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Abstract

Solution to the solvability problem for a class of product-type systems of difference
equations is given by presenting explicit formulas for its solutions. In the main/most
complicated cases the problem is solved by using two different methods. This is the
last system, out of the three non-equivalent ones, for which an associated polynomial,
which essentially determines the structure of the solutions, is of the third order, so
that the paper finishes the study of this kind of two-dimensional systems.
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1 Introduction

Theory of difference equations is a mathematical area of great interest [1-40]. Concrete
systems is one of its subareas which is of some interest nowadays. Papers [12-14] by Pa-
paschinopoulos and Schinas are some of those which have influenced the interest. Later
many others have appeared [4, 9-11, 15, 16, 18,19, 22-28, 30—4.0]. One of the oldest topics
is finding solutions to the equations and systems [1, 5-8]. Since the mid of 2000s there has
been increasing interest in the topic [4, 17, 21-31, 33—40]. An interesting fact is that many
nonlinear equations and systems are related to linear ones although they are of relatively
complex forms, which usually do not suggest it on the first site. A line of the investigation
related to a solvable nonlinear difference equation can be followed, for example, in [4, 17,
21, 36] (see also the references therein). A more complicated equation and related meth-
ods can be found in [29]. The corresponding and related systems of difference equations
were studied, for example, in [23, 33] and [34] (see also the references therein). Another
system of interest can be found in [35]. The equations and systems in these papers are
solved by employing suitable changes of variables which transform them to some linear
equations and systems which are solvable.

Many equations and systems contain as special cases product-type ones [20, 32]. Some
methods for the study of the long-term behavior of their solutions have used directly or
indirectly the equations and systems which can be solved. In [20] and [32] we studied only
positive solutions to the equations and systems appearing therein, so the product-type
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ones, which are obtained from them by special choices of their parameters, were solvable.
Applying the logarithm is a standard method for solving such equations and systems; it
was, among others, also used in solving a system in [22]. In general, a more complex case is
studying non-positive solutions to difference equations and systems, which is also the case
for the product-type systems, since the previous method is useless because it produces
multi-valued solutions. In our papers [26] and [31], we have presented a two- and a three-
dimensional solvable product-type system in the complex plane, respectively. Many results
on the long-term behavior of solutions to the system in [31] were presented therein, while
in [26] we only gave a method for solving the corresponding system. Having published
these two papers has motivated us to look for other solvable product-type systems. In [37]
we have managed to solve another one. The fact that the systems in [31] and [37] have
been special cases of the following system
Zn =2y wf,_kz, Wy = wf,_kszz_,q, n € Ny, 1)

has motivated us to start investigating the solvability of other special cases of the system.
Some equations in [29] are product-type ones, but they have additional multipliers, which
suggested us to study the solvability of the generalizations of system (1) containing some
multipliers. The first step in the study was made in [24]. Our further investigations sug-
gested that closed-form formulas for solutions to product-type systems can be presented
for all given values of parameters and multipliers, which for two specific systems of the
form in (1) was done in [28] and [40] for the first time (in [37] and [39] general formulas
were presented in the main cases, but without detailed analysis and without presenting
more concrete formulas for each possible case; this type of problems does not appear for
the system in [38], where its solutions are presented in all the cases). Product-type sys-
tems can be also solved by using the method which we developed in [27], but is somewhat
technically complicated with respect to the one developed in [28, 37, 40]. Another class
of product-type systems has been quite recently investigated in detail in [30].

This paper is devoted to the study of an extension of system (1), with the following delays
ki = k, =1 and k3 = k4 = 2, that is, of the system:

a b C d
Zy =0z (W, 1, Wy = BW),_ 12, 5, 1 €Ny, (2)

where a,b,c,d € Z, a, B,z_3,2_1,w_3, w_; € C. It is also a natural continuation of our study
in [24, 27-31, 37-40].

This is the last system, out of the three non-equivalent ones, for which an associated
polynomial, which essentially determines the structure of the solutions, is of the third
order, so that the paper finishes the study of this kind of systems with two dependent
variables. The case when some of initial values or parameters « and § are equal to zero is
excluded from the consideration since such solutions are either not well defined [23] or
eventually equal to zero. If a finite sum is of the form Z]l;ll ¢j, for some [ € Z, we regard
that its value is zero.

2 Auxiliary results
The following two lemmas are useful in the investigation of product-type systems. Proofs
of the first one can be found, for example, in [6] and [37].
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Lemmal Let

k k
Q=) g =c[ -1
j=0 j=1

such that t; #t;, i # j, and ¢y #0. Then

25 ~°

k
G
J=1

for0<s<k-2,and

k-1
b1

QW) o

k
j=1

]

The second lemma is well known ([6, 8], see also [28] for a more general result).
Lemma 2 Letic Ny and

sg)(z) =1+2z+322+---+nZ", neN,

where z € C.
Then
1-27"
(0) _
s,7(z) = , 3
0@ =T 3)
1-(m+ 12" + nz"™t
(1) _
sy7(z) = , 4
() i (4)
@ L+z=(n+1)%2" + 2n* + 2n - 1)2"" — ?2""? .
$2() = o ®)

foreveryze C\ {1} and n e N.

3 Main results
Five cases will be considered separately. Before we formulate and prove our main results,

note that
2
zo=azwhy,  z =oAL whw,
(6)
wo = Bwiy2ty,  wi= B
Theorem 1 Assume that a,b,d € Z,c=0,bd =0, «,B,z_3,z_1,w_1 € C\ {0}. Then
(@) if a #1, the general solution to (2) is given by
l—a’”l bl—a” an+1 ba't
zp=a 1@ BTaz? wl, neN (7)
and
dl—a"”1 dan—l
wy = Ba® 1-a z4 , n=z 2; (8)
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) if a =1, the general solution to (2) is given by
=™tz w, neNg )
and
Wy, = ad(”_l)ﬁzfl, n>2. (10)

Proof Since ¢ = 0, we have

Zy = azﬁ_lwi’,_l, w, = ,BZZ_Z, n € Ny. (1)
From the equations in (11) and the assumption bd = 0, we get

z,=ap’Z,, neN, (12)
and consequently

_ (aﬂb)ZFQ()lﬂng”, nel,

which along with (6) yields

z,,:azl(’”,B Z/noajz“1 ba' meN. (13)

From (13) we easily get (7) and (9).
Using (13) in the second equality in (11), as well as the assumption bd = 0, we obtain

dz/” o alﬁh—bdZ”O a’qu” 1 bda” 2
n=2 j -1
d1j0d g a5 3, (14)

From (14) we easily get (8) and (10) for » > 3. For n = 2, equalities (8) and (10) are directly
verified. O

Theorem 2 Assume that a,c,d € Z, c #0, b =0, «, 8,22,z 1,w_p,w_1 € C\ {0}. Then
system (2) is solvable in closed form.

This theorem was essentially proved in [39], Theorem 2, (see also [39], Corollary 2, for

the closed form formulas for the solutions in all the cases), since when b = 0 system (2) is
Zy =0y, wy = BWe 2% ,, neN,

which is nothing but the corresponding system in Theorem 2 in [39] with indices shifted

backward for one. Hence, we omit the proof of the theorem.

Theorem 3 Assume that a,b,c€ Z,c#0,d =0, a, 8,z_1,w_g,w_1 € C\ {0}. Then system
(2) is solvable in closed form.
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This theorem was essentially proved in [28], since when d = 0 system (2) is
zy=az’ wh wy =W, ,, neN,

which is nothing but the corresponding system in Theorem 3.7 in [28] whose indices are
shifted backward for one (see also [28], Corollary 3.8, for the closed form formulas for the

solutions in all the cases). Hence, the proof of the theorem will be also omitted.

Theorem 4 Assume that a,b,c,d € 7.\ {0}, ac #bd, o, B,z_3,2_1, w_o,w_1 € C\ {0}. Then

system (2) is solvable in closed form.

Proof Since a, 8,z_3,z_1,w_3,w_1 € C\ {0}, from (2) we get z, # 0 # w,, for n > —2. Hence

1= ) I’IGNQ
and
b, b
wh = gPwhe, 22, neN,,

from which it follows that

Zye = @' B2 2%, neN. (15)
Let u = a'¢g?,
a =a, b =¢, ¢ =bd - ac, y =1 (16)
Then
Zpar = w220 2, neN. (17)

Equality (17) implies

”n b1 al _by
Zpsl = W (/’LG lzn ZZn 3) Zn lzn 2

_ o y1+ay aa1+by biar+e car
il Zu-1 Zn-2 Zp-3

by ¢
= /’Lyzzn 121n-2%n-3 (18)

for n > 2, where
ay =aia; + bl, b2 = bldl + ¢y, Cy = (14, _)/2 =_)/1 +da. (19)
Assume

aj br  ck
Znl = Mykzwrl—kzn—kzn—k—l’ (20)
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forak>2andall #n > k, and

ar = mdi + by, br = biar_1 + ck_1, Ck = C1dk-1, (21)

Yk = Yk-1 + Gk-1. (22)

If we replace n by n — k in (17) and employ it in (20), we get

vk ar b 1 ai, bx ck
Zn+l = I (/’LG—kzn—k—lzn—k—Z) Zyn—kZn—k-1

_ . yk+ay Maktbg_biagtck ciag
il Zy—k Zyk-1 Zn—k-2

Aier1 bk, Chel
= /’Lyk+1 Zn—7< Zn—+k—lzn—+k—2 (23)

for n > k + 1, where
Aks1 = Aray + by, b1 = bag + cx, Ckel 1= C10ks Viel 1= Yk + k. (24)

Relations (18), (19), (23), (24) along with the inductive argument confirm the conjectures
in (20)-(22).
Setting k = n in (20) and using (6), (21) and (22), we have

an  bn,cn

Zp = W2z 20
_ 2 b
— (Ol1 c b)yn (almlezl_inzz_;lwgwfll,)an (Othlwlil) nzc_nl

(1—c)y,1+(1+a)a,,+bn'Bb(yn+a,,)zbazianza2an+abn+cnWbca,,Wuba,,+bb,,

=o -1 2 W

- bd, - b b,
= Yn+2=n ﬂbyn.qz_zﬂn zf¥+2 Cdn W_Czdn W_bllrul (25)

forn e N.
The relations in (21) show that

ay = a1 + bag_y + crar_3, fork>4. (26)

Since ¢; = bd — ac #0, (26) yields

ax — a1ax-1 — biax_s

ag-3 = (27)
1
This equality enables us to calculate 4; for j < 0. It is obtained that
a1 =a_y = 0, ag = 1, (28)

(see detailed corresponding calculations in [28] and [40]) from which along with (22), it
is obtained

Yy2=y1=Y% =0, =1 (29)
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and
k-1
yk:Zaj, keN. (30)
j=0

Linear equation (26) can be solved, from which along with (28) a closed form formula
for ay is obtained. Using (30) and Lemma 2, a closed form formula for y; is obtained.
Employing such obtained formulas for a; and y in (25), we obtain a closed form formula
for the solution to (15).

From (2), we also have

w

2 ,=—"—, neN, (31)
Wia

Z=alz2 W, neN, (32)

and consequently

Waea = @ B0 wiwb %, e Np. (33)
As above, we get
— k) br k _
Wi =Wy iWni-iWno 1 z k L (34)

where 7 = @?B4, a;, by and ¢ are defined by (16) and (21), and y; is defined by (22)
and (29).
Setting k = n + 1 in (34) and using (6), we get

a b, C
Wyeo = nyn+1 W1 n+l W0n+l W_nl+l

— (adﬂl—a)yml (ﬂwc_lzfl)aml (’Bwizzg_iz)bml Winl“

— adymllg(l—a)yml+an+1+bn+1zé_ign+1zilﬂlln+1 Wc_b2n+1 oLl

- d(ayio—aa da c(apsn—aa ay43—ad
— otdy”"l ﬁy”+3 ay”+227(2 n+2 n+1)Z,1n+1W (2 n+2 n+1)w q+3 n+2 (35)

for n € Ny.

As we have already mentioned, closed form formulas for a; and y, can be found, from
which along with (35) it follows that (33) is solvable. It is not difficult to see that formulas
(25) and (35) present a solution to system (2), from which the theorem follows. O

Remark 1 Theorem 4 can be also proved by using the method in [27]. We include the
proof also for the benefit of the reader and since in the theorem that follows we follow the
lines of the method.

First note that

d 2

wy = ,BWGZg = ﬁ(ﬁwi22f2)c(a2‘flwljl) = otdﬂ1+czf‘§z‘f‘fwf2wf‘f, 6)
36

2 2 2

Wy = ﬁwfzf = 0+ ,BHC*bdzlfg z(le Oy b Czdwf]fd“ .
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The equalities in (36) show that w, and w3 depend on all the parameters and initial values
(we neglect the cases when some of the powers are zero). This fact and (2) show that the
same holds for every w,, n > 2, from which along with the first equation in (2) it follows
that the same holds for every z,, n > 3. Hence

2, = ™ B2 n 2w W, (37)

=g g “gzﬁ”w 2w5'i, (38)

for n > -2, for some sequences Xy, ¥u, du, by, € Ay Uy Vit Aty Bras Vias S
Clearly, it must be

X_9 =0, y2=0, a_s=1, b_,=0, c2=0, d_, =0, (39)
Us=0, V220, w32=0, B2=0, ya=1  8,=0, (40)
x_1 =0, y1=0, a_; =0, by =1, ¢c1=0, d_ =0, (41)
u_1=0, v1=0, o1 =0, B_1=0, y1=0, §.1=1, (42)
X0 =1, y0 =0, ao =0, by = a, c =0, dy=b, (43)
uo =0, vo=1, ag =d, Bo =0, Yo =6, 30 =0, (44)
x1=1+a, y1=b, a; = bd, b, =a?, a = b, d, = ab, (45)
u =0, =1, a; =0, B1=4d, n =0, S =c (46)

Applying (37) and (38) in (2), we get

Zn = Ol( Ky— 1ﬂy” 1Zﬂn 1 bn IWC;12 lwdl ) (aun_lﬁvn_lzfg—lzf;{—l wz;—l W‘Sri—l)b

axy-1+buy_1+1 1 +bvy1 Z“gn—1+ban—1 Zabn—l +bBu-1

=
X W‘jczn—l +byn-1 wﬂdn—1+b3n—l (47)

for n € Ny, and

W, =,3( -2 BVn-2 7%= 2213»1« 2w 2an1 2) ( n-2 BYn-2 7 Zzb’{ -2 C_yézwa_l;{ z)d

_ adxn_2 +cUy—2 lgdyn_2+cvn_2 +lzdﬂn—2+C0‘Vl—22dbn—2+5/3n—2
-2

dcznfzﬂynfz wddn-z+65n-2 (48)

X W

for n € Ny.
Motivated by (37)-(48), we define sequences Xy, ¥y, @u, by, C> Ay Uty Vit 0t Brs Vi» S @S
follows:
Xy 1= X1 + bu,_ 1 +1, Uy = AXy_n + CUy_o, (49)
V1= @Y1 + bV, Vi i= Y + CVyn + 1, (50)
a, = ada,_1 + ba,_1, oy i=da,_o + caty_o, (51)

b, :=ab,1 +bp,_1, Bu=dby s+ cByua, (52)
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Cpi=ac,_1 + b]/n—ly VYn = an_z + CVYn-2, (53)
d,:=ad,1+bs,_1, 8y =ddy_o + 8,2, (54)
for n € Ny.

Relations (39)-(44), (49)-(54) define xy,yu, @, by, Cus A Uy Vi, @y Bus Vir 8 umiquely,
while z, and w,, in (2) are defined uniquely by initial values z_5,z_1, w_5, w_;. Since z, and
wy, defined by (47) and (4.8) are solutions to (2) such that their values for # = 0,1 are the
same, it follows that they are closed form formulas for solutions to system (2). Hence, we
need only to prove that systems (49)-(54) are solvable.

The condition d # 0 implies

U, — Cly_y

d ) VIENO’ (55)

Xp-2 =
which along with the first equality in (49) yields

Upso = Alhy1 + ClUy + (bd — ac)u,_1 +d, n €Ny, (56)
and also

Vy —CVy_g — 1
Yna=—"—", nelNy, (57)
d

which along with the first equality in (50) yields

Vyso = AVpi1 + eV, + (bd — ac)v,.1 +1—a, neNg. (58)

We also have

oy — COly
ap-2 = Tz» (59)
0 — B
by = P2, (60)
'n — C¥n—
oy = 2, (61)
Sy — €Oy
dpo = =, (62)
for n € Ny, and consequently
Oy = A0y + 0Oy + (bd - ac)an—b (63)
Bus2 = aBua + cBy + (bd — ac) By, (64)
Vne2 = AYns1 T CYn + (bd - ﬂC)Vn—l; (65)
8n+2 = 45n+1 + Can + (bd - ﬂC)Sn_l, (66)

for n € N.
Itis important to point out that all the transformations that we have employed transform
systems (49)-(54) into equivalent ones. Therefore, there is a bijection between the sets of

solutions to the original and transformed systems.
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Let
A(tn) =tyea — Abyyl — Cly + (ﬂC - bd)tn—h n>-1, (67)

where (¢,),>_2 is a sequence. Then A is a linear operator, (56) can be written as A(u,) = d,
neNy, (58)as A(v,) =1-a, n € Ny, and (63)-(66) as

Alay) =A(By) = Alyn) = A(8,) =0, neNy.
Since the equation
A(t,) =0 (68)

is linear of third order, it can be solved, and specially closed form formulas for «,, S,
¥n» 8n can be obtained for the corresponding initial conditions (39)-(44). Employing the
formulas for o, B, Y, 8, in (59)-(62), formulas for ay,, b, ¢,, d, are obtained.

When /4 € R, the equation

Alt,)=h (69)

can be also solved (especially for # = d and / =1 — a), since a particular solution to the
equation can be found in the following form:

ty=go +@n+ SN + g’

for some constants gj, j = 0,3 (see, e.g., [1, 8]). From this and using (39)-(44), formulas
for u, and v, can be found, from which along with (55) and (57) formulas for x, and y,
are obtained. Using the obtained formulas for these twelve sequences in (47) and (48), we
obtain closed form formulas for solutions to system (2).

3.1 Forms of solutions to (2) for the case ac + bd
The characteristic polynomial associated to (26) is

Ps(A) =23 —ax? — cA + ac - bd, (70)

which is of the third order due to the assumption ac # bd. By using the change of variables
A =t + 3, the equation P3(1) = 0 becomes

B+pt+qg=0,

where p = —(a® + 3¢)/3 and q = (18ac — 27bd — 2a®)/27, which is solved by looking for
solutions in the form ¢ = u + v and posing the condition 3uv = —p. Then u® and v3 are

3
solutions of the equation z? + gz — £ =0, from which it follows that

a . 2 5 R
Aj:§+8"13—g— qz+‘;9—7+§"13—g+,/%+§—7, j=13, (71)

where g3 =1,¢ #1.




Stevi¢ Advances in Difference Equations (2017) 2017:151 Page 11 of 24

If the discriminant
A:=4p® +274° (72)
is such that A # 0, then all three zeros are different (if A > 0 two zeros are complex con-
jugate, if A < 0 all three zeros are real), whereas if A = 0, at least two zeros are equal [41].
Case A #0. Since in this case the zeros of P; are different, the general solution to (26) is
Uy =M + Al +azdy, mneN, (73)
where «;, i = 1,3, are constants (in fact, (73) holds for every n € Z due to the assumption

ac # bd; see the relation in (27)).
Lemma 1 employed to P5; shows that

3 )\'l 3 )\'2
j j
v =0, for/=0,1, and v =1. (74)
; Py (%)) ; Pi(%))
From (28), (73) and (74) it follows that
3 n+2 n+ n+
a. = )‘1‘ i _ M § n Ay g
TPy Ga-2)=ks) (2= A)(2 = 4s)
)Lg+2
—_ (75)
(A3 = A1)(A3 = A2)
form > -2.
Equalities (30) and (75) yield
nol 3 i
j
Y = - , neN, (76)
; j=1 P3())
If P3(1) #0, that is, (a — 1)(c — 1) # bd, then (76) yields
~ AT -1) . M -1)
P = k)~ A)0a —1) (= 2)g — A3) (e — 1)
A-1
+ 55 ~ 1) . (77)
(A3 =A)(A3 = A2)(A3 - 1)
Using (74), it is easily seen that (77) holds for n > -2.
If P3(1) = 0, that is, (a —1)(c —1) = bd, and P'(1) =3 — 2a — ¢ # 0, then
Ps(n)=2*-ar’—ch+a+c-1=(A-D(A+1-a)r+1-a-c), (78)
sothat A; =1,
a-1++a?+2a+4c-3
Aoz = #1 (79)

2
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and

A3 - 1) 2305 -1) n

S a-19)0a-17 " Ga-m)0a-1 " Ga-D0a-1 (80)

In

Using (74) it is easily checked that (80) holds for n > -2 (for a detailed explanation,
see [40]).

Corollary 1 Assume that a,b,c,d € 7.\ {0}, a, B,2_2,z_1,w_p,w_1 € C\ {0}, ac # bd and
A #0. Then the following statements hold.
(@) If (a—1)(c—1) # bd, then the general solution to system (2) is given by (25) and (35),
where (an)n=_2 is given by (75), (Vu)u=—2 is given by (77), and Aj, j = 1,3, are given by
(71).
(b) If (a—1)(c—1) = bd and 2a + c # 3, then the general solution to system (2) is given by
(25) and (35), where (ay),>— is given by (75) with Ay =1, (y,)n>—2 is given by (80),
M =1, while Ay 3 are given by (79).

Remark 2 As we have already mentioned, Ps has a zero equal to 1 if and only if (@ — 1)(c -
1) = bd, so that (78) holds. The condition A # 0 will be satisfied if and only if

(18ac - 27(a - 1)(c - 1) - 2a%)” # 4(a> + 3¢)°.
For example, if a = c € Z\ {0,1} and bd = (a — 1)> #0, then A #0,
Ps(A)=2%—ar* —ar+2a-1=(-1)(3* - (a-1r +1-2a),
and conditions of Corollary 1(b) are satisfied. Note that A; =1 and

a-1++a?2+6a-3
5 .

A3 =
Thus P; can have three different zeros, one of which is equal to 1.

Case A = 0. In this case, P; has at least two equal zeros. We may assume that Ay = A3. If
p #0, then A, is not a triple zero of P3, so the general solution to (26) is

a,=@Qr + @ +Bmry, nel, (81)

where fgj, j= 1,3, are constants. Since the solution satisfies (28), we can find it by letting
A3 —> Ay in (75), and obtain

M —(m+2MAST + (n+ DS

ay = U 12 , n=-=2, (82)
from which along with (30), we get
AN 4 (g =20 +j(ha — AN
Y = ; T , neN. (83)
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If we assume A #1 # Ay = A3, then (83) and Lemma 2 imply

A -1) . (Aa = 20)A2 (A5 = 1)
2 =2 -1) (A2 —2A1)2(k2—1)
Ml-nmIt+ (n-1A%)
(A2 = A1) (A —1)2

n

, neNlN. (84)

Moreover, using (74) it is easily checked that (84) holds also for n > -2.
If we assume that A; #1 and A, = A3 = 1, then from (83) it follows that

KM -1 A-2x0)n (n-1)n
(-1 (m-1? 2(1-a)

In (85)

Moreover, (85) holds also for n > —2. This case is obtained when (a —1)(c — 1) = bd and
2a + ¢ = 3, which implies

PsM =23 -ar?+2a-3)r+2-a=A-1)*A+2-a),

sothat A; =a —2.
If we assume that A; =1 and A, = A3 # 1, then from (83) it follows that
n (Ao =202 (M =1)  A3A-nmAt+ (m—-1)A))

PG Gemp Go-1F (86)

Moreover, (86) holds also for n > -2.

If A =p =0, then A; = A, = A3, so the general solution to (26) has the following form:
ay = (ﬁl +Bon + ,33,12))»?, neN, 87)

where Bi, B, and B; are constants.
To find the solution to equation (26) satisfying (28) in this case, we can let A, — A; in
(82) and obtain

n

_ W A, (88)

for n > -2, from which along with (30) we obtain
n-1
G+DG+2)
Yy = ; fkl (89)

for every n € N. Moreover, (89) holds also for n > -2.
If we assume that A; = A, = A3 # 1, then from (87) and Lemma 2 it follows that

2s§,0) + 3)»15521 + )\155,2_)1
2

2= (m+ 1)+ 2)A + 2n(n + 227" — n(n + DA (90)
N 2(1—11)3

In =

for every n € N. In fact, (90) holds also for n > 2.
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If we assume A; = Ay = A3 = 1, then from (87) and some calculation, we obtain

~ ! G+1D(G+2) nr+1)(n+2)

=) = - (91)
j=0

for every n € N, which obviously holds for j = -2, -1,0 (for more details, see [28, 40]).

Corollary 2 Assume that a,b,c,d € 7\ {0}, o, B,z2_2,z_1, w_p,w_1 € C\ {0}, ac # bd and
A = 0. Then the following statements are true.

(@) If(a=1)(c=1) #bd and a® + 3¢ # 0, then the general solution to system (2) is given by
(25) and (35), where (a,)u=—2 is given by (82), (¥u)u=—2 is given by (84), while A;,

j =1,3 are given by (71).

(b) If(a—1)(c—1)=bd, 2a + ¢ = 3 and a # 3, then the general solution to system (2) is
given by (25) and (35), where (a,)y>—_2 is given by (82) with Ly = 1, (V) u=—_2 is given by
(85), and M = a —2.

(©) If(a—1)(c—1) =bd, 2a + c # 3, then the general solution to system (2) is given by (25)
and (35), where (a,)n>—2 is given by (82) with A1 =1, (yu)u>—2 is given by (86), A1 =1,
while Ay 3 are given by (79).

(d) If(a—1)(c—1) #bd and a® + 3c = 0, then the general solution to system (2) is given by
(25) and (35), where (@) n=—2 is given by (88), (¥n)u=—2 is given by (90), while A; = a/3,
j=13.

(e) If (a—1)(c—1)=bd and 2a + c = 3 and a = 3, then the general solution to system (2)
is given by (25) and (35), where (an)n>—o is given by (88) with A =1, while (yu)n>—2 is
given by (91).

Remark 3 Recall that equation (70) will have a zero equal to one if (a — 1)(c — 1) = bd. If
A =m € Z\ {0} is a double zero of Ps, then it must be

Ps(A) = A3 —ar? —ch + cm + am?® — m®, (92)

Py(m) = 3m* —2am —c =0. (93)
From (93) we have that ¢ = 3m? — 2am. Using this in (92), we get
Ps(M) =23 —ar?+ (2am - 3m2)k +2m° —am? = (A —m)2(. — a + 2m). (94)

From this, and since ac # bd, it follows that a # 2m. Since P4 (m) # 0, we also have that
it must be a # 3m. Hence, for every m € Z \ {0} and a € Z such that 2m # a # 3m, the
polynomials in (94) are of type (70), and they have exactly two equal zeros A; = Ay = m #
A3 = a — 2m, and if additionally m # 1 and a # 2m + 1 hold, we see that the conditions
of Corollary 2(a) are satisfied. For m =1 and a # 3, it is obtained that P; can have 1 as a
double zero, which means that such polynomials satisfy the conditions of Corollary 2(b).
For a = 2m + 1, we get a polynomial which has a double zero different from 1, which is its
third zero. This means that such polynomials satisfy the conditions of Corollary 2(c).

The polynomial has three equal zeros only if g = 0, which along with A = 0 implies p = 0.
Hence, we have ¢ = —a?/3 and 8ac = 9bd, which implies that ¢; = a3/27, so that

2 3 3
P =23 —ant+ Ta- L o (n-2) .
3" 727 3
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Since ¢ must be an integer, it follows that a = 3a for some & € Z, so that ¢ = =342 and
1 = @>. Hence, for each @ € Z \ {0}, these relations give polynomials of the form in (70)
which have three equal zeros. This means that such polynomials satisfy the conditions of
Corollary 2(d). When a = 3, polynomial P; has 1 as a triple zero, which means that there

is a polynomial satisfying the conditions of Corollary 2(e).

Before we formulate our next result, we want to say that the solution to the difference

equation
Zye2 + AZp + bz, =0, neNy, (95)

with initial values z¢,z; € C, where a € C and b € C\ {0}, is given by

_Mzo-z1, 21— MZo N

= 96
s T T4 o (96)

if )»1 5/)\2, and
2y = (zm + Mzo (L= m)) A7~ (97)

if &1 = A2, where A1 and A, are the zeros of the characteristic polynomial Py() = A +ar+b.
This simple result is well known and can be essentially found in any book on difference

equations and many papers [6, 8, 25].

Theorem 5 Assumethata,b,c,d € Z,ac=bd,cd #0,a,8 € C\{0}andz_5,z_1,w_o,w_; €
C\ {0}. Then the following statements hold.
(a) Ifa® #—4c and a + ¢ #1, then the general solution to system (2) is given by the

following formulas:

1 (O-DAL (3 -1+t ~
z, = a4 T s R

n_yn
e ((AZ-l)x{‘*l-(xl-l)xg“ _1) “Cil i‘z
X ﬂd(aﬂ—l) A=A 5 1742

Aiﬂl_}\gﬂ 22 A{'—A;‘ n+l_;n+l

ac )‘1

ey d Ty d iy
Xz VP owly TRw TR (98)

and
d_( Ga-DA-(-DA 1 (p-DAf=(a1-D2A%
Wy, = q17a¢ (7'”42 +1)ﬁa+c—l (C—AZ—AI +“’1)
LS S L s Y e S
XZ_Z 1742 Z_ll 2W_2 1742 W_ll 2’ (99)
where

Ap= ——— (100)
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(b) Ifa® = —4c and a + ¢ # 1, then the general solution to system (2) is given by the
following formulas:

Z, = aﬁ((—(n+1))f;’+(n+2)A%+c(n—1)A1—cn)Ai'”1+c—1)

« /3 m ((—(Vl+1)}»§+(}’l+2))\.% +c(n—1))hl—m)}\f’1 —a)ZECZ(n—l)—(n+1)Af)ki‘

((n+2))\% —cn)k{”l % (C(Vl—l)—(}’l+1))u%))tiq 651 ((n+2))\%—cn))»{l_1

L Wl wi (101)
and
W, = L ((n-ap)ago1) B aret (€O (1=a)mif " va-1) zf(zl e
5 Z,iz;lm”‘l Wc_(zl—nm”winl*?‘l, (102)
where
AL=al2. (103)

(c) Ifa® # —4c and a + c = 1, then the general solution to system (2) is given by the
following formulas:

a(a—l)”*l—n(a—l)z—S(a—l)+n+1

Zn = (a-2)2
—a(a-1)"*2 +na(1-a)(2-a)+ala-1)% (a-1)"-1
% /3 d2-a)2 Z“(;’l) 2-a
S W (o Vil (2 VS VR V(2 Vs
Xz, 7 ow, da=2) w_, e (104)
and
d((a-1)" +n(1-a)+n-1) —(a—l)'Hl+(2—a)2—l+a+n(1—a)(2—a) d(a—1) (gz—l)"”1 -1

Wy =0 (@-2)2 B (2-a)? z, 2-a

g1 (@12(@-)"1) (@) (a-1)-1)
Xz, b w, w, T (105)

(d) Ifa® = —4c and a + c = 1, then the general solution to system (2) is given by the

following formulas:

Z, = anhnﬂ[gb@Z:%nzgtfﬂw:gnwli(lnﬂ) (106)
and

Wy=a e B #zﬁl_”)zﬁ’wglw:f (107)

Proof First note that in this case equalities (49)-(66) also hold. Since ac = bd and ¢ # 0, we
have

Upya = Alhpy1 + Cly + d, (108)
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Vpso = AVpi1 +CVp + 1 —a, (109)
Qg = A0y + COLyy (110)
Bur2 = aPun + By, (111)
Vn+2 = AYn+1 + CVny (112)
82 = A8y + 8y (113)

for n € Ny, while operator A defined in (67) becomes
A(ty) = tyey — aty, — cty.

Now, equation (68) is of the second order, so solvable in closed form. Consequently, (110)-
(113) are solvable, so that closed form formulas for &,, B,1, ¥4, 8, can be found by employing
the corresponding conditions in (39)-(44). Such obtained formulas along with (59)-(62)
yield formulas for a,, b,, ¢,, d,,. Further, (69) is also solvable, since a particular solution to
the equation has the form

t, = d() + dll’l + d2n2

for some constants (,Ai,',j = 0,2. Specially, it is solved for f = d and f = 1 — a, which gives
formulas for the sequences u, and v,, and consequently closed form formulas for x, and
¥ Using such obtained formulas in (47) and (48), we get formulas for solutions to system
(2) in this case.

(a) Case a®> + 4c #0, a + ¢ # 1. In this case, a particular solution to equation (108) is

e , (114)
l-a-c
so that
n n d
Uy = CIA] + CoAy + =2 o n €Ny,
where
+a? + 4
g = TENE FEC 115)
2
from which along with #( = u; = 0 it follows that
d(h, = 1) d dl - i)
a= and ¢y = ,
@t e-1)(n- 1) P @t c-1)0n 1)
and consequently
d Ao — DA — (A =1AS
Uy = (o= DA - =Dd3 G (116)
l-a-c )\.1 - )\.2

Page 17 of 24
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Using (116) in (55), we get

- l-a-c A — Ao
Particular solution to equation (109) in this case is

l-a

Vfl:

b
l-a-c

so that

l-a
Vn:dl)uiq+d2)\g+l_ﬂ_c, HENO,

where A1, are given by (115), from which along with vy = v; =1 it follows that

B c(ha 1) 4 doe c(1-x1)
P 17V B A PR § T I &

and consequently

v

1 (C(x2 DAY = (A — 1AL +a—1).

n:d'l'C—l )\2—)\.1

Using (119) in (57), we get

b © ((xz ~DOF - 9A -~ (a -1 -5 ﬂ>'

dla+c-1) Ay =AM

By using the corresponding conditions in (43)-(46) in formula (96), we get

)\‘rl—l _)\'n—l
oy = d)\.l)\,2¥;
Ay =M
A=A
ﬂn =d ! 2 )
A=A
A=t
=CMAy———,
Vn 142 )\2 _ )L1
M
n= .
M— Ay

By using (121)-(124) in (59)-(62), we get

)\'2 —c )‘.n—l _ )\'2 —c )‘.n—l
6ln=)»1)~2(1 i % )2,
Ao — A

b o (A2 — A — (A3 — O]

n - )\‘1 _ )“2 »

chry (A=At — (A3 — o)Ayt

C,y =

" d Ao — M
c (A=A = (A3 - o)\
d A=Ay ’

’

d, =

Page 18 of 24
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(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)

127)

(128)
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Using (116), (117), (119)-(128) in (47) and (48), as well as the fact that 1; ; are roots of the
polynomial A2 — aX — ¢, and after some standard calculations, formulas (98) and (99) are
obtained.

(b) Case a* + 4c = 0, a + ¢ #1. In this case, we have A; = A, #1 and a particular solution

to equation (108) is given by (114), so that

d
u,,:(cl+czn))»¥+1 PR n e N,

where 1; is given by (103), from which along with #y = #; = 0 it follows that

d and ¢ = 1 =)
2_(61+C—1))\.1’

Yare-1
and consequently

d
= —— (A + @ =2p))Aft -1). (129)

Using (129) in (55), we get

1
Xy = N (2 + DA + (m+2)A7 + c(n—Dag —cn) A + - 1). (130)
a+c—

Particular solution to equation (109) in this case is given by (118), so that

Vy = (dl + dzﬂ))\iq + , ne No,

—-a
l-a-c

where 1, is given by (103), from which along with v = v; =1 it follows that

1-A
di-— and dy- 4=
a+c—1 (@+c-1)A
and consequently
1 n-1
Vy = Mc_l(c(xl + (- A)n)A T +a-1). (131)
Using (131) in (57), we get
c
Y = davesD) (2 +DAF + (m+2)A7 + cn = DAy —cn) A - a). (132)

By using the corresponding conditions in (43)-(46) in formula (97), we get

o, =d1 -, (133)
B = dn)i 7, (134)
Yn = c(l—m)Af, (135)

8= cnAL (136)
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By using (133)-(136) in (59)-(62), we get

an = (c(n-1) = (n+ DA)A], (137)
by=((n+2)A3 —en)A}™, (138)
ey = 2(c(n ~1) - (m+ DAD)AL, (139)
d, = 2((;4 + 222 - cn)an L, (140)

Using the equalities in (129)-(140), in (47) and (48), formulas (101) and (102) are ob-
tained.

(c) Case a* + 4c # 0, a + ¢ = 1. In this case, we have that A; #1 = A, and that a particular
solution to equation (108) is given by

d
w =" (141)
2—-a
so that
d

Up =M +c2 + 2—n, n € Ny,

where A; = —¢ = a — 1, from which along with uy = #; = 0 it follows that
d d
C1 =—Cy = = ,
T T @-2(a-1)  (@-22

and consequently

= d Af—l_n zd()\{’—nkl+n—1)

"Ta-2\ -1 (a-2)?
_ dl(a-1)"+nl-a)+n-1) (142)
(a-2)?
Using (142) in (55), we get
. - a(a —1)"1 —n(a—l)Z—S(a—1)+n+1' (143)
(a-2)
Particular solution to equation (109) in this case is given by
1—
LSO (144)
2—-a

so that

n(l—a
Vn=d1)\.;l+d2+ (2 ), HEN(),

from which along with vy = v; =1 it follows that

l-a l-a

d = —— d dy=1-—-—,
Tsap M BT Ty
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and consequently

—(@a-1)""+(2-a)’-1+a+n(1-a)2-a)

n 145
222 (145)
Using (145) in (57), we get
—ala-1)"*? + na(l - a)(2 — a) + a(a — 1)*
= , 146
y A2 —a) (146)
By using the corresponding conditions in (43)-(4:6) in formula (96), we get
A1 (a-1)"1-1
n=dA L =dla-1)———, 147
a A (a-1)—0— (147)
"1 -1)" -1
= dd g , (148)
M—1 a-—2
-1 (@a-1)""'-1
e —(a-1P——L—, 14
yn=ch o (@a-1)"—=-— (149)
A1 (a-1"-1
P Sy P | el 150
‘o1 (a-1) o (150)
By using (147)-(150) in (59)-(62), we get
—1)r -1
a, =ala— l)u, (151)
2—a
-1 n+l _ 1
by a9 1 (152)
a—2
ala-1)>*(a-1)"-1)
n = , 153
¢ d(a—2) 153)
ala-1)((a-1)"1-1)
d, = 154
i 2= (154)

Using (142), (143), (145)-(154) in (47) and (48), formulas (104) and (105) are obtained.
(d) Case a* + 4c = 0, a + ¢ = 1. In this case, we have that 2 = 2 and ¢ = —1. We also have

that A1 = A, = 1, and that a particular solution to equation (108) is given by

an’®
ul = R (155)
so that
2
U,=C+Cn+ - n € Ny,

from which along with u = u; = 0 it follows that ¢; =0 and ¢; = —%l, and consequently

~ dn-1)n

"= (156)



Stevi¢ Advances in Difference Equations (2017) 2017:151 Page 22 of 24

Using (156) in (55), we get
Xp=nt+n+l. (157)

Particular solution to equation (109) in this case is given by

2

n
W = -5 (158)

so that

1’12
Vn:d1+d21’l—?, VIGN(),

from which along with vy = v; =1 it follows that d; =1 and d, = 1/2, and consequently

2+n-n?
= (159)

Using (159) in (57), we get

n(n+1) ~ bn(n+1)

S 160
Y. p 2 (160)
By using the corresponding conditions in (43)-(4:6) in formula (97), we get
a, =d(1 -n), (161)
B = dn, (162)
Yn=n-— 17 (163)
8y =—n. (164)
By using (161)-(164) in (59)-(62), we get
a, = -2n, (165)
b, =2n+2, (166)
2n
Cy = i —bn, (167)
2 1
dy= 2D ), (168)

Using (156), (157), (159)-(168) in (47) and (4:8), formulas (106) and (107) are obtained.
By some calculation it can be proved that formulas (99)-(107) really satisfy system (2),
which was checked by the author. O
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