k. This completes
the proof. d

Page 13 of 21
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The following result is a direct consequence of Theorem 3.4.

Corollary 3.2 Ifequation (1.1) is in the case 11 with respect to an A, k, then there exists at
most one 19 € % (mod ) such that equation (1.1) is in the case 111 with respect to A, k-

4 Several criteria of the limit cases

Denote y2" (£) := y2(o(£)), y°" (£) := (57 ()2, and y°"(£) := y° (o'(2)). In this section, we
assume that yAa(t) = y"A(t) for all £ € [p(0),+00) N T in order to establish several cri-
teria for equation (1.1) to be in the case I on the special time scales. It follows from
y"A (®) = (1 + u2(£))y>” (¢) and the assumption y2” () = y°* (¢) that u2(¢) = 0, that is, the
graininess u(t) is constant, which implies T = R or T = /4Z. Since w(t) is a constant, the
integrals [*™ f(t)At and [*™ f°(¢) At are convergent or divergent simultaneously.

Theorem 4.1 Assume that B contains at least two different elements ny and n, (mod ).

If
fm [ (w(t)we (2))2 At = +00,
0(0) lp° ()

then equation (1.1) is in the case L.

Proof Since ny,1m; € A are different (mod ), the imaginary axes of the two half-planes
Ak, and A, g, intersect. Therefore, we have A, x; N Ay, x, # 9. Choose L € Ay x; N
A, K, - Let u(t) be the solution of equation (1.1) satisfying the initial value conditions

u(p(0)) =1, u™(p(0)) = 0. (4.1)

Then we get from (1.1)

(p(&)u O (£))" = (q(®) = ()| )| + p° (O |u® (@)

2
’

which together with (2.3), (2.5), and (4.1) yields, for j = 1,2,
Eﬁ[ei”/ p(t)uA(t)u_”(t)]

- / t R [e" (q(s) - awls))]u” ()| As + / t R[ep” (5)][u (5)|" As
p(0) p(0)

0

> (ijt w(s)’u"(s)’zAs, (4.2)
p(0)

where §; is the distance from 2 to 9 A, ;. It is clear that, for ¢ € [0(0),+00)NT,
’p(t)uA(t)u_‘T(t)| = |ei”fp(t)uA(t)M_"(t)| > §)i[ei'7/p(t)uA(t)u_"(t)], j=12. (4.3)

Choose t; € (p(0), +00) N'T and let /1 := min{4; f;ﬁo) w(s)|u® (s)|2 As, 8, f;ﬁo) w(s)|u® (s)|> As}.
Then we get from (4.2) and (4.3)

’p(t)uA(t)u_"(t)| >h forallte[t,+o0)NT. (4.4)
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Note that %[ (g(t) — Aw(t))] > 0, j = 1,2. It follows from (4.2) and (4.3) that
t
lp@)u®(O)u (1) = / R[e"p(s)] |MA6 (s) |2As, j=12. (4.5)
p(0)

In addition, since n; # 1 (mod ), it can be seen from the proof of Theorem 3.4 that (3.16)
holds. Hence, we get from (3.16) and (4.5)

PO O ()] = ZLMOvu), (4.6)

where

:/ ’p”(s)HuAd(s)PAs.

Now, we show that u(-) ¢ L2 (p(0), +00). Suppose on the contrary that u(-) € L% (p(0),
+00). Then it follows from (1.1), (2.1), (2.3), (2.5), (4.4), and the Schwarz inequality that

V(t) = /t|p‘7(s)||qu(s)|2As
- / 11665) ((s) — Aw(9)) " (5) + p(&)u™ ()] | (5)] As

As

/|M (5)(g(s) = Aw(s))u® (s)u (s) + p(s)u™ (s)u (s)||u™” (s)|

|u° (s)]

/ 114(5)e™ (q(s) — Aw(s))u? (s)u® (s) + €™ p(s)u® (s)u ()| |u™’ (S)I

| (s)]

. / IP(S)MA(S)M"(S)IIp“(S)ui" (s)u’(s)| Al
|7 (s)[1u? (s)|]1u”" (s)|

_ /ww(s) 7 () (6 () 7 (™ Su )]
a (wls)we (5)) 3 [p7 () 1 ()| (5)|
Cwew () 1 1
w3 (s)|ue (s)] (w (5)) 3’ (5)]

(w(s)we (s))2

1 lp7 ()] f
X (/tw"(s)|u"2(s)’2As>_2,

which yields lim;_, ;o V(£) = +00 by f;(f;; &%t At = +00 and u(-) € L%(p(0), +00).
On the other hand, we get from (4.6)

As

—

2
> i

w(s) |u" (s) |2 As)

VA@) = |7 @) o)
= (@) (p@u ) + pOu® )| @)

_ 1n@®)(@() - aw@)u @ur &) + pO)u @Que @)]1u")|
|u? (2)]
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_ Ip@ut @ue @)11p” Ou” (u (2)]
7 ()1 (21 (2)]

1 Ve)Ve @)

=AM o (0w ()] |u* (8)]

So, it follows that

_(L)A_ Ve 1 (W(t)W"(t))%
V() V@V @)~ AMG (w(eywe (£))2 |p (0)]lu7 (6) | (8)]

Integrating (4.7) from # to t and using the Schwarz inequality, we get

1 1
V(t) V(t

(w(s)w” (s))2
=W )y e (5))2 |p° (5)1|u (5)]|uo>(s)]

As

[

2 t ) -
> 4M2 Ip (s)| ‘/ﬁw(s)|u (s)| As)

x(/ ”(s)|u (5)| As) ,

which implies that lim;_, , % = —00. Then we have a contradiction with lim,_, .o, V() =
+00. So, u(-) ¢ L2(p(0), +00) and equation (1.1) is in the case I by (i) of Remark 3.2. This
completes the proof. d

Example 4.1 Consider the equation

22O + (-8 = it°)y () = 1y (t), t€[p(0),+00) NT. (4.8)
In this case, p(t) = w(t) =1 and ¢(t) = —it®. Then

Q:=cof-£* - it° + r,t € [p(0),+00) NT,0 < r < +o0} #C.

Clearly, # contains at least two different elements 7; and 7, (mod ). Further, it is clear

that f+°° %At +00. S0, (4.8) is in the case [ by Theorem 4.1.

Corollary 4.1 Suppose that p(t) =1, ¢(t) is real, f;gj v (w(t)we (t))% At = +00, and % is

bounded from below. Then equation (1.1) is in the case 1.

Proof From the assumptions, we have

Q:c_o{% +rte [p(O),+oo)ﬂ’]I‘,0<r<+oo} #C.

Clearly, # contains at least two different elements 7; and 7, (mod ) since all the points

+00 [ (w(Hw (¢ At _

x > inf{ 05 io] } form a half line in the complex plane xoy. In addition, | 2(0) FC )
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f;(g(; \/ (w(t)w"(t))% At = +00. So, equation (1.1) is in the case I by Theorem 4.1. This com-
pletes the proof. O

In the following, denote p;(t) := R[p(£)], q1(¢) := R(g®)], p2(¢) := I[p(?)], and q,(t) :=
3[g(t)]. 1t is noted that Theorem 4.1 cannot be used for equatlon (1.1) for which there
is only one element in A. So, we establish the following criterion which can be used in
this case.

Theorem 4.2 Let p(t) > 0 for all t € [p(0),+00) N T. If there exists a positive A-dif-
ferentiable function M(t) on [ty, +00) N'T for some ty € [p(0), +00) N T and four positive
constants ko, ky, ky, k3, such that for all t € [ty, +oo) N'T:

(i) M°(t) = ko,

(i) pi(6) = kilpa ()],

(iii) qu(t) = —koMC (£)w(t),

(iv) |p(8)| 2 MA(OM™3 (O)(M° ()™ < ksw? (0),
W)

oo/ 7 (s)(w(s)w” (S)) 2

no P E)IMe ()2

(4.9)

then equation (1.1) is in the case L.

Proof Let (n,K) € S(a) and A, x be the corresponding half-plane. Choose A € A, k. Let
u(t) be the solution of (1.1) satisfying the initial value conditions (4.1). Then (4.2) and (4.3)
hold with n; and §; replaced by n and §, where § is the distance from A to d A, . Then it
follows that there exist #; € (0(0), +00) N T and a positive constant J such that

lp@u()u (t)| = h forallt e [f,+00) NT. (4.10)

On the other hand, from the fact that u(t) is the solution of (1.1), we get

_e@ut @) w @) gl OF _ wol @F
M(t) M) T M@

It follows that

pOutOue )\
("5 )

(p(t)uA(t)uf'(t )AM(E) - (p(t)u® (Oue (£)) M2 (2)

MM ()
_(q@)w® @)1 = aw(0)|u” () PIM(2) + p° (0)|u” (2)|*M() - M* (O)p(£)u™ ()u (£)
- MM (£)

_ PO @F  MA@p@©)u’ (@u ()

S M) MOMe (©)

a@)lu OF . wt)|u @)
Me(¢) Mo(t)

(4.11)
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Integrating both sides of (4.11) from £, := max({ty, £} to ¢ and then taking the real part, we

can get
p&)u’ (t)u (£) M2 (s)p(s)u® (s)uc (s)
%[ M(o) } Vo= / [ MM (5) }AS
+ / 4%(;)4'?(;;)'2As—m(x) / t—w(ﬂffz;;)'zmwo, (412)
where W (¢) = fttz Ao 0P iwg B I As and Co = [7””1\4(&22))@].

Next, we show that u(-) ¢ L2(p(0), +00). Assume the contrary. Suppose that u(-) €

L2(p(0), +00). Then, using the assumptions (ii), (iv), and the Schwarz inequality, we have

/ t }R[MA(S)p(S)uA(S)u"—(S)] Al
t M(s)M? (s)

o[ (] )
1 t o % t ( )| A( )|2 %
oo B[t ([ 2ot

Hence, we get from the assumptions (i), (iii), and (4.12)

%[p(t)uA(t)u“—(t)}
) M(t)
[/ L p@t P )
>W(t)—ks [1+ k_12</t2 w(s)|u (s)|2As) (/tz %As)
- <k2 %)/ ()|u (s)| As + Cp. (4.13)

Furthermore, it can be seen from (4.10), p1(¢) > 0, the Schwarz inequality, and a similar

argument to V(¢) in the proof of Theorem 4.1 that

()T )]t
W(t)‘/tz 7 G) Mo 5)

> / P ©POu* O Olp” ©u*” ()
“o P O)PMI ) )| s)]

([ ) o)

)M (s))2

X (/; |u s)’ As>_%,

which, together with (4.9) and u(-) € L% (p(0), +00), implies that lim,—, ;oo W(£) = +00.
It can be seen from M?(t) > ko, lim,_, .00 W(t) = +00, and (4.13) that there exists %, €

—
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(t2, +00) N T such that

pOu* () ()

R[pOu™ )ue ()] = k %[ e

:| =5 W) forallte[f,+00)NT.

It follows from a similar argument to V2(¢) in the proof of Theorem 4.1 that

Ay PO @F
WA = S

_ OOl @
lp ()|M° (2)

_ B @p@u® @ue @)11p° (0u™ Ou” (0)]
a M (@) |p7 (&) e ()] lu” (2)]

2

> B pi ()

Me @) |pe (&) 21w (O |u’ ()]

So, we have
_( 1 >A: ek Pi (o) (4.14)
W (t) W(W (&) = 4 M (0)lp° @)1 u (O)l|u’ (8] ‘

Integrating (4.14) from , to ¢ and using the Schwarz inequality, we get

SRS
W(t) W)
K[ P Gs)

A
4 Sy, M) |po (s) 2 |ue ()] |uo’ (s))|

k2( t\PT (s we (s))2 ) </ w(s)|u”(s)|2AS)7

127 ()| M«(s))%

X (/ ”(s)|u (S)| As) E,

which implies that lim;, o Wl() = —00 by (4.9). Then, we get a contradiction with
lim,, ;0o W(£) = +00. So, u(-) ¢ L2(p(0), +00) and equation (1.1) is in the case I by (i) of
Remark 3.2. This completes the proof. O

Remark 4.1 Theorem 4.2 extended the related result Theorem 4.1 of [23] for second-
order differential equation with complex coefficients to the time scales. In addition, let
p”, q be real functions on [p(0),+00) N T, then Theorem 4.2 contains the criterion of
the limit-point case for the formally self-adjoint systems, which is similar to Theorem 4.1
of [38].

It is noted that more limitations are imposed on N[p(¢)] and NR[g(¢)] in Theorem 4.2.
Integrating both sides of (4.11) and taking the imaginary part, we can get the following
criterion.
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Corollary 4.2 Assume that there exist ty € [p(0), +00) N'T, four positive constants ko, ki,

ky, ks, a positive A-differentiable function M(t) such that for t € [ty,+00) N T, pa(t) >
1 1

0, M°(£) = ko, p2(t) = kilpr(8)l, q2(8) = koM (O)W(2), |p(2)|2 MA ()M 2 (£)(M° (£)) ! <

1

3 () wls)w () 2

ksw? (t), and [ w As = +00, then equation (1.1) is in the case L.
¢ EIMe ()2

Example 4.2 Consider the equation

—(L‘yA(t))A + (=t +)y7 () =27 (), te[p(0),+00)NT. (4.15)
In this case, p(t) = ¢, q(t) = —t + i, and w(t) = 1. Then

Q:=cof-t+i+rt,t€[p(0),+00) NT,0<r < +oo} #C.

By choosing M(t) = ¢, it can be verified that (4.15) is in the case I by Theorem 4.2.
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