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Abstract

In this paper, stability results for the linear degenerate fractional differential system
with constant coefficients are presented. First of all, the explicit representation of
solution of the system is established based on the algebraic approach. Then stability
criteria for the system are given, which are straightforward and suitable for
application. Finally, some examples are provided to illustrate the application of the
results.
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1 Introduction

Recently, fractional differential equations have become more and more important due to
their varying applications in various fields of applied sciences and engineering, such as
the charge transport in amorphous semiconductors, the spread of contaminants in un-
derground water, the diffusion of pollution in the atmosphere, network traffic, etc. For
details, see [1-9] and references therein.

As in classical calculus, stability analysis plays a key role in control theory. Stability anal-
ysis of linear fractional differential equations has been carried out by various researchers
[10-20]. In [10], Matignon provided famous stability results for finite-dimensional linear
fractional differential systems with constant coefficient matrix A. The main qualitative re-
sult is that the stability results are guaranteed iff the roots of the eigenfunction of the sys-
tem lie outside the closed angular sector | arg(A(A))| < %%, which generalized the results
for the integer case @ = 1. Chen [11] studied the stability of one-dimensional fractional
systems with retarded time by using Lambert function.

Many years later, Matignon’s stability results were promoted by many scholars such as
Deng, etc. In [12], by using the Laplace transform, Deng generalized the system to a linear
fractional differential system with multi-orders and multiple delays and discovered that
the linear system is Lyapunov globally asymptotical stable if all roots of the characteris-
tic equation have negative parts. In 2010, Odibat [13] described the issues of existence,
uniqueness, and stability of the solutions for two classes of linear fractional differential
systems with Caputo derivative. In [14], Qian established stability theorems for fractional
differential systems with Riemann-Liouville derivative. In [15], one studied basic stability
properties of linear fractional differential systems with Riemann-Liouville derivative and
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one derived stability regions for special discretizations of the studied fractional differential
systems including a precise description of their asymptotics.

Meanwhile, Li [21, 22] was first to study the stability of fractional order nonlinear sys-
tems by applying the Lyapunov direct method with the introductions of Mittag-Leffler
stability. Some valuable results have been derived on the stability of nonlinear fractional
differential systems; see [23—28] and references therein. The stability of fractional differ-
ential systems has been fully studied. There is no doubt that the Lyapunov direct method
provides a very effective approach to analyzing the stability of nonlinear systems. How-
ever, it is not easy to find such a suitable Lyapunov function. There are still many works
that need to be improved.

As is well known, many systems are most naturally modeled by degenerate differen-
tial equations such as multibody mechanics, electrical circuits, prescribed path control,
chemical engineering, etc.; see [29-33] and the references therein. Degenerate differen-
tial equations can describe more complex dynamical models than state-space systems, due
to the fact that a degenerate differential system model includes not only dynamic equa-
tions but also static equations. Recently, more and more research has been devoted to
the study of degenerate fractional systems. For example, in [34], the constant variation
formulas for degenerate fractional differential systems with delay were presented. In [35],
the exponential estimation of the degenerate fractional differential system with delay and
sufficient conditions for the finite time stability of the system are obtained. In 2010, by
using linear matrix inequalities, N'Doye [36] derived sufficient conditions for the robust
asymptotical stabilization of uncertain degenerate fractional systems with the fractional
order o, satisfying 0 < o < 2.

However, there are very limited works that focus on the stability of degenerate fractional
linear differential systems with Riemann-Liouville derivative. Motivated by [34—-37], in
this paper, we present the explicit representation of a solution for the degenerate fractional
linear system with Riemann-Liouville derivative and derive the stability criteria for the
system. The results show that the stability criterion is easy to verify.

The paper is organized as follows. In Section 2, we review basic notions and results
from the theory of fractional calculus and degenerate differential system. In Section 3, we
discuss the existence and uniqueness of solution for the linear degenerate fractional differ-
ential system and give the explicit representation of solutions for the system. In addition,
we analyze the stability of the linear degenerate fractional differential system and achieve
sufficient conditions to provide the asymptotically stability of the system. In Section 4,
some examples are presented to illustrate the main results. Finally, concluding remarks

are given.

2 Preliminaries
In this section, we present some related definitions and some fundamental theories as

follows.

Definition 2.1 The Riemann-Liouville fractional integral operator of order « > 0 of f(¢)

is defined as

I;f@) = % ‘/t(t —5)* 7 (s)ds, a>0,t>a, 0
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and the Riemann-Liouville fractional derivative is defined as

« iy — L (AN [ gy _
D0 i (%) [0 ©d o-1zacm, @)

where I'(-) is the gamma function. The initial time « is often set to be 0.

The Laplace transform of the Riemann-Liouville fractional derivative D ,x() is

oo
/0 e Dy x(t) dt = s°X Zsk Dy ()], (n-1<a<n).

Definition 2.2 The one parameter Mittag-Leftler function E,(z) and the two parameter
Mittag-Leffler function E, g(z) are defined as

Ey(2) :Z T+ 1) a>0,zeC, 3)
Ea,ﬂ(Z):;m, a,B>0,zeC. (4)

Their kth derivatives, for k =0,1,2,3,..., are given by

> G+ k)7
EX(2) 5
Z]‘F(x]+ak+1) ©)

o G+ k)7
Eup(@) = ;jlf(aj T ak+B)’ ©)

It can be noted that E, 1 (z) = E,(z) and E;;(z) = €°. The Mittag-Leftler functions E,(z) and
E, p(z) are entire functions for «, 8 > 0. According to E;(z) = €7, the Mittag-Leffler func-
tion E, g(z) is a generalization of the exponential function e* and the exponential function
is a particular case of the Mittag-Leftler function. The Mittag-Leffler function plays a very
important role in the theory of fractional differential equations, which is similar to the
exponential function frequently used in the solutions of integer-order systems. The prop-
erties of the Mittag-Leffler functions can be found in [4, 13] and the references therein.

Moreover, the Laplace transforms of the Mittag-Leffler functions are given by

kise=P

1
W; Res(s) > [A]«,

L{tothrﬂ lEkzs( )"ta)} _

where A € C, E{;v 5(2) = %Ewg (2), Res(s) denotes the real part of s. £ and s are the variables
in the time domain and Laplace domain, respectively.

Lemma 2.1 ([3]) If0 <« <2, B is an arbitrary complex number and | is an arbitrary real

number, satisfying

T )
- < < min[m,Tal,
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then, for an arbitrary integer N > 1, the following expansion holds:
@

1 18 1 1 1 1
E, = —za ) — - —+0—),
o) = 7w exnler) gr(ﬂ—ak) &' <|z|N+1)

with |z| — oo, | arg(z)| < u, and

()

Eo) - N 1 Lo L
“hiE __ZF(ﬁ—ak)z_k+ <|z|N+1)’

k=1

with |z| — oo, u < |arg(z)| < .

Remark 2.1 In Lemma 2.1, if ¢ = f and N > 2, then the following expansion holds:

E (z)—lzﬂex (zl) iil l+O b
A L) NI

with |z] = oo, | arg(z)| < u;

£ 0 < N 1 Lo L
@) = =2 Fad-K) 2 <|z|N+1)’

k=2

with |z| — oo, u < |arg(z)| <.
Consider the following linear fractional differential system:

ED2 x(t) = Ax(d),

DG x(8)]1-0 = %0,
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7)

where x(t) € R” is the state vector, E,A € R"™",rank E < n,x9 € R",Df, denotes an ath

order Riemann-Liouville derivative of x(¢), and 0 < @ < 1.

Definition 2.3 The system (7) is said to be:
(a) stable iff for any xo, there exists an € > 0 such that ||x(¢)|| < ¢ for £ > 0;

(b) asymptotically stable iff lim;_, oo [|%(2)]| = 0.

Definition 2.4 For any given two matrices E,A € R"*", the matrix pair (E,A) is called

regular if det(AE — A) £ 0, where 1 € C. If (E, A) is regular, we call system (7) is regular.

Definition 2.5 Let Q be a square matrix. The index of Q is the least nonnegative integer
k such that rank(Q**!) = rank(QX). The Drazin inverse of Q is the unique matrix Q% which

satisfies

Q=@ QQ'=Q'Q  Q"Q?=qQ.
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Lemma 2.2 [31] Suppose that E,A € R™" are such that there exists a A so that (\E — A)™!
exists. Let E; = (\E — A)"\E, A, = (\E — A)'A. For all Ay # X for which (\ME —A),i=1,2,

exist, the following statements are true:

)\.E)\ :I+A)\, E}LA)L ZA)LE)L,

cd h rd G cdn rd g S ord 2 3
E)QA)LI - E)QA)Q’ EklE)\l - EAZE)LZ’ EA‘lE)Ll - E)‘ZE)\Z’
where EZ is the Drazin inverse of E; and I is the n x n identity matrix.

3 Main results
3.1 The existence and uniqueness of the solution for linear degenerate fractional
differential system

In this section, we consider the solvability of the following system:

ED§ x(t) = Ax(t), ®)
D x(8)]1=0 = %o,
where x(t) € R” is the state vector, A,E € R"™",rankE < n,x9 € R",Df, denotes an ath

order Riemann-Liouville derivative, and 0 < o < 1.

Theorem 3.1 If the system (8) is regular, then the system (8) has a unique solution on

[0, +00) and the solution is given by

e
x(t) = e £ E4x(0),

sdh R y R R
where egkA)‘t: o1 Z]CZ()(E;%AK)](%’EX = (AE - A)_IE,A)\ = (MLE —A)_IA, x(0) satisﬁes

x(0) = ffkfl‘{lx(O). E and A are the coefficient matrices of the system (8), and X is constant.

Proof Since the system is regular, there exists a A so that (AE — A)™" exists. Let E; = (AE —
A)IE,A; = (A\E — A)"'A. From Lemma 2.2 and [31], there exists an invertible matrix 7

such that
A C 0
E =T" T, 9
(e ) o
where C € RP*? is invertible matrix, N € R7*7 is nilpotent, and g + p = n.
Then
n N AC -1 0
Ay =AE, —I=T" T. (10)
0 AN -1

Premultiplying (AE — A)™! on both sides of the formula ED%x(t) = Ax(t), then

E,D(t) = A, x(b). 11)
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From (9) and (10), we get

T1 (g ](\)[) TDx(t) = T" (ACO_I ,\1\;)— 1) Tx(t). (12)

Taking the transform as &(¢) = (28) = Tx(t),&(t) € RP,&(t) € R7, and £(0) = (ggg;) =
Tx(0) such that (12) is r.s.e. to

CD&(t) = (AC - D& (1), (13)

ND&,(t) = (AN — 1)&,(2). (14)

First we discuss the first subsystem (13). Since C is an invertible matrix, (13) can be

rewritten as
D*&(t) = CH(AC - D& (2). (15)

From the theory of fractional calculus [37], a unique solution for subsystem (13) exists,

which may be expressed by
s](t) — egfl(kC—I)tgl(O)' (16)
Next, we study the second subsystem (14) as follows.
Let ind(N) = k, that is, N1 £ 0,N* = 0, k is the index of the matrix pair (E,A). Premul-
tiplying N k=1 on both sides of equation (14), then
DFN*&(1) = AN*&(2) - N*'&,().
Since NX = 0, we get N*1&,(¢) = 0.

Premultiplying N*-2 on both sides of equation (14), then N*=2£,(t) = 0. In the same way,

we can get
Ng @) =0, N'%@®) =0, ..., N%&@®=0, &@®)=0.

Then we can get &(t) = 0.
From the above discussion, the unique solution of the system (13) and (14) is given by

{51(75) = 95_1('\01)@1(0)» 17)

&(t) =0.
Applying x(t) = T71&(t), the solution of (8) is given by

x(t) _ T*lé(t) ) T,l (egl(kC—I)té-l(O))

0

o (eguxc-nt 0) -1 (I 0) -1 (51(0)> . (18)
0 0 00 £2(0)
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From [34], Lemma 2.1, one can get

A clt o
El=T7 ( 0 0) T. (19)

Then

0= (PO 1 (5O
x2(0) £,(0)
Then

x(t) = e B Edx(0),

where x(0) satisfies x(0) = E,\Efx(O). According to Lemma 2.2, we know that f?fﬁ,\,f)\éf

rdy A
are independent from A. Hence, the system (8) has a unique solution x(¢) = ef*AhtEAEfx(O).
The proof is completed. O

Remark 3.1 From Lemma 2.2, one shows that Efzzl 2 Ekﬁf are independent from A. There-
fore, we can drop the subscript A whenever the terms Efz:h and f:}f?f appear. Hence, the
solution of the system (8) can be given by

x(t) = £ M EEIx(0),

where ef 4t -1 Z,fgo(édﬁ)k%,é =E, =(AE-A)'E,A=A, = \E-A)"'A, and x(0)
satisfies x(0) = Efdx(O). E and A are the coefficient matrices of the system (8), and A is

constant.

3.2 Stability results for linear degenerate fractional differential system

In this section, we derive the conditions for the asymptotically stable of the system (8).

Theorem 3.2 [fthe system (8) is regular, the algebraic and geometric multiplicities are the
same for the zero eigenvalues of E4A and all the non-zero eigenvalues satisfy

’arg(k(ﬁ‘%)” >

then the system (8) is asymptotically stable.
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Proof From Theorem 3.1 and Remark 3.1, we know that the solution of the system (8) is
given by

x(t) = &L M EEUx(0) = 197 B, o (EAL*) EE4x(0).

Applying (10) and (19), one gets

—1 _
ElA=T" (C (’\OC D g) T, (20)

where A is constant, (AE — A) is invertible and C™1(AC —I) € RP*?,
Then there exists an invertible matrix H such that

H'EYAH = diag(h, ) ..., )1, 0), (21)
g

where J;,1 <i <r, are Jordan canonical forms and 0 is a zero matrix with corresponding
dimension.

Without loss of generality, assume that the numbers of non-zero eigenvalues and zero
eigenvalues are p and g for E4, separately. For the situation of non-zero eigenvalues, we
discuss the problem in two cases.

Case (i): Assuming the matrix EiA is diagonalizable, and A1, A, ..., Ap, are its non-zero
eigenvalues, then (21) can be shown to obey

A= H'E'AH = diag (3,32, 3 0,...,0))
\H/—/

q
Hence,
Eoo(E?AtY) = HE, o (At%)H™
= Hdlag[Eaa(klt“),. Eoo(2pt), ﬁ ﬁ} -
—

From Lemma 2.1 and the conditions of Theorem 3.2, we get

N

A t Z 1 + 0 ! -0, t— 4+
= F(a(l k)) (x;z)* |Aize | N+ ’ ’

k=2

where1 <i<p.
Hence,

7 e (E°A2%) | =

diag [t“Ea,a (Mt),.. t° Egq (pt”),

1

ta—l .
I'(x)

t“‘lLiH‘ -0, t— +00
. T , .

Thus, the conclusion proved.
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Case (ii): Assume EA is similar to a Jordan canonical form as (21).

Let J;,1 <i <r, have the form

. r
]L': ’ ISIEF)E ni=p,
niXn;

then

Eoo(E?At*) = H diag [EW (ht),...» Eae (%), x o L}H*.

Na)  T(a)
—
q
We can get the following results by calculation:
Eaa(it")
o tka]k
- Ji
Py Mok +1))
)\{( C]i)‘i'(_l Cnl -1 k nj+1
00 k k
Py Mok +1)) C}()»f_l
k
A
ko k ke 19 k-1 kot k-n;+1
> ko l"(at(k+1)) A Xka ) Cklti pIp ni-1 T(a t(k+1))C )‘i
00 tk(x
_ Zk:O F(a(k+1)))‘z
ke -
Zliol I (o k+1 Clkk !
i k
Zk 0 l"(oztk+1 ))\'l
(22)
Eoz,oz (]ita)
Ea,a ()Vita) %QLME ()\ ta) ﬁ(%)ni_lﬁ‘a,a ()‘ita)
Eqyo(Ait®
i ) 03
1.0
il ())\ E ()"tta)
a,a ()\‘lta)

HiXnj

Under the conditions of Theorem 3.2, we can get

Eoo(Ait™)

N 1 1 1
J— O 0, t bl
kZ:; Ta(— k) Gtk (Ikit‘”l’\“l) ~ o
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also, under the condition of |arg(A;)| > ¢ and from Theorem 4 in [10], we have

(171)1(3)\4)1 1Epa(Mit®) — 0 as t — +00, Wthh is derived from

1 9 -1
i) Eel)

_ 4l lot 1 ()\ ta N a(_)\‘i)—l—lt—Za
t ( Z ll+kl—w k+l))) F(l—a) b

wherel </<mjand1<i<r.

Hence,

|7 e (E°A2%) | =

diag |:t“"1Ea,a (Wt ..ot Eq o (J:£%),

_ta—l Lt j|
Fl@ T

q

From the discussion of the above two cases, we get

hm ||x(t) | = hm ||eEdAtEde(0) I

= lim ”t"‘ 'E, (Edﬁt“)ffffdx(O)H =0.

t—>+00

The proof is completed.

’—>0, t — +00.

O

Theorem 3.3 If the system (8) is regular, the zero eigenvalues of EA are such that their

algebraic multiplicities are larger than their geometric multiplicities, no <1, in which, n is

the max dimension value for the Jordan canonical blocks of zero eigenvalues, and all the

non-zero eigenvalues satisfy

am

’arg (A (Edﬁ)) | >

then the system (8) is asymptotically stable.

Proof According to Theorem 3.2, there exists an invertible matrix H, such that

]:H_lédAH = diag(]l:]Z"H:]r, 0)1

(24)

where J;, is a Jordan canonical form, 1 <i <r, and 0 is a zero matrix with corresponding

dimension.

Let J; be the zero eigenvalues of E9A corresponding to the following Jordan canonical

form with order :

nxn
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Applying (22), we get

1 tko{ t(f«—l)oc
Tl@ TQa) T (icx)
1 .
EO(,O( (];lta)k;lzo = (@) B ) (25)
. . t o
'(2a)
1
I(e)
tm—l t2a—1 t(mx—l)
M) TI'(Qa) I (1cr)
toz—l .,
g (Jat®), o = Fe) Tk (26)
n . . P2 o —
")
I(a)

from (26) and the condition 7« < 1, we get
" Eqo (Jat"), _,— 0, t—> +00.

The result is also satisfied for Jordan canonical blocks of zero eigenvalues, with lower
dimension than J;. Other Jordan canonical forms in (24), corresponding to all the non-
zero eigenvalues of E?4, can be treated as the same method conducted in Theorem 3.2.
The proof is completed. g

Theorem 3.4 Ifthe system (8) is regular, the algebraic and geometric multiplicities are the

same for the zero eigenvalues of E?A and all the non-zero eigenvalues satisfy
jarg (M (E1A))| = 57

moreover, the algebraic and geometric multiplicities are the same for the critical eigenval-

ues, satisfying | arg()»(ﬁdzzl))l = %F, then the system (8) is stable.

Proof According to Theorem 3.2, there exists an invertible matrix H, such that
J = H'E*AH = diag(, ), .. .,],, 0), (27)

where J;, is a Jordan canonical form, 1 <i <r, and 0 is a zero matrix with corresponding
dimension.

From the conditions of Theorem 3.4, without loss of generality, we suppose that the
eigenvalue A, satisfies |arg(A(EdA))| = % with algebraic and geometric multiplicity both
equal to 1, as well as A, = J;,1 <5 <7, As = ro(cos(%F) + ip sin(%")) = roe2 0 (ig)* = —1.

Then

Eou(B"At") - H diag [E (AE)s o or Eare Ut £), Ene (3517),

1 1
Ew,ot(]SJrlta); . ':Ea,ot (]rta)r m; [P ] m]H_l' (28)
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Applying Lemma 2.1, we get

R

Eua () = = (02) = exp((st%)
o

)

N 1 1 1
_E:Fwﬂ—MMMﬂV+OQMﬂW“>

ZN: 1 1 of 1
- +
Tl =K)) ko “5% io pha |roze|N+1

V;;a e lo) exp(}"1 Iflo)

i 1 +O( ! )
rmu 00) oS5 0 [rote [N+1 )

k=2

—

Then

1« 1

g (hst) = = (rg® ¢ F0) exp(r i)
o

N 1 1
+0 s
22: 1W(Ol(l k)) k 58 i0 pk-1)as1 (lfolN”lt“N*”)

when t — +00, we get

1 la 1

a(r()TeTniO)exp(rgtio) <

N

1 1 1
- +0 — 0.
k%: (el = K)) ke85 o gkt < |ro | N+1 [N +1| >

From the above discussion, we can see that t*71E, , (As£%) is stable as t — +00. Other

Jordan canonical forms in (28) can be treated by the same method as used in Theorem 3.2.

Hence, the system (8) is stable. The proof is completed. d

Theorem 3.5 If the system (8) is regular, the zero eigenvalues of EA are such that their
algebraic multiplicities are larger than their geometric multiplicities, i < 1, in which 1 is
the max dimension value for the Jordan canonical blocks of zero eigenvalues, and all the

non-zero eigenvalues satisfy

am

|arg(%.(E94))| > -

moreover, the algebraic and geometric multiplicities are the same for the critical eigenval-
ues, satisfying | arg(A(EdA))| = %F, then the system (8) is stable.

Proof According to Lemma 2.1 and the conditions of Theorem 3.5, the following proof is
similar to Theorems 3.3, 3.4 and will be omitted. O
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Theorem 3.6 For the system (8), if all the roots of the characteristic equation |[s"E—A| =0
have negative real parts, then the system is asymptotically stable.

Proof Taking the Laplace transform on both sides of system (8), we get the characteristic
equation of system (8) as follows:

|s“E-A| =0. (29)
Let A =%, then
IAE—A| =0. (30)

Next, we prove that the characteristic equations, |AE — A| = 0 and |\l — Edj” =0, have
the same non-zero eigenvalues.
In fact, from (20) in Theorem 3.2, there exist a p and an invertible matrix T such that

1 _

where p is constant, (oE — A) is invertible, and C~}(pC - I) € RP*?,
Then

M—-CYpC-I) 0

Al -E4A| = |T7|
0 A

1T

= A= C Y (pC - DA (32)
Premultiplying |(oE — A)™!| on both sides of |]AE — A| = 0 and applying (9), (10), we have

0=|AE-A|=|(oE-A)"||IAE-A|
= |(pE-A)(AE - A)|

= hE-A|

_[AC-(pC-D 0

- 0 (A—p)N +1

=|CM|AT - C T (pC - DI|(x - p)N +1]. (33)

Since N is nilpotent, we get

|, = p)N +1| = 1.
Hence,
0=[rE-A|=|C||M-C(pC-1)|. (34)

From (32) and (34), we can see that the characteristic equations, |[A\E — A| = 0 and |Al —
EdIZH = 0, have the same non-zero eigenvalues.
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According to the conditions of Theorem 3.6, assume Ay, A5, ..., A, are all non-zero roots
of |LE — A| = 0. n; is the multiplicity of A;,1 <i <m, and n; + ny + - - - + 1, < n. From the
above discussion, we know that Aj, Ay, ..., A, are all non-zero roots of |Al — Ed}ll =0 and
they are also all non-zero roots of |\l — C1(pC —1I)| = 0.

Two cases, whether there are multiple roots among Ay, Ay, ..., A, or not, will be dis-
cussed.

First, suppose that the matrix C~1(oC —I) is diagonalizable, i.e., there exists an invertible

matrix P such that

e 0
ClpC-1)=pP"! P.
0 hom

From (31), let H = T(g ?), then

A1 0
. 0
EAA=HT| \O m H.
0 0
Hence,
Euo(EYA%) = Hdiag| Eua (). Eu (ot™)y 0, —— |H.
' ’ ’ () INGY
\_\,—/

n-m

Due to A =%, |arg())| = |arg(s*)| > 5+ when |arg(s)| > 7. From the proof of Theorem 3.2,
we see that system (8) is asymptotically stable.
Second, suppose that the matrix C*(oC — I) is similar to a Jordan canonical form, i.e.,

there exists an invertible matrix P such that
CYpC-1I) =P diag(,, /2, ..., m)P. (35)

Let J;,1 < i < m, have the form

The following proof is similar to case (ii) in Theorem 3.2 and will be omitted. The proof

is completed. g

4 lllustrative examples
In this section, we present some examples to illustrate the application of our results.
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Example 1 Consider the following system:

ED3 x(t) = Ax(t), (36)
10-2 0 -1 -2 x1(0)
where E = (—1 0 2),A = ( 27 22 17 ),x(t) = (xg(t)),
232 -18 14 10 x3(t)
Since E — A is invertible, we have
5 4 5 4
X -1 -3 -3 X -2 -3 -3
E=(E-ATE=|2 § -%|, A=E-ATA=|2 % -],
-1 2 Db -1 2 7
3 3 3 3
1 -4 28
R 27 T27
Fi - ( 2 77 % ), and the initial condition x(0) satisfies
-8B
(I-EE))x(0)=0, ie.,921(0) + 7x2(0) + 5x3(0) = 0.
Hence, we get the explicit representation of the solution for the example:
2 fdh 1
X(t)=t3E (E?At3)x(0)
Example 2 Consider the following system:
ED3x(t) = Ax(r), (37)
10 -10 (£)
where E = (o 0),A =( 1 1)x(D) = (;;(t))'

Since E — A is invertible, we have

[=EN ]
S———"
b
1l
™
|
>
|
b
1l
-
o\ Nllb—‘
Lo
SNS———

E=(E-A)'E= (

A 2 0 agn -1 0 Aa 1 0
= =\ ) EEY={, |
0 -3 0 3 0

and the initial condition x(0) satisfies

ty
QU
N

(I-EE*)x(0)=0, ie.,x1(0)—3x,(0)=0.

The eigenvalues of the matrix EA are Ay = -1, 4, = 0, therefore the system is asymptoti-

cally stable.
Verifying it in another way, the solution of the system is

MO, w0 = 0.
3

From [16], when t — +00, there exists a constant M > 1, such that

[E1 1 (<£5)] < Me].
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When ¢ — +00, we can get x1(t) — 0 and x;(¢) — 0. Thus, the system (37) is asymptoti-

cally stable.

5 Conclusions

In this paper, we obtain the existence and uniqueness theorem for the initial value problem

of the linear degenerate fractional differential system and derive an explicit representation

of the solution for the system. The stability of linear degenerate fractional differential sys-

tems under the Riemann-Liouville derivative is investigated and some stability criteria for

the system are given, which can be verified easily. We derive the relationship between the

stability and the distribution of the zero eigenvalues of system as well as the distribution

of the eigenvalues MEA) satisfying | arg()\(lASdA))| = %F. Since the considered systems are

degenerate fractional systems, the theorems obtained in this paper can also be widely ap-

plied to many practical systems and generalize the results which are derived in [13, 37].
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