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Abstract

In this paper, we solve two-dimensional modified anomalous fractional sub-diffusion
equation using modified implicit finite difference approximation. The stability and
convergence of the proposed scheme are analyzed by the Fourier series method. We
show that the scheme is unconditionally stable and the approximate solution
converges to the exact solution. A numerical example is given to show the
application and feasibility of the proposed scheme.
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1 Introduction

There has been much interest over the last two decades in fractional calculus and its
applications. A comprehensive treatment of fractional calculus and applications can be
found in Miller and Ross [1], Oldham and Spanier [2], Podlubny [3] and Samko et al. [4].
Many researchers have used numerical methods to solve biological and fluid dynamics
type models and investigated the stability and convergence analysis, see [5-9]. Here, the
modified anomalous sub-diffusion equation has been proposed to describe the processes
that become less anomalous as time progresses by inclusion of a secondary fractional time
derivative acting on diffusion operator [10-13].

Many researchers have solved this problem with different methods. Li and Wang [14]
proposed an improved efficient difference method for modified anomalous sub-diffusion
equation with a nonlinear source term. They used weighted and shifted Griinwald-
Letnikov for Riemann-Liouville fractional derivative and compact difference for space
derivative and used second-order interpolation formula for nonlinear source term. De-
hghan et al. [15] used a finite difference scheme for Riemann-Liouville fractional deriva-
tive and the Legendre spectral element method for space component. For a semi-discrete
scheme, they took integral on both sides and then for full discretization used the Leg-
endre spectral element method for one- and two-dimensional modified anomalous sub-
diffusion equation. Liu et al. [13] demonstrated a new implicit numerical method for mod-
ified anomalous sub-diffusion equation with nonlinear source term in a bounded domain
and analyzed stability and convergence by a new energy method. Cao et al. [16] studied
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the implicit midpoint method and constructed a new numerical scheme for modified frac-
tional sub-diffusion equation with nonlinear source term. Ding and Li [17] used second-
order Riemann-Liouville fractional derivative and constructed two kinds of novel numer-
ical schemes and discussed stability, convergence and solvability by the Fourier method.
So many authors have used a high-order difference scheme with different methods for
modified anomalous sub-diffusion equation and applied Griinwald-Letnikov definition
for Riemann-Liouville fractional derivative and also discussed stability and convergence
[11, 18, 19].

In this paper, we modify the implicit difference method completely numerically for
modified anomalous fractional sub-diffusion equation by applying the discretized form
of Riemann-Liouville integral operator and the backward difference formula to remove
the partial derivative with respect to time. We also analyze the stability and convergence
of the modified scheme by the Fourier series method.

In this paper, we consider the following modified anomalous fractional sub-diffusion
equation [18]:

du(x, y,t) ) <A gl 3 9P >|:82u(x,y, ) N 0%u(x, y,t)

Y, L 1
ot ot U app o2 8y ]+f (.5 1) @

subject to the initial and boundary conditions

M(x>)’>0) = w(x’y)r (2)
u(0,,8) = (9, 0), u(L,y,t) = p2(y, 1),
u(x, O, t) = @3(% t)) u(x,L, t) = 904(95, t), (3)

0<xy<LO0<t<T,

B
and 81 7 are

where ¢, 91, @2, @3 and ¢4 are known functions, A, B are constants and 2

atl-a
the Riemann-Liouville fractional derivatives of fractional order 1—« and 1- 8, respectively,

defined by [3, 20].

9l 1 8 [f ulxyn) 9
9.t — dn = —ISu(x,y,t 4
Spia u(x,y,t) = F(a)a /0 (t e = 5k u(x,y,1), (4)
91-p 1 L ulx,y,m) 3 4
L9, £) = — dn = —1Pulx, y,1). 5
pye) u(x,y,t) = F(ﬂ) el oux,y,1) (5)
Here
1 (" ulxyn)
I u(x,y,t) = / dn, (6)
OEBPE T @) Jo 6=y
1 (" ulxyn)
Bulx,y,1) = s @)

T Jo t-m?

is the Riemann-Liouville integral of fractional order 0 < &, 8 < 1.

The following two lemmas will be used in this paper [20].
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Lemma 1 Ifu(t) € C'[0, T), then

k-1
Du(t) = Z b ulte ) + R, (8)

1:0
y %
where |R; | < Chy T

Lemma 2 The coefficients b,((y) (k=0,1,2,...) satisfy the following properties:
(i) by) L bky) >0,k=0,1,2,....
(ii) b k 1 > b ,k=1,2,.
(i) There exists a positive constant C > 0 such that t < Cb e k=1,2,....
(iv) Z} Obl(y o =(k+1)Y <TV.

2 Modified implicit difference approximation

In this section, we develop a modified implicit difference scheme for the modified anoma-
lous fractional sub-diffusion equation (1)-(3). For the discretization of the Riemann-
Liouville fractional derivative, we use the definition in (4)-(5) and replace the second-order
space derivatives by central difference approximation. We take the space steps as x; = iAx,
in the x-directionwithi=1,2,...,M-1, Ax = ﬁ, and the timestepis ¢ = k7,k=1,2,...,N,
where 7 = Al[ Let uf be the numerical approximation to u(x;, tx). By applying (4) and (5) to
equation (1), we obtain

du(x, y,t) (A 0 a ﬁ>[32u(x,y, t) . %u(x,y,t)
dat ot

I§ + B—I V). 9
ot 0 axz ayz :|+f(x3/ ) ()

Firstly, for the discretization of equation (9), we are using Lemma 1 for the Riemann-
Liouville integral operator, then central difference approximation for second-order space
derivatives and applying backward difference approximation for the partial derivative with
respect to time, we have

k-1
k k-1 _ (@) .2 (, k—s k—s— 1 k—s —s 1
U~y = rIst Sx (uw- u;; +r22b 8y )
s=0

k-1
+V3Zb 8.76 ks ksl 4Zbﬂ ks M{fj—s—l)
s=0
+Tf (%, ), tr) +Ruk +R”Y (10)
Here,
At At Btf
n=————, n=————s, 3= >,
Mo +1)Ax [(x+1)Ay (B +1)Ax
Bt#
r=—, |R ‘ Cb,((a)r“ (r + 'L’sz), (11)
LB +1)Ay

R = O eh(r +ean?)
and

2k _ ok k 2k _ ok koo k
Sx"uy; = Uy — 2u + Uiy 8y uyy = yj — 205+ Uy . (12)
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From the above, we present a modified implicit difference scheme for the modified anoma-

lous fractional sub-diffusion equation (1)-(3) with the initial and boundary conditions as

follows:
uf(l - uf/‘l = rléxzuf"j - rlb,((a_)Iszugj + r28y2ufj - rzbgfi)léyzuo
k-1
-6 - b9) (ndx*uj;® + rady’uy’)
s=1
+ r38x2u - rgb§(518x2u + r48y - mb,@l 214?]
k-1
(b(ﬁ — b)) (r3 8> u S+ a8y uls S) +T if;, (13)
s=1
wherei=1,2,...M,-1,j=1,2,... M, —1land k=1,2,...N — 1 with
ui; = @i yp)s (14)
u()] = (pl(yj’ tk)) uIX/IJ = (p2(yjr tk),
ufo = s te),  uhy = ali ), (15)

0<xy<LO0O<t<T.

3 Stability of the modified implicit scheme
In this section, we investigate the stability of the modified implicit numerical scheme using
the Fourier series method. Let U¥ be the approximate solution for (13), and we have

U — UK = 8o U — b0 852 U, + rdy* UL, — rab 8y UL

k-1

- (bﬁ)l - bg"‘)) (r18x2L[ikJ.‘s + VZSyZUi’fj‘S)
s=1

+ 1382 U — rsb 622U + rady? UL, — rabf 892U
k-1

=3 (B - b)) (rs6xP UL + rasy?US?) + 1Ak, (16)
s=1

wherei=1,2,...,M,-1,j=12,...,M,-1land k=1,2,...,N - L.
Next, the error is defined as

eiy = uyy — U, 17)

where effj satisfies (16) and

ko k-1 _ k k. k 0
€ij—€j =n (ei+1,j —2e;; + ei—l,}) ’"lbk 1( €i+1,) 2‘3 +e_ 1;)
k k 0
+r2(ei,j+1 23 T e 1) ’2bk 1( €iji1 - 2¢); e 1)

k-1
(B3 = 0) (ra(efis; — 2l + ef5)

s=1
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+ra(€f7 26’”+e’”))

k—s
ij+1 ij-1
k B) (,0 0 0
SREICHY j 23 teéi ;) —r3biy (et j 2t eily))
k k 0
T74\€j1 — 28 +ez} 1) r4bk 1( €ij+1 23 j T €ij- l)
-1
(13 k—s k s, _k-s
E (53 = b)) (rs (el - 2¢5° + €/3))
s=1
k—s k—s k—s
+ r4(el]+1 2ef;° + €’ 1))

The error and initial conditions are given by

By defining the following grid functions for k =1,2,...,N

k
el.,}-,

e"(x,y) =10, when0<x< % orL —

whenx._g SE=X,a0Y, & Y=Y, a0
2

<x<
2xL

0, whenO§y§TyorL—7y§y§L,

X (x,y) can be expanded in Fourier series such as

00
ek(x,y) _ Z )»k(ll, lz)eZleﬂ(llx/Lsz/L)’

I,lp=—00

where
1 L L
A.k(ll,lz) _ Z /O /0 ek(x,y)e—Z\/—_ln(llx/LJrlzy/L) dxdy

From the definition of /2 norm and Parseval’s equality, we have

My—1My-1

lekl% = 3" > Axaylel|* = Z b))
i=1  j=1

h,lp=—00
Supposing that

k _ }Lkeﬁ(aliAx+02/Ay)’

where 01 =2l /L, 05 = 27wl,/L and substituting (24) in (18), we obtain

1
A= 4(1 P ()J“l + (Mlbfi)l + Mgb(ﬁ 204 Z bi"‘)l b o) kk_s
1+ U2

Page 5 of 14

(18)

(19)

(20)

(22)

(23)

(24)

(25)
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where

A A

U1 :4(r1 sinz(al—x> + 71, sinz(az—y>), (26)
2 2
A A

o :4<r3 sin2<¥> + 7y sinz(%>). (27)

Proposition 1 IfAX (k =1,2,...,N) satisfy (25), then |\¥| < |A0].
Proof By using mathematical induction, we take k =1 in (25)

@B 1+ b pa)a®
(L+ py + p2)

)\’1

and as (11, ity > 0 and B = b =1, then
A < |20 (28)
Now, assuming that

< A°); m=12,... k-1

and as 0 < @, 8 < 1, from (25) and Lemma 2, we obtain

k-1
k 1 k-1 @ B[40 @ @) [s ks
1= g G s s S0

k-1
0
s=1

— f— _
1+ (Mlb;ﬂ + szf_)l) + U1 Zs:f(bgﬁ)l - bga}) + M2 Zf:ll bf)l - bﬁﬁ)):| |)\0|
L+ + p2)

A

14 b+ b+ (-5 + a1 - b‘[iﬁ)} )
(1 + p1 + p2)

(1 + g +

=—ﬂiﬂw\mﬂm (29)
[T+ oo

The proof of Proposition 1 by induction is completed. 0
Proposition 1 and equation (23) concluded that the solution of equation (13) satisfies

[0, = 2

(30)

21
this proved that the modified implicit difference scheme in (13) is unconditionally stable.

4 Convergence of the modified implicit scheme
In this section, we analyze the convergence of the modified implicit scheme by following
a similar approach as that in Section 3.
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Let the exact solution u(x;, ), &) be represented by Taylor series, then the truncation
error of the modified implicit scheme is obtained as

Rffj = ulx;, yjy tr) — u(xi, Yy, tr-1)

k-1
-n Z bga)sz (M(xiryjr tk—s) - u(xiyyjr tk—s—l))

s=0
k-1
- Z b8y (s Vo t—s) — U(is Vo ths1))

s=0
k-1

—rs Y b8 (ultss, yj ties) — (i, Yy tros1))
s=0

k-1
— 14 Z b§ﬁ)5y2 (M(xi,y;, ties) — (i, Yy bies1)) — Tf (%0, 9> b (31)
s=0

withi=1,2,...,Mx—1,j=1,2,...,My—1,k=1,2,...,N.
From (1), we have

ko _
R =

k k—

Ui, — Uy 1 au(xi,y]«,tk) o azu(xi,yj, tr)

- +0D; _
T ot 0x2

k-1
(@) g2 (, k—s k—s—1 1-a 82u(xi,y/, tk)
-n st Sx (”i,; —uj; ) + oD, 783/2
s=0

k—
. (@) g a2 (,,k—s k—s—1 1-a azu(xiryf’ tk)

-1y Zhs 8y (um —u;; ) +0oD; -

s=0

k-1
(B) a2 (ks _  k—s-1 1-p ¥ ulxi, yj tr)
_ngbs Sx (”i,j -y ) +oD; 0
5=0

k-1
-1y Z biﬂ )52 (uf‘l_s - u;‘,j's_l)
s=0
= O(t + t(Ax)* + T(AY)?). (32)

Since i, j and k are finite, thus there is a positive constant C; for all i, j and k, which then
leads to

|Rfj| < Ci(t + t(Ax)* + T(Ay)?), (33)
withi=1,2,...,M,-1,j=1,2,...,M,-1,k=1,2,...,N. The error is defined as

Efj = u(x;,yj, te) — uf‘l (34)
From (31), we have

u(xi)yj) tk) = u(xi:yj’ tk—l) +rn (u(xi+1:yj’ tk) - 2u(xi1yj; tk) + u(xi—lyyj; tk))

- Vlb;(i)l (M(xi+1,y;, to) — 2u(x;, yj, to) + u(xi-1, ), to)) +7 (M(xi,yju, tr)
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= 2u(x;, yj, te) + u(xi, yjo1, tk)) - Vzb;((a_)l (u(xiyy/ﬂ; to) — 2u(x;, yj, to)

>~

-1
+ u(xbyj—l: tO)) - (bﬁ)l - bia)) (1’1 (u(xiJrl’yj) tk—s) - 2”(%’»3’;& tk—s)

s

I
—_

+ u(Xi_1, ¥)s tk—s)) +71 (u(xi,ym, tros) — 2u(x;, ¥j, tres) + Ui, Yjo1, Ifk-s)))
+ 3 (e, t) — 20X, yj 1) + u(Xi1, ¥, b))

- V3b;(ﬂ_)1 (i1, 3js b0) — 2u(xi, 3y to) + wxic1, ), to) )

+ g (X, Y1 b) — 20(%, 9 t) + (i, ¥jo1, 1)

- V4b;(ﬁ_)1 (M(xi»yjﬂy to) — 2u(x;, ¥j, Lo) + uxi, ¥j1, to))
k-1
=Y (B} — b (r3 (14tian, 3 ths) — 200, Yo tics) + (s, Y b))

s=1

+ g (i, Yjars bims) — 20000, V) bies) + (i i1, tr—s)) ) + Tf (X35 ). (35)
To obtain the error equation, subtract (35) from (13) to obtain

k _ pk-1 _ k
E;-E; =n (Em,

2ES + EF, ) - b (E?

i+l

2E° +EY 1])

+7y (E

k
Fi — 2Ef; +El/ - rzbk“_l( 2E°+El°] )

ij+1

>~

-1

(b(a b * )( (Ezk:ls] 2Ek_s + Ezk lsj) T (Elk;rsl 2Ek S+ Elk] Sl))

EM

k k (B)
+V3(E»+1]—2E +Ez 11) r3bk—1( i+l 2EO +EL01])
+ra (BN — 2K + EX ) — rabl (EDy — 2ED + ED )
k-1
(8) k k-s , rk
(b3 - BP) (rs (N - 2B + E)
s=1
7 (Elk]f1 Effl s E{‘] ) + TR;(J, (36)
with error boundary conditions
Ef=Ek -0, k=1,2,...,N, (37)
and the initial condition
E)=0, i=1,2..M,j=12,.. M, (38)

Next, we define the following grid functions for k =1,2,...,N:

Ef]., whenxl_M <E X 80), & <YEY 0,
K o

Ef(x,y) = 0, when0<x< & orL— x <x<IL, (39)

0, whenOfyg%orL—%fny,
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and

k
R,

Ri(x,9) =10, when0<x< Sorl-4 <x<I, (40)

whenxi_% X=X Ay, a Y=Y
2

0, when0<y<—orL— <y<L

i=12,...,M,-1,j= 1,2,...,My—1,k= 1,2,...,N.
Here, EX(x, y) and R¥(x, y) can be expanded in Fourier series such as

00
Ek(x,y) _ Z Ek(llr 12)62«/?1ﬂ(11x/L+12y/L)’ k= 1,2,...N, (41)
11,12=—OO
Ry = > Wh(ly, )e?Y mallbyl) =19, N, (42)
11,12:—00
where
S (ll’ 12 / / Ek x y —2«ﬁ7‘[ (hx/L+lpy/L) dxdy (43)
1
Wk (L, 1) = I f f RF(x, y)e 2/ 1mhxlLlsbayll) g g1y (44)
0 0

From the definition of 2 norm and Parseval’s equality, we have

Myx-1My-1
2
||E'k||l2 = Z Z AxAy’ez/| Z | ll) (45)
i=1 j=1 l,lp=—00
and
My—-1My-1
IR = > Z AxAylel|* = Z |wk (@, 1)). (46)
=1 j=1 l1,lp=-00
Based on the above, suppose that
k k ~/-1(o1i o9j
Ez] =£ ed—l( 1iAx+ szy)’ (47)
k k V(o1 j
Ri,j -y e«/_l(Ulle’rUZ]AJ’), (48)
respectively, substituting (47) and (48) into (36) gives
1
k _ k-1 (e) ( (Ol oz) k—s
= + (b, + b o4 b - b
& R (5 (b + o M1 Z o )&
+M2Zb - b)) skur\yk) (49)

where p; and p, are mentioned in Section 3.
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Proposition 2 Let £ (k =1,2,...,N) be the solution of (49), then there is a positive con-
stant C, so that

4| < Coke|W!.
Proof From E° = 0 and (43), we have

§°=£%h, ) =0. (50)
From (44) and (46), then there is a positive constant C, such that

(WK| < G| W (h, b)) (51)
Using mathematical induction for k =1, then from (49) and (50), we obtain

N SR
5= (1+M1+M2)(t\p )

Since py, 4o > 0, from (51), we get

61 <[] = Gor W], (52)
Now suppose that
€™ < Comr| W], m=1,2,...,k-1. (53)

As 0 <a, B <1, from (48), (50) and Lemma 2, we have

g4 < £ Y (b = B IE ] + o YT (B — )14 + 1w
B @+ g1 + p2)
< [(k ~ )+ (k= Din F B = )+ k= Di Ba G -6 +1] g
- (1 + p1 + p2)
_[*=D0+ @ -52) + (- 52)) +17 |
1+ p1+ o) ? '
As 1, o > 0 and (1 — by_1) > 0, for all values, so
<kCyt|¥|. (54)
The proof of Proposition 2 by induction is completed. O

Theorem 1 The modified implicit difference scheme is I* convergent and the order of con-
vergence is O(t + 1(Ax)? + T(Ay)?).

Proof From (32) and (46), we obtain

||Rk” < \/MCI(t +(Ax)? + r(Ay)z) = LCl(t +7(Ax)? + r(Ay)2). (55)
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In view of Proposition 2, (45), (46) and (55)

||Ek||l2 < kCyt ||R1 H < C1C2k1:L(t +17(Ax)* + r(Ay)Z), (56)
as kt <R, thus

||Ek||lz < C1C2RL('L' + r(Ax)2 + 'C(Ay)z), (57)

where C = C;CyRL.
This completes the proof of the theorem. d

5 Numerical experiments
In this section, we solve a numerical example to test the theoretical analysis. The maxi-
mum errors between the numerical solution and the exact solution are compared with the

mentioned references, i.e., the maximum error is defined as follows:

Exw= max |u(axin yjs i) — uf]| (58)
0<i<My-1,0<j<My-1,0<k<N

Example 1 Consider the following two-dimensional modified anomalous fractional sub-
diffusion equation [18]:

dulx,y,t) ( gl gl-p >|:82u(x,y,t) N %u(x,y,t)

) ’t ) 0 < t < T, 59
ot oo 9p ox? 9y2 ] @y (9)

where

22 +a + B) 2atp

o a+p
flx,y,t) = s1n(x+y)((1+a+f3)t + T+ 20+ f)

L 2MCrat ﬁ)tm,j),
'l+a+28)

subject to the initial and boundary conditions
u(x,y,0)=0, 0<xy<l, (60)
u(0,y,t) = t"***F sin(y), u(L,y,t) = P sin(L + y),

u(x,0,t) = 1 sin(x), ulx, L, t) =t sin(L + x), (61)

0<xy<LO<t<T.

The exact solution is given by
u(x, t) = 4P sin(x + y). (62)
The developed modified implicit scheme is applied to problem (59)-(61). Table 1 shows

the errors E, at T = 1.0 for the space step size Ax = Ay = % and for various values of 7.
Note that the time step 7 is defined by 7 = I\Z]

Page 11 of 14
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Table 1 Comparison of numerical methods at T=1.0, Ax= Ay = 1l, a=0.25, =045

0
T CFDMin[21] INMin[20] Our method
1710 1.572%e-2 6.8179%e-3 5.1782e-3
1/20 7.8976e-3 3.6388e-3 24390e-3
1/40 3.9560e-3 1.8825e-3 1.1772e-3
1/80 1.9794e-3 9.377%-4 59755e-4
17160 9.8995e-4 4.3872e-4 3.3033e-4

Table 2 Comparison of numerical methods at T=1.0, Ax= Ay = 11—0, o =0.75, # =0.85

T CFDMin[21] INMin[20] Our method
1/10 3.0442e-2 1.2912e-2 6.2798e-3
1/20 1.5748e-2 6.8096e-3 1.5832e-3
1/40 8.0073e-3 3.4686e-3 8.2968e-4
1/80 40371e-3 1.7180e-3 5.9755e-4
1/160  2.026%e-3 8.2079%-4 4.5855e-4

0.98
0.96
0.94
u(x,y.t) 0.92 | M appsol
exact sol
0.90

0.88

0.86

T T T T T T T T T T T T T T |
0.1 02 03 04 05 0.6 0.7 08 09
x

Figure 1 Comparison of the numerical scheme (59) and the exact solution (44) at & = 0.75, 8 = 0.75,
T=1,y=0.1and N =80.

In Tables 1 and 2, the numerical results seem to confirm our theoretical analysis for
various values of time step size 7, @ and .

Figures 1 and 2 show the numerical solution of equation (59) and compare it with the
exact solution at o = 0.25,75, B = 0.45,0.85, y = 0.1 and T = 1.0, respectively. It can be
seen that the numerical solution is in excellent agreement with the exact solution. These
results proved our theoretical analysis.

6 Conclusion

A modified implicit difference scheme for two-dimensional modified anomalous frac-
tional sub-diffusion equation has been described in this paper. The modified scheme
has the advantage of low complexity, low computation and it is easy to implement. We
have used the Fourier series method and found that the scheme with convergence order
(t + t(Ax)? + (Ay)?) is unconditionally stable and convergent. The result of an appli-
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Figure 2 Comparison of the numerical scheme (59) and the exact solution (44) at & = 0.25, 8 = 0.45,
T=1,y=0.1and N =160.

cation to a particular example has been discussed graphically and numerically. A com-
parison of the numerical methods with the proposed scheme for the example has shown
that the scheme is feasible and accurate. This technique can also be extended to explicit
and Crank-Nicolson method and can be applied to other types of fractional differential
equations.
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