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1 Introduction
This paper aims at ensuring the existence of infinitely many classical solutions for the
following impulsive nonlinear fractional boundary value problem:

tD‘;(f)D‘;‘u(t)) +a(t)u(t) = )Lf(t, u(t)) + h(u(t)), t#t,ae tel0,T],
(Dy)  A(DSHEDIu)) (@) = nli(u(t), j=1,...n,

u(0) =u(T) =0,

where «a € (1/2,1], a € C([0, T']) such that there are two positive constants a; and a; such
that 0 <a; <a(t) <as, A>0,u >0, f:[0,T] x R— R is an L!-Carathéodory function,
h:R — Ris a Lipschitz continuous function with the Lipschitz constant L > 0, i.e.,

|h(x1) = hxo)| < Llxy — %,

for every x,%0 e Rand 1(0) =0,0=¢0 <ty <--- <t <ty =171, A(tD‘}‘l(f)D‘;‘u))(tj) =
tD‘;’l(f)D‘;‘u)(t/.*) - tD"f’l(f)D‘t"u)(t]T), and tDO;I(gD‘;‘u)(t;) = 1imHt1,+ (:D%1(§D*u)(¢)) and
D%H(§DY u)(t;) = lim, - (D% (§DYu)(t)) and I;: R — R, j = 1,..., n,are continuous func-
tions.

Fractional differential equations (FDEs) are a simplification of ordinary differential equa-
tions and integration to arbitrary non-integer orders. FDEs have recently established
themselves as precious tools in modeling many events in different fields of science and
engineering. We can also observe plentiful applications in such fields as electrochemistry,
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chemistry, electromagnetic, mechanics, biology, electricity, economics, polymer rheology,
control theory, regular variation in thermodynamics, signal and image processing, wave
propagation, aerodynamics, electrodynamics of complex medium, blood flow phenom-
ena, biophysics, viscoelasticity and damping, etc. (see [1-8]). There have also been impor-
tant advances in the theory of fractional calculus and fractional ordinary and partial dif-
ferential equations recently; for instance see [9-12]. Many researchers have explored the
existence of solutions for nonlinear FDEs with various tools such as fixed-point theorems,
the method of upper and lower solutions, critical point theory, the topological degree the-
ory, and variational methods, for instance see [13—-25]. We also cite [26], in which, Zhou
and Peng were concerned with the Navier-Stokes equations with time-fractional deriva-
tive of order o € (0,1). This type of equations can be used to simulate anomalous diffusion
in fractal media. They established the existence and uniqueness of local and global mild
solutions and proved the existence and regularity of classical solutions.

On the other hand, impulsive differential equations have become important in recent
years as mathematical models of phenomena in both the physical and the social sciences.
For example, many biological phenomena involving thresholds, bursting rhythm mod-
els in medicine and biology, optimal control models in economics, and frequency mod-
ulated systems, do exhibit impulsive effects. For the background and applications of the
theory of impulsive differential equations to different areas, we refer the reader to the
classical monograph [27]. For the general aspects of impulsive differential equations, we
refer the reader to [28—32]. The existence of multiple solutions of impulsive problems has
been studied also using the variational methods and critical point theory (see [33]). Both
FDEs and impulsive differential equations have drawn intense attention from researchers
in the last decades due to the numerous applications. The idea that combining these two
classes of differential equations may yield an interesting and promising object of investi-
gation, viz., impulsive FDEs, prompted numerous papers. For the recent developments in
theory and applications of impulsive FDEs, we refer the reader to [34—36] and the refer-
ences therein. Impulsive problems for fractional equations have been treated by topologi-
cal methods in [37-40]. In [33, 41], based on variational methods and critical point theory
the authors studied the existence and multiplicity of solutions for the problem (D, ,), in
the case s(x) = 0 for all x € R.

We also cite [42—46] in which fractional systems have been studied. In [45, 46] through
variational methods and critical point theory the existence of multiple solutions for cou-
pled systems of nonlinear fractional differential equations was analyzed. In [44], using
Ricceri’s variational principle, the existence of one weak solution for a class of fractional
differential systems was argued. In [43] employing Ricceri’s variational principle, the exis-
tence of an infinite number of weak solutions for a class of impulsive fractional differential
systems was guaranteed. In [42] using variational methods and critical point theory, the
multiplicity results of solutions for a class of impulsive fractional differential systems was
established.

Motivated by the researches above, this paper employs a smooth version of [47], Theo-
rem 2.1, which is a more precise version of Ricceri’s variational principle [48], Theorem 2.5.
This is undertaken under several hypotheses on the behavior of nonlinear terms at infinity,
under conditions on f and impulsive terms [}, j = 1,...,n, where we demonstrate the exis-
tence of definite intervals about A and u in which the problem (D, ,) admits a sequence
of classical solutions which is unbounded in the space E* that will be introduced in the
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next section. Moreover, some of the consequences of Theorem 3.1 are outlined. Replacing
the conditions at infinity of the nonlinear terms, by a similar one at zero, the same find-
ings hold, and, besides, the sequence of classical solutions strongly converges to zero; see
Theorem 3.4. Two examples of applications are pointed out (see Examples 3.1 and 3.2).
For an argument regarding the existence of infinitely many solutions for boundary value
problems through Ricceri’s variational principle [48], the reader may refer to [49-51]. We
also refer the reader to [52-54] in which the existence of solutions to boundary value

problems for FDEs has been studied.

2 Preliminaries
In this section, we will introduce several basic definitions, notations, lemmas, and propo-

sitions used throughout this paper.
Definition 2.1 ([5]) For a function f defined on [a,b] and « > 0, the left and right
Riemann-Liouville fractional integrals of order « for the function f are defined by

D f(t) = /t(t —s5)*f(s)ds, telab)

1
()
b
Dy () = ﬁ / (s— 0" f(e)ds, telabl,

while the right-hand sides are point-wise defined on [a, b], where I' () is the gamma func-

tion.

Definition 2.2 ([5]) Let a,b € R and AC([a,b]) be the space of absolutely continuous
functions on [a,b]. For 0 < o <1, f € AC([a, b]) left and right Riemann-Liouville and Ca-

puto fractional derivatives are defined by

1
rl-a)d

DEf ()—di DO~ i | SO

tDb-f d tDa l_f(t / (S af dS,

CDYf(t) =D, f(t) := DY (t) = / (t—35)"f"(s)ds,

F(l_a) a

and
1 b
(DL = D10 =Dy 0=~ [ =07 s,

where I'(«) is the gamma function. Note that when « =1, ¢Df(¢) = f'(¢) and iD}’f(t) =
-f'(®)

We have the following property of fractional integration.

Proposition 2.1 ([5, 8]) We have the following property of fractional integration:

b
/ [.D;7f(@®)]g(t) dt = / [.D,”g@®]f@®)de, ¥ >0,

a a
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provided that f € 17([a,b],RN), g € LY([a,b],RN) and p >1,q>1,1/p+1/g <1+ y or
p#lLq#L1/p+1llg=1+y.

To create suitable function spaces and apply critical point theory to explore the exis-
tence of solutions for the problem (D, ), we require the following essential notations and
findings which will be used in establishing our main results.

Let 0 <a <1, 1< p< oo, and E;?(0,T) be the Banach space, which has closure of
C5°([0, T]) with respect to the norm ||u||’;g,p on = ||;Dgfu(t)||{p(m + [[ullfp 0,7 It is an es-
tablished fact that E;” (0, T) is a reflexive and separable Banach space (see [23], Proposi-
tion 3.1). In short Eg”% =E% and by || - || and ||. |« the norms in L2(0, T') and C([0, T]):

T
= [ o de, wero.m)
0

lulloo = max |u(t)|, ueC([0,T7).
te[0,T)

E* is a Hilbert space with inner product (i, v), = fOT(f)D‘;‘u(t)gD‘j‘ v(t) + u(t)v(t)) dt and the
norm ||u|? = fOT(If)D‘;‘M(t)I2 + |u(t)|?) dt. Note that if @ € C([0, T]) and there are two posi-
tive constants a; and ajy, so that 0 < a; < a(t) < a,, an equivalent norm in E* is

T 2 2
||u||fw=/0 (|8D‘t"u(t)| dt+a(t)|u(t)| ) de.

Proposition 2.2 ([23]) Let 0 <« <1. For u € E¥, we have

Ta C o
llull < m”th M” (1)

. 1
In addition, for 3<a =1,

o—1/2

T 02
lulloe = Fyaa 12 16D u|.

By (1), we can take E* with the norm

T ) 1/2
||u||0,a=(/0 |6 DY u(t)| dt) = | §D5u

in the following.

, YuekE?,

By Proposition 2.2, when « > 1/2, for every u € E* we have

T ) 1/2
ll24ll oo Sk</ 6D u(®)| dt) = kllulloo < kllullaas ()
0

where
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Now, we put

Ci:= l(1 - LTK?),

2

) (3)
Cy = 5(1 +LTK?).

We suppose that the Lipschitz constant L > 0 of the function / satisfies the condition
LTk* < 1.

Definition 2.3 A function
t
ue {u € AC([O, T]) : / ' 1(’f)D‘t"u(t)|2 + ‘u(t)f) dt<o0,j= 0,...n}
4

is said to be a classical solution of problem (D, ,) if
D5 (DY u(t)) + a(Ou(t) = Af (t,u()) + h(u(®)), ae.te 0, TI\{t,..., 0}

the limits LD‘;i‘l(f)D‘;‘u)(t;) and D% (5D u)(t]T ) exist, A(tD‘;‘l(f)D‘;‘u))(t/) = uli(u(t)) and
u(0) =u(T) =0.

We have the following definition of a weak solution for the problem (D).

Definition 2.4 A function u € E” is said to be a weak solution of the problem (D; ), if

for every v € E¥,

T n
/0 [(SD‘;u(t)) (SD‘;‘V(t)) + a(t)u(t)v(t)] dt+ le(u(tj))v(tj)

j=1
T T
=A/O f(t,u(t))v(t)dt+/0 h(u(8))v(e)de.

Lemma 2.3 ([33], Lemma 2.1) The function u € E* is a weak solution of (D,,,,) if and only

ifu is a classical solution of (D;,,).

Our basic tool to guarantee the existence of infinitely many classical solutions for the
problem (D, ) is a smooth version of Theorem 2.1 of [47], which is a more precise version
of Ricceri’s variational principle [48], which we recall here. This result has relevance for

the celebrated three critical points theorem of Pucci and Serrin [55, 56].

Theorem 2.4 Let X be a reflexive real Banach space, let ®, WV : X — R be two Gdteaux dif-
ferentiable functionals such that ® is sequentially weakly lower semi-continuous, strongly
continuous, and coercive, and V is sequentially weakly upper semi-continuous. For every

r > infy @, let us put

. Supvedfl(—oo,r) "II(V) - \Ij(u)
o(r):= inf
ue®-1(-oco,r) r— @(M)
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and

y = liminfe(r), §:= liminf ¢(r).
= +00 r—(infy )*
Then one has:
(a) Foreveryr >infx ® and every A €]0, ﬁ [, the restriction of the functional
L, = ® = AV to ®Y(]-o0, r|) admits a global minimum, which is a critical point
(local minimum) of I, in X.
(b) Ify < +o0 then, for each A €]0, %[, the following alternative holds:
either

(by) I, possesses a global minimum, or

(by) there is a sequence {u,} of critical points (local minima) of I, such that

lim ®(u,) = +o0.
n—+0Q

(c) If 8 < +oo then, for each A €]0, %[, the following alternative holds:
either

(c1) there is a global minimum of ® which is a local minimum of I, or
(ca) there is a sequence of pairwise distinct critical points (local minima) of I, which
weakly converges to a global minimum of ®.

Corresponding to the functions f, 4, and I;,j = 1,...,n, we introduce the functions F :
[0, TIxR— R,H:R— R,and J;:[0,T] xR — R, j =1,...,n, respectively, as follows:

&

F(t,f)::/f(t,x)dx, forall £ e R,

0

&
H(E)::/ h(x)dx, forall& eR,

0
and
]j(x)=/x1;(§)d§, j=1,...,nfor everyx € R.
0

A specific case of our main result is the following theorem.

Theorem 2.5 Let o € (1/2,1], t; € (0,1), and let f : R — R be a non-negative continuous
function and put F(x) = foxf(fg’) d¢ for all x € R. Assume that

F(§) F(§)

liminf —= =0 and limsup—~ = +oo.
§—>+00 é E—>+00

Then, for every continuous function I : R — R whose J(x) = f;l(&) d¢ foreveryx € R, isa
non-positive function and satisfying the condition

Sup|x|55(—](x))
Jui= hm e

’
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and for every p € [0, . [ where ., := %(1 - /é—zl liminfz_, ;o0 %), the problem

DG (§DF u(t)) + u(e) = f (u(®)) + h(u(®)), t#t,ae te[0,1],
A(D5(§DFw)) (1) = pud (u(rr)),

u(0) =u(1) =0,
has an unbounded sequence of classical solutions.

3 Mainresults
First we set

1 T\  6a%-19« +16
Ala) :=

rl-a)\ 4 1-a)22-a)3-2a)
Now we formulate our main result as follows.

Theorem 3.1 Assume that
(Al) F(¢t,x) >0 forallt €0, iy [%, T) and x € R;

3T
Ji* Fe§)de

.. I supjyj<¢ F(tx) dt C ' 7
(A2) liminfe_, 2 < (A(a)+ﬂ3;”;'°)kzcz limsup; o, ~—5r—

Then, for each )\ € 1A, Ao[ where

L e+ =),
1-= 3T

I IT F(t,£)dt
limsup; _, o, 4572

and

G

)
foT sup|y|<¢ F(tx)de
52

)\.2 =
k2 liminfe_,

Sor all continuous functions I : R — R, j=1,..., n, for which J;(x) = fglj(“g‘) d¢,j=1,...,n,
for every x € R, are non-positive functions and satisfying the condition

SUPy <z 21 /(%)

Joo = Sgnoo 2 <00, (4)
and for every € [0, uj, [ where i := % 1- ﬁ), the problem (D, ,,) has an unbounded

sequence of classical solutions.

Proof Fix A €A1, A2[ and assume that ;, j = 1,..., 1, are the functions satisfying the con-
dition (4). Since A < Ay, one has py7 > 0. Fix @ € [0, ;5[ and put v; := A; and vy :=

%. If /5 = 0, clearly, v; = A; and v, = A5, and X elv, ml If Joo #0, since 11 < M7

C1+ % Tk Jso ,
-, _ _ _

we obtain & + £l 1, and so — Gk A, namely, A < vo. Hence, since A > A1 = vy,
A2 G Ci+ 22Tk o

one has A €]vy, v2[. Now, set Q(¢,%) = F(¢, %) — % Z]'?:l],»(x) for all (¢,x) € [0, T] x R. Take
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X =E“ and define on X two functionals ® and W by setting, for each u € X,

T
D () := %Hu”ia —/0 H(u(t)) dt

and
T — n
W) = | Ftu®)di- =3 (u)).
W= [ Feu)a 2 fu)

It is clear that W is a Gateaux differentiable functional, sequentially weakly upper semi-
continuous, whose Géteaux derivative at the point u# € X is the functional ¥'(u) € X*,
given by

G (w())v(t)

j=1

T
W (u)y = / f(t, u(t))v(t) dt -
0

> =]

foreveryv e X,and V' : X — X* isa compact operator (see [33]). Moreover, ® is a Gateaux
differentiable functional of which the Gateaux derivative at the point u € X is the func-
tional ®'(u) € X*, given by

T T
D' (u)v = /0 [(SD?u(t)) (ngV(t)) + a(t)u(t)v(t)] dt - /0 h(u(t))v(t) de

for every v € X. Moreover, by the sequentially weakly lower semi-continuity of | ||, and
the continuity of H, ® is sequentially weakly lower semi-continuous in X. Now from the
facts —L|&| < h(§) < L|&| for every & € R, and taking (2) and (3) into account, for every
u € X we have

Cillully, < @) < Collul,- ®)
Put I; := ® — AW. Now, we are to demonstrate that y < +00, where y has been defined in
Theorem 2.4. Let {§,} be a real sequence such that &, > 0 for all » € N and &, — +00 as

n — oo and

) fOT supj<e, Qe x)de foT sup,<¢ Q¢ x) dt
lim = liminf .
n—00 53 E—+00 “;‘2
Putr, = anz forall n € N. Since &, > 0, r, > 0 forall n € N. Now let u € ®1(-o00, r,), owing

to (5), we have
CillulZ, < ®(u) <7y ©)

By (2) and (6) we have ||u||oo < &,. Thus

¢71(—OO,FH) g {MZ ”u”oo = fn}
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Hence, since ®(0) = ¥ (0) = 0, for every n large enough, one has

@(ry) = inf (Supve¢71(_oo’r") V) - W) < SUPyep-1(—00,ry) v(v)
" ued~H(=0ory) rn— () - Ty

s 9Pz, QX e Jy supy g, (F() — £ 57,7 de

= G2 Gz
2 2
T _ n
< Jo SUPzg, F60)dE T Tsupy <, 2 i)
- g2 N G2
k2 k2

Moreover, by Assumption (A2) one has

T
_. F(t,x)dt
liminffo SUPlyi=e £ ) <

£—>+00 Ci&?
k2

+00,

which implies

T
su F(t,x)dt
hm fO p|x|§§n ( ) <

n—00 Cig?
k2

+00. (7)

Then, regarding (4) and (7), we have

) fOT SUp <z, F(t,%) dt 7 T'supj, <, Z/’.il —Jj(x)
lim = <+

n—o0 Clé,,z n—>00 ) Clé,%
k2 k2

’

from which follows

. Jo $upyyze, (F(t,2) - £ 37 () de .

1> 00 Cie?
k2

+0Q.

Therefore,

Jo supze, (F(6:2) = £ X b de

Gz
k2

+00. (8)

y <liminfp(r,) < lim
n—+00 n—00

Since

’

fOT SUP <z, Qt, x) dt fOT SUp <z, F(t,x)dt 1w T'supy g, 2;11 —Jj(x)
& 8 & "x &

taking (4) into account, one has

; s sup < F(t,x)dt T

T
sup,, <. Q(t,x)dt
liminf Jo supy<¢ Qt,%) <limin + Tl‘”' )

E—+00 &2 E—+00 &2
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Moreover, J;, j =1,..., n, are non-positive, we have

3T
i et fT (t,£)de
limsup +———— > limsup *+——+——,
§l—-+o0 g §]—+00 £2

Page 10 of 19

Therefore, from (9) and (10), and from Assumption (A2) and (8), one has

_ 1 (Ae) + Hlal=)c C
)\,G]UI)VZ[Q 3£ 2 ) lT F P

i It Fes a2 liminfe 0 fosul%‘l;%

lim sup R
lel—+00 T g2
1 |:
c |0,—].
1V

For the fixed A, the inequality (8) guarantees that the condition (b) of Theorem 2.4 can be
used and either /5 has a global minimum or there is a series {u,} of weak solutions of the

problem (D; ,), so that lim,,_, « |||l 4o = +00.

The other step is to investigate that the functional J; has no global minimum. Since

3T
fT4 F(tyg)dt
3
2T ;lHoo)Czsz’

1
= < limsup
l&|>+o0 (A(a) +

we can consider a real sequence {y,} and a positive constant 7 so that y,, — +coasn — 00

and

T
) I ey de

=<T<
A (A(a) + 2Hglx) C, 2

(11)

for each n € N large enough. Let {w,} be a sequence in X defined by

g, ift € [0,
Wn(t) =\1Vw ifte [%;
(T -¢), ifte (3L, T).

Obviously, one has

mifre(0,1),
w () =10, 1fte(T 3T,

Ay
-2, 1fte( T)

and

e D w(t)| = F(1 < / (t-s) W’(S)dS)

~
1
R

’

1
"T(l-0)

=
\_;Q

Ty«
4

’

[ S ©
~ENE NS
\-

,_.

—~ [( D= =G,

(12)

ifref0,1),
ifte T 3T],
1ft€(3T T,
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so that

" 2T al
It =A@ + [ a0 o] o= (a@ s T )2
0

and particularly, considering (5), it follows that

By < (A(a) . %)cﬁ? 13)

n

On the other hand, based on the non-positivity of J;, j = 1,..., 1, we observe that

3T

Wn) = [ R 14)

4

So, from (11), (13), and (14) we have

3T

L(w,) = D) — T (w,) < (A(a) . %>czy3 —X( / *EG, yn)dt)

< (I—Xt)(A(oz)+ Gyl

2T |lall o )
3
for every n € N large enough. Hence, the functional /5 is unbounded from below, and
it shows that ;- has no global minimum. Therefore, Theorem 2.4 ensures that there is
a sequence {u,} C X of critical points of I so that lim,_, o ®(u,) = +00, which from (5)
shows that lim,,_, o [|#44]l4,« = +00. Since the critical points of I are the weak solutions
of the problem (D, ), and thanks to Lemma 2.3, and considering that they are classical
solutions, we have the conclusion. O

Remark 3.1 The condition non-positivity of J;, j = 1,..., n, can be replaced by the follow-
ing one:

(I) 1;(0)=0and [i(s)s< O forallj=1,...,n.
In fact, by this assumption for every j =1,...,7n we have Ji(x) = fglj(é) dé <0forxeR.

Remark 3.2 Under the conditions

3T
T FF(t,E)dt
sup,. . F(¢t,x)dt fz ’
liminf Jo $9Pi=¢ F(6:5) =0 and limsup *—>—

§—+00 52 E—>+00 52

=00,

Theorem 3.1 ensures that for every A > 0 and for each p € [0, ]iw[ the problem (D, ) ad-
mits infinitely many classical solutions. Moreover, if /o, = 0, the result holds for every A > 0
and u > 0.

Now, we give an application of Theorem 3.1.

Example 3.1 Leto = g, T=1,n=1,¢ =3,and put

1
2

_ 2nl(n+2)'-1 2nl(n+2)'+1
T 4m+1) T A +1)!
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for every n € N. Consider the problem

5

tDlg (ng u(t)) +a(t)u(t) = Af(t, u(t)) + h(u(t)), t#t,ae. tel0,1],

A(tDI% (thgu))(%) = MI(M(%));

u(0) = u(1) =0,

where a(t) =2 + cost forall £ € [0,1],

Page 12 of 19

n+1)2 [(n+1)12—n1? n!(n+ :
Fomy - | i - 6= 252 i) € 0.0 x Uenlan bl
0 elsewhere,
2(5 _
h(x) = r3(69) In(1 + x2),for all x € R and [;(x) = & (x7)(2 — x~) where x~ = min{x, 0}, for all
2(5
x € R. According to the data above we have k = BF‘I(g), lalloo =3, L = 1"1(89)’ C; = 0.25,

Cy = 0.75, A(3) = 11.08125 V4T 2(4), and [V f(1,%) dx = (n + 1) — nt? for every n € N.

Then one has lim,,_, . F(i—%"”) =0 and lim,_, ;oo F(Z’é’”) = 4. So, liminfs_, o E
limsup, d (Elf) = 4. Therefore,
1 1
su F(t,x)dt tsu F(1,x)dt
liminf Jo p"“fsz Gxdt liminf Jo p'x'fi dx)de
E—+00 ] §—>+00 €]
and
%
G lim sup 7@ i
(A(g) + —2T”§Hw )k2C2 £—+00 |£|2
r’3) i FOLE)
imsup

" 54(2 + 1108125920 2(4)) s €
2I'(3)
©27(2 +11.081252I2(%))’

Hence, using Theorem 3.1, since

. SUPy<¢ (=h(x))
= lim ————— =0 ,
Joo Sgnoo 3 <00
2+11.08125 /2T 2(%))

27
the problem (15) for every X > 22)

sequence of classical solutions.

Remark 3.3 The following condition:

(A’2) there exist two sequence {6,} and {,} with 5, > 0 for every n € N and

2T||6l||oo 2 Cl 2
(A(oc) + —3 Gy, < ﬁnn

=0 and

and u € [0,+00) has an unbounded
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for all # € N and lim,,_, , oo n,, = +00 such that

3T 3T
Sy Suppy<,, Ft,2)dt — [, F(£,6,)dt [+ F(t,8)dt
lim L < lim sup 2

nvee 2 - (A) + HE) 662 61— o0 (A(a) + ZHgl=) 82

3

is more general than condition (A2) of Theorem 3.1. In fact, by choosing 6,, = 0 for all

2
n € N from (A’2) we obtain (A2). If we assume (A’2) instead of (A2) and choose r,, = C,ﬁ;’”

for all n € N, by the same arguing as for Theorem 3.1, we obtain

SUPyc-1(_som)) Y (V) = [y F(t,w,(t))dt
P = Hwall2g + fi H(wa(2) dt

o(r,) <

3T
fot supy, <, F¢,x)dt — [* F(t,0,)dt
= T

02— (Ae) + 2=)Cy62

where w,(t) is the same as (12) but y, replaced by ,,, and we have the same conclusion as
in Theorem 3.1 with the interval JA;, 5[ replaced by the interval

) 1 1
A= 37 , 3T .
S+ Feg)dt T supjy <y, F(6:2) de= S+ Fo)de
limsupe_, ;0o 4 k2 lim,,_, o0

|

(A(e)+ gl ), g2 Cinj—(Ae)+ 25l 2 02

Here, we point out a simple consequence of Theorem 3.1.

Corollary 3.2 Assume that Assumption (Al) holds. Furthermore, suppose that

Jo swppj<e Fen)dt ¢
e S
T
f 14 F(t,€)dt
(B2) limsup,_, o ——— > (A(@) + 2H51=)C,,
Sor all continuous functions I : R — R, j =1,..., n, for which J;(x) = f:lj(“g‘) d¢,j=1,...,m,
for every x € R are non-positive functions and satisfy the condition (4), and for every u €

(B1) liminfs_, o0

[0, ey 1[ where

T
G k2 .. f() sup|x|<§ F(t: x) dt¢
= ——1- — liminf = ,
Hr1 Tk2]oo( Cp o400 £2

the problem

tD"%(f)D‘;‘u(t)) + a(t)u(t) =f(t, u(t)) + h(u(t)), tZt,a.e tel0,T],
ADE (D)) @) = i (1ls), =1

u(0)=u(T) =0,
has an unbounded sequence of classical solutions.
Remark 3.4 Theorem 2.5 is an immediately consequence of Corollary 3.2 when u = 0.

We here give the following consequence of the main result.



Heidarkhani et al. Advances in Difference Equations (2016) 2016:196 Page 14 of 19

Corollary 3.3 Let f; : [0, T] — R be a non-negative continuous function and let F;(x) =

Jo fi(€) dé for all x € R. Assume that

(D1) liminfe_, .o % < +00;

(D2) limsup; % = +00.
Then, for every b; € LY([0, T]) for 1 < i < n, with minyc[o,71{b;(x),1 < i < n} > 0 and with
by # 0, and for any non-negative continuous functions f; : R — R with F;(x) = foxﬁ(&) d¢ for

all x € R for 2 < i < n, satisfying

max { supFi(§);2<i< ’1} <0
EeR

and

.. . Fi&) .
min { liminf ;2<i<mg>-—00,
E>+o0 &2

for each

AE :|0 G |:

CR2liminf o0 2 |

or all continuous function I, : R — R, 1 <j < n, for which Ji(x) = [ L(£)dE, 1 <j<n,
j J j 04 J

for every x € R are non-positive functions and satisfy the condition (4), and for every u €

[0, ;. [ where

liminf
C, &—+00 %‘2

1

B G (1 ATk? Fl(f))
TTRY ’

the problem

tD‘;(ngu(t)) +a(t)u(t) =1 Zbi(t)ﬁ(u(t)) + h(u(t)), t#t,ae tel0,T],

i=1
AWDE (DE) ) = 1y (), j=Loeeamt

u(0) =u(T) =0,
has an unbounded sequence of classical solutions.

Proof Set F(§) =Y ", b(t)F;(§) for all ¢ € R. Assumption (D2) along with the condition

F

min { liminf l(g);Z <i< n} > —00

E—>R 52

ensures
3T n 3T

f%4 F(t,g)dt Zi:lFi(E) %4 bl(t)dt
limsup ———— =limsu = +00.
§—>+oop %-2 E~>+oop %-2

Moreover, from the assumption (D1) and the condition

max { supFi(§);2<i< n} <0,
£eR
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Fi(&)

we obtain

F(t,x)dt T o
< ( / b(t) dt) liminf

0 £E—+00 EZ

<+

T
liminf Jo SuP<t
E—+00 %‘2

O

Hence, the conclusion follows from Theorem 3.1.

Arguing as in the proof of Theorem 3.1, but using conclusion (c) of Theorem 2.4 instead

of (b), one establishes the following result.

Theorem 3.4 Assume that Assumption (Al) holds. Furthermore, suppose that
3T
[ F@g)de
T

L. fOT Sup|y<¢ F(t.x) de G .
(E1) liminfy o+ o < ) el g, lim SUpP;_, o+ £
Then, for each A € |A3, As[ where
(Ale) + =),
)\.3 = T
[ 1 E(tg)dt
T

limsup;_, - 2

and
G

’
fOT sup|y <¢ F(tx) dt
52

)\.4 =
k2 lim inf§_>0+

Sor all continuous functions I : R — R, j=1,..., n, for which J;(x) = fglj(“g‘) d¢,j=1,...,n,

for every x € R are non-positive functions and satisfy the condition
(16)

fOT sup <z G(t,%) dt
< +00,

:= lim
Jo Jm &2
2. T supjy < F(tx)d
and for every u € [0, uy ;[ where ;) := %21]0(1 - % liminfz_ o+ W), the prob-
lem (D, ;) has a sequence of pairwise distinct classical solutions which strongly converges

to0in E*.
Proof Fix A € A3, A4] and let I, j =1,...n, are the functions satisfying the condition (16).
+4C1
c1+%,\4 Tk2Jy

Since A < Ay, one has uy5 > 0. Fix it €]0, i, 7[ and set vz := A3 and vy :=
Jo =0, clearly, v3 = A3, vy = A4, and A € Jvz, v4[. If Jo # 0, since [ < u;7, one has

r o wTk*,
— + <1,
Ay C
and so
Cidy -
> A,

C+ %MTkZ/O

namely, A < vg. Hence, recalling that A > A3 = vs, one has A € Jvs, va.
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Now, put Q(¢,x) = F(¢,x) — % ;’lej(x) forallx € Rand ¢t € [0, T]. Since

Jo sUpy ¢ Q%) de - Jo sUp<; (%) de

T supyy<¢ Dy ;%)
&2 - &2 ’

+ E
X g2
taking (16) into account, one has

T T
sup, < Q(t,x) dt sup, .z F(t,x)dt T
liming Jo_SUPmise A6®) §liminff° Pioz¢ F6,%) + . (17)

£—>0* %‘2 £>0+ 52 A

Moreover, since J;, j =1,..., n, are non-positive, we have

3T 3T
i Qw.g)de Ji E@§)de
lim sup > limsup ———. (18)
S £2 §—0 §
Therefore, from (17) and (18), we obtain
_ A(er) + el C
)\.E]U3;V4-[g :| ( ( ) 3£) 2 ) lT F(tx) dt g])\‘Sy)HL[.
[+ Fee)de k2 liminfe o+ lo S“p"“g ad
4 S

lim supjg|_, o+ 2

We take X, ®, ¥, and I; as in the proof of Theorem 3.1. We prove that § < +00. For this

purpose, let {&,} be a sequence of positive numbers such that &, — 0* as n — +00 and

fOT Sup, <, F(£,x) de

lim < +00.
n—>00 53
2
Putr, = C};" for all n € N. Let us show that the functional I;- has no local minimum at zero.

For this purpose, let {y,} be a sequence of positive numbers and 7 > 0 such that y,, — 0*
as n — oo and

3T
1 ff F(t,y,) dt

—<T< 4
A (A(a) + Hldle)C,yy2

(19)

for each n € N large enough. Let {w, } be a sequence in X defined by (12). So, owing to (13),
(14), and (19) we obtain

3T

L(w,) = D) — T (w,) < (A(a) . %)Qyz ) / F Et ) de

n
4

Cy? <0

n

<(1- Xr)(A(oz) + %)

for every n € Nlarge enough. Since 5(0) = 0, 0 is not a local minimum of the functional I
Hence, the part (c) of Theorem 2.4 ensures that there exists a sequence {u,} in X of critical

points of I such that || u,| .« — 0 as n — 00, and the proof is complete. 0
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Remark 3.5 Applying Theorem 3.4, results similar to Remark 3.3, and Corollaries 3.2
and 3.3 can be obtained.

We end this paper by giving the following example as an application of Theorem 3.4.

Example 3.2 Leta = 0.625, T =1, n=2,t =1, = 5, a(t) = 77 forall £ € [0,1], f;
[0,1] x (R\ {0}) — R be the function defined by

oo=an(in(n( 1)) (2)) e (n(n(n( 1))
st (4 Ysn(in(in(n( 1))
oo () (1 5))

and

F(bx) = efitx) if (t,x) € [0,1] x (R\ {0}),
' 0 if (t,x) € [0,1] x {0},
and let i2(x) = % arctanx, for allx € R, [1(x) = -3, and I(x) = —%x forallx € R. A direct

calculation shows

Fe < [ €3 M0GED sin*(In(In(In(E)) + 457 I (G5), if (6 € [0,1] x (B \ (0)),
=10 if (¢,%) € [0,1] x {0}.

According to the data above we have k = 2I-1(0.625),L = %, C;1=0.25>0,C, =0.75,
and

3
o fol sup,<¢ F(t, x) dt ) f; F(t,§)de
liminf — =0 and limsup ———— = +o0.
§—0% S &E—0t S

Hence, using Theorem 3.4, since

supp ¢ (-h(x) - () 1

= 1 == ,
Jo gintlﬁ &2 2 <
the problem

'2(0.526)

—y arctan(u(t)),

D025 (6 DO625 () % =M (6u(®) +

t#lt#z te[0,1]
3, 3 a.e. , 1,

Aot (3) -5 (4(3))
a0 5ot (3) =3 (5 )

u(0) = u(1) =0,
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for every (A, 1) €10, +oo[ x[0, FZ(ngS)

tions which strongly converges to 0 in E%62°,

[ has a sequence of pairwise distinct classical solu-
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