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1 Introduction
We consider the existence and multiplicity of positive solutions for the following nonlinear

singular higher-order fractional differential equations:

D2, u(t) +f(t, u(t), Dyt u(t), Dy u(t), ..., Dy 2u(t)) =0, te(0,1),
u(0) = D}t u(0) = D} u(O) :Dg'l’Zu(O):O (1.1)
DY) = f WD () AG) + [ a9)DYiu(s) dA()

where D%, u, Dyfu, Di¥u (k=1,2,...,n-2), Dgiu (i = 1,2,3) are the standard Riemann-—
Liouville derivatives, and n — 1 <a <n (n>3), k-1 <ag, yx <k (k=1,2,...,n-2),

—j-l<a-y<n—j(j=1,2,...,n-2),1<a-a,3-1<2, ¥, 92—, 2>0,8, > fa, f1 >
B3 a—Bi>1,Bi—y, 2—-1>0(i=1,2,3), 51 <n-1,f:(0,1) x R""! - R! = [0, +00) is con-
tinuous and 4, € C((0,1),R}), A is a function of bounded variation, |’ h(s)Dgf u(s) dA(s),
fol u(s)Dﬁ? u(s) dA(s) denote the Riemann-—Stieltjes integrals with respect to A.
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Fractional differential equations appear naturally in various fields of science and engi-
neering. This is due to the fact that the differential equations of arbitrary order provide
an excellent instrument for the description of memory and hereditary properties of var-
ious materials and processes and they have numerous applications in multifarious fields
of science and engineering including physics, blood flow phenomena, rheology, diffusive
transport akin to diffusion, electrical networks, probability, etc. The advantages of frac-
tional derivatives become apparent in modeling mechanical and electrical properties of
real materials. For some recent work on this branch of differential equations, see [1-4]
and the references therein. Fractional-order differential equations have been addressed
by several researchers with the sphere of study ranging from the theoretical aspects to
the analytic and numerical methods for finding solutions (see [1-40] and the references
therein). The existence of positive solutions for fractional differential equation boundary
value problems has attracted much attention, and a great deal of results have been devel-
oped for differential and integral boundary value problems. For example, in [5], Ma and
Yang studied the following higher-order boundary value problems with a sign-changing
nonlinear term:

u (@) + ra@)f (t,u, o, u’,u®, ..., u"?)=0, 0<t<l,
uD0)=0, 0<i<n-3,
au"2(0) — Bu""(0) = 0,
yu"2(1) + su"P(1) =0,

where n > 2,0 < A,a, 8,y and § are constants satisfying «, >0 and 8,8 >0, f: [0,1] x
R*! — R! = (—00, +00) is continuous. Intervals of A are determined to ensure the exis-
tence of a positive solution of the boundary value problem according to the signs of a
and f. By using the Schauder fixed point theorem, the authors obtained the existence of a
positive solution.

In [6], by means of the fixed point index theory, Zhang et al. investigated the existence
of positive solutions for the fractional differential equation with integral boundary condi-
tions:

—Dx(t) = f(t,x(t), D x(t), t€(0,1),
D{x(0)=0,  D{x(1) = [, Dix(s)dA(s),

where0<f <l<a <2,a-p>1,D, D’f x are the standard Riemann-Liouville deriva-
tives, fol x(s) dA(s) denotes a Riemann—Stieltjes integral, A is a function of bounded vari-
ation, and dA can be a signed measure, f : (0,1) x (0, +00) x (0, +00) — R! is continuous,
f(t,x,y) may be singular at both £ =0,1 and x =y =0.

In [7], via employing the topological degree theory, Zhang et al. investigated the ex-
istence of positive nontrivial solutions for the following nonlinear fractional differential

equations with integral boundary conditions:

Dgu(t) + h(t)f (t,u(t)) =0, 0<t<l1,
u(0) = /(0) = u”(0) = 0, u(l) = Afon u(s) ds,
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where3<a <4,0<n<1,0< % <1, D§. u is the Riemann-Liouville fractional deriva-
tive, /1: (0,1) — [0, 00) is continuous, and f : [0,1] x Rl — R! is also continuous.

In [8], Graefet al. obtained a new upper estimate for the Green’s function associated with
a higher-order factional boundary value problem and applied these properties of G(Z,s)
and the well-known Schauder fixed point theorem. Criteria for the existence of positive
solutions of the following problem are then established:

-Dg.u(t) =g(t,u), te(0,1),
(D&, u(t)];-1 =0, u”(0)=0, j=0,1,...,n-2,

wheren>3,n-1<v<mn1=<a<n-2,Dy, is the standard Riemann-Liouville fractional
derivative of order v, the nonlinearity g : [0,1] x R! — R! is a continuous function. For
more research results, we refer the reader to [18, 19, 22, 24, 25, 27-38].

Inspired by the works illustrated above, we are committed to establishing the existence
and multiplicity of positive solutions for the fractional differential equation boundary
value problem (BVP for short) (1.1). The novelty of this article is as follows: Firstly, frac-
tional derivatives are involved in the nonlinear terms and boundary conditions; what is
new is that the orders of the fractional derivatives in the nonlinear terms and boundary
conditions are different. Moreover, the orders of the fractional derivatives in the boundary
conditions can be different, but up to now, there have been few papers dealing with this
case where the Riemann-—Stieltjes integral boundary conditions contain fractional deriva-
tive of different orders. Since fractional derivatives of different orders and high-order frac-
tional derivatives are taken into account in BVP (1.1), it makes the research more compli-
cated. In order to reduce the complexity, we need to use the reduced-order method for
fractional differential equation and overcome the difficulties in finding the properties of
Green’s function. Secondly, the boundary value conditions involving high-order fractional
derivatives of unknown function are more general as they contain multi-point boundary
conditions and integral boundary conditions [6, 7, 20, 28—30, 32] as special cases. Thirdly,
the given conditions fo, f> and (Hs), (Hs) are quite different from those in other papers
such as [18—40] and are weaker and wider.

The remaining part of article is structured as follows. In Sect. 2, we present some prelim-
inaries and lemmas which are required in later considerations. We also develop and prove
some properties of Green’s function. In Sect. 3, we discuss the existence and multiplicity
of positive solutions for BVP (1.1). In Sect. 4, two examples are presented to illustrate our
fundamental results.

2 Preliminaries and lemmas
In this section, some notations and lemmas, which will be used in the proof of our main
results, are stated. They can be found in the literature, see [2, 3, 21].

Definition 2.1 ([2, 3]) The Riemann-Liouville fractional integral of order « > 0 of a func-
tion y : (0,00) — R! is given by

1

15 y(6) = m

/ t(t -9 y(s)ds,
0

provided that the right-hand side is pointwise defined on (0, co).
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Definition 2.2 ([2, 3]) The Riemann-Liouville fractional derivative of order @ > 0 of a
continuous function y : (0, 00) — R! is given by

VPSS S S N A (O N
Do y(8) = F(n—a)(dt) fo sy

where n = [«] + 1, [] denotes the integer part of the number «, provided that the right-
hand side is pointwise defined on (0, 00).

Lemma 2.1 ([3]) Leta > 0. If we assume u € C(0,1) N LY(0, 1), then the fractional differen-
tial equation

D u(t) =0
has
U(t) = Gt 4 Cyt™? 4 - 4 CoytoN
for some C; e R (i=1,2,...,N) as the unique solution, where N = [a] + 1.

From the definition of the Riemann—-Liouville derivative, we can obtain the following
lemmas.

Lemma 2.2 ([3]) Assume that u € C(0,1) N LY(0,1) with a fractional derivative of order
a > 0 that belongs to C(0,1) N L*(0, 1). Then

I8 DS u(t) = u(t) + Crt* ™ + Cot* 2+ - 4+ Cyt*™N
for some C; e R (i=1,2,...,N), where N = [a] + 1.
Lemma 2.3 ([3]) Ifx € L*(0,1), a > 8 >0, then
B APx() = I5Px(0),  DLIgx@) =I5x(6),  DIbx(t) = x(0).

Lemma 2.4 (Auxiliary lemma) Let/y := [} h(t)t* "1 dA(t) > 0,1, := fo a(t)t P31 dA(t) >
0. Given y € C(0,1) N LY(0, 1) and the following condition is satisfied:

(H1)
- 1 B : h- ! l,>0
TT@-pB) =B Ta=B)"" "
PP "yt g s CEB) [ gppoeron
T(a-p) B2) / h)e dA(t) + T(a-pBs) Bs) ‘/0 a(t)t dA(t) < 1.

The unique solution of

Dy 2x(t) +y(5) =0, O0<t<l,
D(};'I’TO’”’zx(O) =0, (2.1)
D 2x(1) = [ h(s)DF2 " x(s) dA(s) + [, a(s)DZ"x(s) dA(s)
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is
1
x(t) :/ G(t,s)y(s)ds, te][0,1], (2.2)
0
where
G(t,S) = Hl(t, S) + Hz(t,S) + Hg(t,S),
Hl(txs) = Ll(t’ S);
I
Hy(t,s) = ——— A~ / h(t)L,(t,s)dA(¢),
2 Fa-g)" Jo ?
o—0ot_n—1 L 1
Hyltys)= - A" f a(D)Ls(t,5) dA(D),
I'(a - B3) 0
in which
1 g2 (] — )bl _(p_gyean2-l . g <s<t<],
Li(t,s) = =—
o= ayp) | gr-em2-1(1 = g)2-pr-1, 0<t<s<lI,
1 bl —g)e-A-l _(p )bl 0<s<t<],
Ly(t,8) = ——— (2.3)
I'(a—oy,_0) fr=Pr-1(1 — )bl 0<t<s<l,
1 (1 -y Pl (p—s)* Pl 0<s<t<]1,
L3(t,s) = —
o —aya) | peps-1(1 = g)2-F1-1, 0<t<s<lL.

Proof We may apply Lemma 2.2 to reduce (2.1) to an equivalent integral equation
x(t) = —Io, " 2y(t) + dyt* "2 4 dott o272

for some d; € R! (i = 1,2). Consequently, the general solution of (2.1) is

1 t
x(t)=———— / (t- s)"‘_“"*z’ly(s) ds + dy 1271 4 g, peon-272, (2.4)
I -ay2) Jo
By (2.4) and Lemma 2.3, we have

D(})’z—z—an—Zx(t) — _D(J)’;z—Z—an—ZIg:an—2y(t) + dngﬁ—Z—anQ tol—otn—z—l
+ dzDgz—Z_an—Z tot—vtn_z—2

F(Ol - an—Z)

(e = yn2)

I'a—o,5-1)

——

F(O( - Vn-2— 1)

(¢ —s)e 2t MO

= _/ 7( 9 y(s)ds + dy 7(05 %-2)

o I'(o=yu2) I (ot = Y-2)

Hozana= 1) jypr (2.5)
F(Ol — VYn-2— 1)

ta—Vn—Z—l

= Iy + dy
+d g2

(9 vn-2-1

+d2
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Considering the fact that Dy” “27%-24(0) = 0, one gets that dy = 0 by (2.5). Then we obtain

1 t
x(t)=——— / (t —5)* 2" y(s) ds + dy t* 271, (2.6)
I'a - a-2) Jo
By (2.6) and Lemma 2.3, we have

Dgi*anfz x(t) = — Dgf:a”’z Ig:anfz t) +d, Dgifﬂlnfz @21
F(Ol (o 77 2)
o —pi)
! (t _S)aiﬂi (O[ Oy 2) ta_lg’._l

=)y T Ot TG Ty

= —I5Piy(t) + dy gepict

(2.7)

So, from (2.7), we have

1 _
Bl (1) _ (1—s)* P! o —ay,2)
Dj: x(1) = —/0 71_,(0[ 5 y(s)ds + dy 7( ~ )

t t— a—Po "
gy - [ EoI T g g DOm0 o

o I'la-p) INCEY!

B3—ay,_2 _ ! (t - S)aiﬁgil (O{ - an—Z) a-p3-1
D x(t) = ; Twe—F) ) y(s)ds + dy Ta—p) ) t

Y (2.8)

On the other hand, by

1
Dg}fa”’zx(l) = /0 nh(s)Dgffa””x(s) dA(s) + /0 a(s)Dgffa”’zx(s) dA(s)

combining with (2.8), we obtain

P —s)ht n L(t—s)2Pet
Ta_pgyWas— | no) | —po—ays)dsd
o I'la-p) y)ds /0 (®) o Tla—-p) y(s) ds dA(t)

(t—-s)* B3
/ (t)/ T _ﬁ)y(s)dsdA(t))

So, substituting d; into (2.6), one has the unique solution of problem (2.1)

dy = [F(Ol - Oln—z)A]_l(

oa—o_n—1

_g)x-h1-1
+ eon-2-1 [F(a - an_z)A]_l (/0 %y(s) ds

t S Ot Bo—1 1 t (t_s)a—ﬁg—l
/h(t)/ T F) y(s)afsdA(t)—/0 u(t)‘/o my(s)dsdA(t))

ta—an,Q—l

_ _ ooy -1 e
= 7]_'(0[ o /0 (t—s) y(s)ds + [F(ot ")

a ll tOl—Oln—z—l lzta—aﬂ_z—l 1 wpi-1
+ (F(a — an_z)A) (F(a %) + T ):| /0 1-5s) y(s) ds

o—0oy_n—1

I'(a-B2) Jo

[ -ana]” "o / (-9 5(5) dsdA o)
0

Page 6 of 23
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o—oy_n—1 1
[re-an Al o [t [[(e-or ey dsaaty
1

= “Te—a) ./o (t—s5)*2"Ly(s) ds

F(a — W2

1 1
o—oty—p—1 1— a—p1-1
+ 7]‘(05 P / t (1-5) y(s)ds

+[F(a—oz,,_2)A] Iia(ail/ t)f el ) P1=Ly(s) ds dA(t)

1 ta—an,z—l 1

I'(a—B3) Jo

1 tot—a,,_z—l n

I'(a—B2) Jo

1 tOl—Otn_z—l

(o —B3) Jo

+ [F(a - an_z)A] a(t)/o P11 - S)O‘_ﬁl_ly(s) dsdA(t)

I -an)A] o) / (-9 5(5) dsdA o)
0

M -an)A] alt) / (- 9P ly(s) dsdA()
0

1 1Y —n-2- 1
:/ [Ll(t,s)+A‘ / h(2)Ly(t,s) dA(¢)
0
toz—a,,,_z—l 1

(- pB3) Jo
1
=/ G(t,s)y(s) ds.
0

a(t)Lz(t,s) dA(t)] y(s)ds

The proof is complete. 0

Using similar arguments as those used in the proof of Lemma 3 from [19], we obtain the

following properties of the functions L; (i = 1,2, 3).

Lemma 2.5 [f condition (H;) in Lemma 2.4 is satisfied, the function L; (i = 1,2, 3) defined
by (2.3) has the following properties:
(1) Li(t,s) < ;a(:”; forallt,se€[0,1];

) Li(t,s) < hi(s) forallt s €[0,1], where

() = ——— 1 -9 1-1-9f2], se0,1];

3) Li(t,s) > t*=*2"11(s) for all t,s € [0,1];
) Ly(t,s) < Ft(z ﬁ(j s forall t,s € [0,1];
5) Ly(t,s) < Mforallt sel0,1];
6) Ly(t,s) > t2P"Viy(s) for all t,s € [0, 1], where

I'(a anZ

(
(4
(
(

~ 1
ha(s) = m(l —S)a_ﬂl_l[l -1 —S)ﬁl_ﬂz]’ s€[0,1];

(7) Ls(t,s) < L3 S forall t,s € [0,1];

I (a—oty;
8) Ls(t, s)<wforalltse[0 1];

I'(a-ap-2)
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9) Ls(t,s) > t*P3~1p1s(s) for all t,s € [0, 1], where

~ 1

hg(S) = m(l - S)a_ﬁl_l[l - (1 —S)ﬁl_ﬂs], se [0, 1],

(10) The functions L; (i = 1,2, 3) are continuous on [0,1] x [0,1], L;(t,s) > 0 for any
t,s€[0,1], Li(t,s) >0 forany t,s € (0,1) (i =1,2,3).

Proof (1) From (2.3), we have

ta—an,z—l(l _ S)a—ﬁl—l tot—ot,,,,g—l

< , Vt,se[0,1].
(o —a,-) (o —ay—)

Ll (t) S) =

(2) The function L, is nondecreasing in the first variable. In fact, from (2.3), if s < ¢, we

obtain

oL(t,s) _a—oyu-1
at  I'(o-ays)

[ta—an—zfz(l _ S)a—ﬂlfl _ (t _ S)afan,zfz]
> 0 [prran272(] L)@ m2-2 _ (p_ q)@tn-2-2
_FW—%J—D[ (1-9) (£-=5) ]
1
= |(t -t a—ap-2-2 _ t— o—aty_p—2
Ta—ans—-1) [(6~ts) (t~s) ]

>0.
Then Ly(¢,s) < Li(1,s) for every (¢,5) € [0,1] x [0,1] with s < t. For s > t, we acquire

BLl(t,s) _ 1
9t  Tla-ouo-1

) [ten22(1 - s)* P11 > 0.

Hence, L1 (¢,s) < L1(s,s) for every (¢,s) € [0,1] x [0, 1] with s > ¢. Therefore, we deduce that
Ly(t,s) < My (s) for every (t,s) € [0,1] x [0,1], where J1;(s) = F(a—lan,g) 1-s)*A-11-(1-
s)fi-an-2], s € [0,1].

(3) From (2.3), if s < t, we obtain

Ll(t,s) = 4[1:01705”7271(1 _ S)a,,sl,l —(t- s)a—an,zfl]
F(O[ - 0(,,_2)
1
> [ (1) A (¢ - )2
N F((X _an—Z)
1
= 4ta—amz—l[(1 _S)a—ﬁl—l _ (1 _S)a—an,z_l]
F(Ol - Ol,,_z)
1
= 4ta—an—2—l(1 _ S)O(-ﬁl—l[l _ (1 _ S)ﬂl—a,,,z]
F(Ol - an—Z)

_ peeen T ),

if s < t, we obtain

1

ta—an,z—l 1—3s a—f1-1 > ta—an,z—lz s),
Fa—a i 1)

L (t’ S) =
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where zl(s) = F(a:llan,z)(l —s)@ P11 — (1 — s)P1--2], s € [0,1]. Therefore, we conclude
Li(t,s) > t2~on271p5,(s) for all ¢, s € [0,1].

For the proof of properties (4)—(9) is similar to the proof of properties (1)—(3), we omit
it here.

(10) This property is evident, it follows from the definitions of L; (i = 1,2,3) and from

properties (3), (6), and (9). The proof is complete. O

Now, from the definitions of the Green’s functions G and the properties of functions L;
(i =1,2,3), we obtain the following lemma.

Lemma 2.6 Ifcondition (Hy) in Lemma 2.4 is satisfied, the functions H; (i = 1,2, 3) defined
by (2.3) satisfy the following:
(1) Hi(t,s) <Ji(s) for any (t,s) € [0,1] x [0, 1], where

1

Ji(s) =Z1(S) = m

1 -9 P 1~ (1-s)fr2], se0,1];
(2) Hy(t,s) >t =271](s) for all (t,s) € [0,1] x [0,1];
(3) Hs(t,s) < Ja(s) for any (t,s) € [0,1] x [0, 1], where

A1 "

Ja(s) = I'(a—pB2) Jo g

(D)La(2,5) dA(t);
(4) Ho(t,s) = t*~%=271],(s) for all (t,s) € [0,1] x [0,1];
(5) Hs(t,s) <Js(s) for any (t,s) € [0,1] x [0, 1], where

A—l 1

Jo(s) = I'(a—pB3) Jo

a(t)Ls(t,s) dA(t);

(6) Hsl(t,s) = t*n-2"1]5(s) for all (¢,s) € [0,1] x [0,1];

(7) Functions H; (i = 1,2,3) are continuous on [0,1] x [0, 1], H;(¢,s) > 0 for any
t,s € [0,1], Hi(¢,s) >0 forall t,s € (0,1) (i = 1,2,3).

Proof (1) 1t follows from H,(t,s) = L1(t,s), Ji(s) = h1(s), L1(t,s) < hi(s) for all ¢,5 € [0,1]
that H1(¢,s) < Ji(s) for any (¢,s) € [0,1] x [0, 1].

(2) From property (3) in Lemma 2.5, we have Hi (¢,s) > t*~%-271],(s) for all (¢,s) € [0,1] x
[0,1].

(3)—(6) follow from the definitions of H; (i = 2, 3).

(7) This property follows from the definitions of L;, H; (i = 2,3), and properties (2), (4),
(6), and condition (H;) in Lemma 2.4, property (10) in Lemma 2.5. The proof is com-
plete. d

Let u(t) = I;7~>x(t), x(t) € C[0,1], then DJ"u(t) = x(¢), problem (1.1) can turn into the
following modified problem of BVP (2.9):

DS2x(t) + £ (4, 10 %(0), 107> x(0), ..., x() = 0, £ € (0,1),
Dy 2x(0) = 0, (2.9)
Di2x(1) = [ h(s)DE2 " x(s) dA(s) + [, als)DY2*"x(s) dA(s).
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Obviously, the solution of BVP (2.9) is
1
x(t) = / G, 8)f (s, Iy =2x(s), ™" x(s), . ..,x(s)) ds. (2.10)
0

Lemma 2.7 Ifx € C([0,1],R}) is a positive solution of BVP (2.9), let u(t) = I;'>x(t), then
u(t) = Iy1*x(t) is a positive solution of BVP (1.1).

Proof We assume that x € C([0, 1]) is a positive solution of BVP (2.9). Let u(t) = I;'>x(¢),

we have

Dy u(t) = x(¢), Diu(t) = D Igr2x(t) = Ir > “x(t)  (i=1,2,...,n-3),

n

d a .
Dfule) = I TG x(0) = — Lo u(e) = D),

which implies that

D u(t) +f (¢, u(t), Do u(e), D2 ult), ..., Dyt~ u(t))
= Dy 2(t) + f (6,122 (8), I w(8), ..., x(8))
=0,
Dyu(t) = DY I x(t) = Ii > "x(t)  (i=0,1,2,...,n-3),

Dy u(t) = DY It x(8) = Dy " x(8).
From u(¢) = I;"*x(t) and the above expression, we have
u(0) = D u(0) = D2u(0) = - - = DY-u(0) = 0,

1
DPu(1) = /O nh(s)Dgfu(s)dA(s)+ /0 a(s)DL2 u(s) dA(s).

Hence, we demonstrate that u(t) = I;">x(¢t) is a positive solution of BVP (1.1). The proof

is complete. O

Lemma 2.8 Ifcondition (H,) in Lemma 2.4 is satisfied and y € C(0,1) N L1(0, 1) with y(t) >
0 for all t € (0, 1), then the solution x of problem (2.1) satisfies the inequality x(t) > O for all
t € (0,1). Moreover, we have the inequalities x(t) > t* 2" x(t') for all t,t' € [0,1].

Proof In view of Lemma 2.6, we acquire
1 1
x(t) = / G(t,8)y(s)ds = / [Hl(t,s) + Hy(t,s) + H3(t, s)]y(s) ds
0 0
1
> / [ty (s) + 2727 o (s) 4+ 14727 5 () [(s) dis
0

1
> / [t““””*z‘lHl (t/,s) + o2 g (t/,s) + o2 (t/,s)]y(s) ds
0
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1
:t“’“”*Z’I/ G(t,s)y(s)ds
0

=27 lx(d), Vet €[0,1].
The proof is complete. O

Remark 2.1 Under the assumptions of Lemma 2.8, for ¢ € (0, 1/2), the solutions of problem
(2.1) satisfy the inequality min;c[, 1 x(£) > c*~ 271 ||x].

Let E = C[0,1]. Clearly, (E,| - ||) is a Banach space with supremum norm [x| =
Sup;cpo,1) 4(6)|. Let P = {x € E: x(f) > 0,0 < ¢ < 1}. It is easy to see that P is a normal
cone of E. We define an operator A : E — E by

1
Ax(t) = /o G(t, 9)f (s, 12 2(s), Ig2 >~ x(s), ..., x(s)) ds, ¢ €[0,1].

Obviously, if x is a fixed point of operator A, then x is a solution of problem (2.9). We
present the basic assumptions that we shall use in the sequel.
(Hz) The function f € C((0,1) x R”"!,R!) and there exist the functions p € C((0,1), R!)
and g € C([0,1] x R”"1,R!) with p # 0 and fol(l —5)*P1-1p(s) ds < +o0 such that

f(tixOJxli e :xn—z) Ep(t)q(t7x07xl; e ’xn—Z);

Vte(0,1),x €RLi=0,1,...,n—2.
Lemma 2.9 If conditions (Hy) and (H,) hold, then A : P — P is completely continuous.

Proof We denote by Q; = f()l],»(s)p(s) ds (i = 1,2,3), where J; (i = 1,2,3) are defined in
Lemma 2.6. Using (H,) and Lemma 2.5, we deduce that Q; >0 (i = 1,2, 3) and

1 1
_ / (1-5)*P11p(s)ds < +00,
—-ay2) Jo

1
Q- fo AP ds < 1

1 A—l 1 n
Q- /O L /0 /0 H(O)La(t, ) dA(E)p(s) dis
A_l
= T@- Bl e —a2)

AL [T h(t)er P2 dA()
T(o = Bo) I (o — 0t-2)

1 n
/ (1-g)* Pt / (@)t P L dA(t)p(s) ds
0 0

1
/ (1-5)*P171p(s) ds < +00,
0

! AL 1 pl
Qs = /0 /3(S)P(S) ds < HG—W/O L a(t)Ls(t,s) dA(t)p(S) ds
< Al 1 wepit 1 gt
= T(o— B3) (o — tna) /0 (1-9) /0 a(t)t* P dA()p(s) ds

- AL [ a(t)ee Pl dA(
T T(a-B3) M (a—a,

1
)t) f (1-5)*P171p(s)ds < +oo0.
0

By Lemma 2.6, we also conclude that A : P — P. We prove that A maps bounded sets into
relatively compact sets. Suppose that D C P is an arbitrary bounded set of E, then there
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exists M; > 0 such that ||x|| < M; for all x € D. By the continuity of ¢, we obtain

My=  sup  qlt, %0, %1,...,%,-2) >0,
te(0,1],x;€[0,p]
i=0,1,..,1—2
where p = Zl - ﬁ, ap = 0. By using Lemma 2.6, for any x € D and ¢ € [0, 1], we
n—.
obtain

1
Ax(t) :/o G(&,8)f (s, Igr~2(s), It~ x(5), ..., x(s)) dis
1
5/0 G(t, 9)p(s)q(s, Iy 2x(s), Iyt 2" x(s), ..., x(s)) dis

/ (1(s) + Ja(s) + J5(9))p(s)q (s, g2 > x(s), Ig 2>~ &(s), ..., x(s)) dis

<My(Qr + Q2+ Qs3).

Thus, A(D) is bounded in E. In what follows, we prove that A(D) is equicontinuous. By
using Lemma 2.4, for any x € D and ¢ € [0, 1], we have

Ax(t) :/ (&, 8)f (s, Ig22x(8), Iyt~ %(s), ..., %(s) ) dis
0

t ta—an,z—l 1—3s a-p1-1 _ t—s a—ay_p-1 -
:/ ( F)(oz " () ) f(s, or 2x(s), Ip 1ac(s),...,x(s)) ds
0 — U&p-2

bgaman-al(] - g)a-Fi-l 12 (s), [1-2
[ I )

1
+/0 271 (s)f (s, g2 x(s), It 2" x(s), . .., %(s)) dis
1
+/ o2 l]3,(s)f(s, or2a(s), gt~ 2_O”x(s),...,x(s)) ds. (2.11)
0

Thus, for any ¢ € (0, 1), we conclude

s [Pl — g = D22 (1 —5) P — (o — g — 1)(E - 5)* 22
(erle) = ./0 o —ays)
x f (s, 152 x(8), It~ x(s), ..., x(s)) dis
(o = otyg — 1) n-271(1 — g)@-F1-1

’ /1: o —ay)

x f (s, 1572 %(8), Iyt %(s), . .., %(s)) dis

+(o—ayy— 1)/ 22 (s)f (8, Iyt 2x(s), It 2" x(s), . .., %(s)) dis

1

+ (0t —0tyg — 1)/0 22 L ()f (s, Ty x(s), It 2 x(s), ..., x(s)) dis

1 t
=< m /(; R e () —5)*7-272p(s)

q(s: Igr2x(s), Igr 2" x(s), ..., x(s)) dis
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1 1
a—op 2-2(1 _ Jo—B1-1
O Pl ARG B E
x q(s, Iy 2x(s), Ig" > x(s), ..., x(s)) ds

+ (- oy —1) / =22 (s)p(8)q (s, g2 %(s), I~ %(8), ..., x(s)) ds
1
+ (o —ayg — 1)/0 22 ()p(8)q (s, I m2a(8), It~ %(s), ..., %(s)) ds

<M, |:—1 D /(; [t“‘“"”‘z(l B R ey (. s)“‘“"*z_z]p(s) ds

I'o -, —

1 1
tat—ot,,,g—Z 1-— a-p1-1 d
O P | (1= p(5)ds

1
f@—tya—1) / 22 (9p(s) ds
0

1
+ (o —ayyn — 1)/ £ =n=272 [ (5)p(s) ds]. (2.12)
0

We denote
1 ' 2 Bi-1 2
t) = ta—an,z— 1— a—pP1— f— o—y_9— d
80) = ey [ [ e
1 ' 2 p1-1
—_— g2 = 5) ¥R ds, tel0,1],
O Pl (-9 P p)ds, te[0,1]
1
n(t) =g(6) + (@ -y - 1) [ / 7272, (s)p(s) ds
0
1
+ / 22T (s)p(s) dS} te[0,1].
0
For the integral of the function g, by exchanging the order of integration, we obtain

1
- - a—Qy_p—2 a—p1-1 a—aty_9-2
/0 gt)de = T o 2_1)/ / t (1-s) +(t-s) ]p(s)dsdt

1
E — 21 ) Pl p(s) ds dt
+F(a—an_z—1)fo ]t (L= pls) ds
1 bt 2 Br-1 2
= te-on-272(1 — )11 4 (¢ — )% @22 dep(s) d
r<a-an_2—1>/0/s[ (1)1 ¢ (¢ = s)n2] dep(s) ds

1 1 s
[ [ e g () d
Pt /f (1-9) p(s)ds

§)%” p1-1 sa*an—2*1(1 _ s)a—fh—l
F(a anz—l)/[a oyp—1 B o—Qy—1

1= -0t _n—1 o—0ty_9—1 1= a—p1-1
(1-s) s (1-s) ]p(s) s
o — 0y — o —0,9—1
— )%= B1-1 1 1 — g)P1on—2 d
T P / (L+ (1= 5/ 2)p(5)ds

a—f1-
=< Ia—a, 2)/ (1-5s) 'p(s)ds < +00.

Page 13 of 23
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For the integral of the function u, we have

1 1 1 1
/0 () de = /O g0y dt + /0 (a—an—z—l)[ /O 22, (5)p(s) s

1
+ / t“’““‘zjg(s)p(s)ds] dt
0

2 1
_ o-pi-1
o P /0 (1= 5" P11 p(s) ds

1 1
+<a—an_2—1)[ /0 Ja(s)p(s) ds + /0 /3(5)17(8)018]

2 1

- - _e-pi-1

T o —o,) /0 (-3 p(S) ds

AT [T ()2 dA(e)

I'(o = Bo) I (o = tn2)

A7 [ a(@re P dAG)
I = B3) I (@ = ats)

1
+<a—anz—1>[ / (1-9)" "1 p(s) ds
0

/1(1 —5)* P11 p(s) ds] < +00. (2.13)
0

We deduce that u € L1(0,1). Thus, for any ¢, € [0,1] with £; < ¢, and x € D, by (2.12)
and (2.13), we conclude

|Ax(t1) —Ax(t2)| =

/ N (Ax) (t) dt| < M, / N w(t)dt. (2.14)

5

From (2.13), (2.14) and the absolute continuity of the integral function, we obtain that
A(D) is equicontinuous. By the Ascoli—Arzela theorem, we conclude that A(D) is a rela-
tively compact set of E. Therefore A is a compact operator. Besides, we can show that A
is continuous on P (see the proof of Lemma 1.4.1 in [21]). Hence A : P — P is completely

continuous. O

Lemma 2.10 ([16]) Let K be a cone of the real Banach space E, §21,$2, C E be bounded
open sets of E, 0 € 21, 21 C $2,. Suppose that A : K N (25 \ 21) — K is a completely
continuous mapping such that one of the following two conditions is satisfied:

(i) NlAull < llull, Vu € KN 3821; [|Aull > |lull, Yu € KN 382;

(i) |lAu|l > |lull, Yu € KN 082y; ||Aull < |lull, Vu € KN 3§2;.
Then A has a fixed point in K N (2, \ 21).

For ¢ € (0, %), we define the cone
Py = {x € P, min x(¢) > ¢* %271 | x| ]
tele1]

Under assumptions (H;), (H) and Remark 2.1, we have A(P) C Py, and so A|p, : Py — Py
(denoted again by A) is also a completely continuous operator.

3 Existence of positive solutions for BVP (1.1)
We first offer some fixed numbers k;, ;, ¢;, % > 0 (i =0,1,2,...,n — 2) with Z;':_Oz k; >0,
ST >0, 30 6 >0, 30 9 > 0. Now, we list our assumptions:
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(H3) There exists a > 1 such that

q limsup max 4650, %1, 1 %-2)
0=
S22 g0 €01 (koxo + kyx1 + -+ + kyy—oxy—2)®
-

< blr

where by = m 50,01 = Y2kl (s - +1), Qi = folfi(S)P(S) ds (i =
1,2,3), in which J; are defined in Lemma 2.6.
(Hy) There exists ¢ € (0, %) such that

. . (£, %0,%1, - . %n-2)
foo=liminf  min ACL R
Y12 x> oo tElGl—cl [oXo + (1X1 + -0+ [hp2Xn-2

> bz,

_ 2 _ yn2 el _ o _
where by = e I LR Yoo mil o a + 1), g =

min;_g 1, n-2{c*27%}, m = fcl_cll (s) ds, in which J; is defined in Lemma 2.6.

(Hs)
. qt, %0, %1, ..., Xn_2)
doo = limsup max < bs,
2 cixi—o0 LEI01] GoXo + C1X1 + -+ + Gy 2Ky
- _ 1 .
where b3 = m, 03 = Z:’I:oz il 1(0571—2 -+ 1), Q= fo Ji(s)p(s)ds (i =

1,2,3), in which J; are defined in Lemma 2.6.
(Hg) There exist ¢ € (0, %), a € (0,1] such that

ﬁ) - liminf min f(t,xO,xlyo--ixn—Z)

=~ > b4,
S2 g0 telel—cl (DKo + D11 + -+ + Vy_gXyp)?

-2 — 1-c
where by = < v Q4= i il Mans — o + 1), my = [ Ji(s)ds,
€1 =min;_q 1, n2{c*27%}, in which J; is defined in Lemma 2.6.

(H7) M, > 0 satisfies

1
1+&)(a—o{n_2—1)(

1
Mq[maxf G(t,s)p(s)ds] <1,
0

te(0,1]

where M, = max{q(t,xo,%1,...,%,-2) : 0 <t < Lx; € [0,0],i =0,1,...,m—2}, p =

n-2 1 _
2o T % =0

Theorem 3.1 Assume that (Hy), (H,), (Hs), and (Ha) hold, then fractional BVP (1.1) has

at least one positive solution.

Proof From (Hs), for fixed by > €1 > 0, there exists r € (0, 1) such that

q(t, %0, %1, . ., %n—2) < (b1 — €1)(koxo + Kixy + - - - + Ky_oXp_2)” (3.1)
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for all t € [0,1], x; > O, Z?':_Oz kix; < r. Taking ry < min{é,r}. By Definition 2.1, for any
t € [0, 1], we can obtain that

) 1 t
0<I7m2%x(t) = ——— / (£ — 5)%27% L x(s) ds
0 a2 —a) Jo

2 llx
- F(Oln,z—()li+ 1) - F(Oln,z—oll' + 1)1

i=0,1,2,...,n-2, (3.2)
where o = 0. For any x € 0B,, N Py and ¢ € [0, 1], by (3.2), we know that
koIyi2x(s) + kilgr > " x(s) + - - + ky_ox(s) < o111 < 7.
Thus, by (3.1), Lemma 2.6, and (3.2), for any x € dB,; N Py and ¢ € [0, 1], we obtain
1
Ax(t) = /(; G(&,8)f (s, Igr2x(s), It x(5), ..., x(s)) dis

1
< / [71(s) + a(s) + J5(8)|p(9)q (s, I 22 (), Lo m 2~ %(s), .. ., %(s)) dis
0

1
< (b - 61)/0 [J1(s) + Ja(s) + J5(s) | p(s) (KoIo ™ x(s) + ki Ig? > x(s) + - - -

+ kn_zx(s))ﬂ ds
1
<(bi-e) /O [1(5) + Ja(s) + Jo(9)]p(s) (o1 2]))* ds

<(Q1 + Q2+ Q3)b10f|I%].

Therefore

l[Ax|| < llx|l, Vxe€dB,, NP (3.3)
From (H,), for fixed €, > 0, there exists ¢, > 0 such that

S (& %0, %15, %n-2) = (b2 + €2)(o%o + 11X1 + + - + [hn2Xn_2) — C2 (3.4)

foranyt € [c,1-¢],x;>0(i=0,1,2,...,n—2). By Definition 2.1, for any ¢ € [0, 1], we can
obtain that

. 1 '
Iotf_z_alx(t) - - / (t _ S)Otn—z—ai—lx(s) ds
0 oy =) Jo

t4r=27% mingeqo,1) %(s)
T TIapy—oa;+1)

, i=0,1,2,...,n-2, (3.5)
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where ag = 0. Then, by using (3.4) and (3.5), for any x € Py and ¢ € [c, 1], we have

1-c
Ax(t) > / G(t,9)f (s, 12 ~2x(s), Igr > x(s), ..., x(s) ) dis

1-c 1-c
> @27y + €)) J1(s)oaxca min(x(s)) ds — c*n-2"1¢, Ji(s)ds
c c
> @2 homi 00y min x(s) — 72" Leymy
s€le,1-c]

o—0o_2—1

> @ 2" py 1 09¢y min x(s) — ¢ Comy
s€(c,1]

> 2 by gacr ¢ x| - &

> 2||xll -2,

o—ay_p—1

where ¢; = ¢ comy. We can choose R > max{c3, 1}, then we deduce

lAxll = llxll, Vx € dBrNPo. (3.6)

By (3.3), (3.6), and the Guo—Krasnosel'skii fixed point theorem, we conclude that A has a
fixed point x € (Bg \ B,,) N Py, that is, r; < ||| < R. By Lemma 2.8, we obtain that x(t) > 0
forall £ € (0,1). By Lemma 2.7, we obtain that BVP (1.1) has at least one positive solution.
Therefore, the proof of Theorem 3.1 is completed. O

Theorem 3.2 Assume that (H,), (H,), (Hs), and (Hg) hold, then fractional BVP (1.1) has

at least one positive solution.

Proof From (Hs), for fixed b3 > €3 > 0, there exists ¢3 > 0 such that

q(ter;xlr ‘e rxn—Z)

< (b3 —€3)(coX0 + G1%1 + - -+ + GuaXy2) + 3, VEe[0,1],x;,>0. (3.7)

By using of (3.7) and (H>), for any x € Py, t € [0, 1], we conclude

1
|Ax(t)| < /0 [J1(5) + J2(8) + J5(9) [p(s)g (s, L2 ~2x(s), L2~ x(s), ..., x(s)) dls

1
< /0 [J1(s) + a(s) + J5(s) | p(s)[ (b3 — €3) (solg?*x(s) + G1lg 2> x(s) + - - -

+ Guox(s)) + c3] ds
<b3(Q1 + Q2 + Q3)osllx|l +(Q1 + Q2 + Q3)c3

<27'lxl + 3,
where ¢3 = (Q; + Q2 + Q3)c3. We can choose large R > max{2&3, 1} such that

lAxl < llxll, Vxe€dBgNPo. (3.8)

Page 17 of 23
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From (Hs), for small enough €, > 0, there exists 7 € (0, 1] such that
F(&,%0,%1, ... %) > (ba + €4)(Voxo + D11 + -+ + Pyo¥y2)” (3.9)

forallt € [c,1-c],x; >0, Zl o Uix; <7.Taking 11 < mln{ “} For any x € dB5 N Py and
t € [0,1], from (3.2), we know that

Dolor>x(s) + 01Ut > x(s) + -+ + Vy2x(s) < 0al1 <T.

Thus, by using of (3.9), for any x € 9Bz NPy and ¢ € [¢,1 - c], we have

1-c
Ax(t) > / G, s)f (s, Iy a(s), It x(5), ..., x(5)) dis

> T 1/ J1(5) (b4 +64)(19013f 2x(s) + 0Ly > xls) + -
+ ﬁn_gx(s))ﬂ ds

1-c a
. C“‘“ﬂ*2‘1b4/ A (s)[Q461 min(x(s))]ﬂ ds

=@ 271p, ( 4c1) m1| min x(s)]

[e,1-c]

E
> @27, (0acr )iy [ min x(s)]

> ¢* 2" py(04ct)” m1(Ca on2 1) [l

> [lxll.
Therefore
l[Ax| > [lx[l, Vxe€ dBsz NP (3.10)

By (3.8), (3.10) and the Guo-Krasnosel’skii fixed point theorem, we deduce that A has at
least one point x € (By \ Bi;) N Py, that s, 7 < |lx]| < R. By Lemma 2.7, we obtain that BVP
(1.1) has at least one positive solution. Therefore, the proof of Theorem 3.2 is completed. (]

Theorem 3.3 Assume that (Hy), (H,), (Hy), (He), and (H7) are satisfied, then BVP (1.1)
has at least two positive solutions.

Proof Firstly, when (H1), (Hz), (Hs) hold, by the proof of Theorem 3.1, we know that there
exists R > 1 such that

IAx|| > [lxll, Vx e dBgN Py (3.11)

Again, when (H), (H3), (Hg) hold, by the proof of Theorem 3.2, we know that there exists
71 < 1 such that

lAx| > [lxll, Vxe€ dBz NP (3.12)
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On the other hand, let 2 = {x € P: ||x|| = 1}. By (H7), forany x € 32 N Py and ¢ € [0, 1], we
have

1
Ax(t) = /0 G(&,8)f (s, Igr2x(s), It x(s), ..., x(s)) dis
1
< [ G alo I3 20, 0, 1) s

1
<M, max/ G(t,s)p(s)ds
0

te[0,1]
<1=x].
Consequently,
lAx]| < ||xll, Vxe€ 882 N Py. (3.13)

Therefore, from (3.12) and (3.13) and Lemma 2.9, it follows that BVP (2.10) has one posi-
tive solution ] with 77 < [|«%|| < 1. In the same way, from (3.11) and (3.13) and Lemma 2.10,
it follows that BVP (2.9) has another positive solution x5 with 1 < |3 || < R. By Lemma 2.7,
we obtain that BVP (1.1) has at least two positive solutions. Therefore, the proof of The-
orem 3.3 is completed. O

4 Examples

Example 4.1 We consider the following fractional boundary value problem:

1 11
z () +D 2 u(£)+D L u(®))
D ult) + —m—— =0, t€(0,1),
3 8 4 1)
u(0) = D&, u(0) = DS, u(0) = 0, (4.

5 2 W 12
DZu(l) = [} DEu(s)dA(s) + [} Dy, uls) dA(s),

Wherea = %;al = %ra2 = %r V1= 2! Y2 = giﬁl = %’ﬂZ = %7,33 = 1?Zrh(s) :ﬂ(s) = ]-73 S [01 1]1
n= %,and
0, tel0d),
aw-{° [1 3)
100’ te [5)1],
(x+y+2z)%
f(f,x,y,Z) = W! te (0;1);30,%2 2 O;

11
with ag > 1 and 7y € (0,1). Let u(t) = I,? x(¢), the equation can be changed to the following
fractional boundary value problem:

12 1 3
D05+ x(t) +f(trIolsx(t)rl()5+x(t)’x(t)) =0, te (0’ 1);

1 7 2 27 L B (4.2)
DE.x(0) =0, Dg.x(1) = [o* Dg? x(s) dA(s) + [, Dg? x(s) dA(s).

Here, f(¢,%,9,2) = p(£)q(t, x,y,z), where p(t) = ﬁ forall £ € (0,1) and ¢g(¢,x,y,2) = (x +

y + z)% for all t € (0,1), x,y,z > 0, we have folp(s) ds < +00. By direct calculation, /; =
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2
Ji? £% dA(®) ~ 0.00965936 > 0, I = [ tT0 dA(t) ~ 0.0093303299 > 0,

At 41
TT-p) Ta-pg) Tla-ps)"
1 1
—— - —
rE)’ rapn”
~ (0.980270282 > 0,
I (o - /31) a—py-1 (o - p1) a—p3-1
F(a 5) ) h(t)t dA(t) + F(Ot—ﬂa)/o a(t)t dA(t)
_ 5 ra ('
t20 dA(t t10 dA(¢
), (0) + e 0)
~ 0.019729718
<1.

In (H3) fora =1, kg = 3, ky =4, k, = 5, we obtain ¢go = 0. In (Hy), for ¢ € (0, %), Mo = 1 =
o = %, we have f,, = +00. Then, by Theorem 3.1, we deduce that BVP (1.1) has at least

one positive solution.

Example 4.2 We consider the following fractional boundary value problem:

1 11
u( )+D02+ u(t )+D019 u(t)

7
Déa,l/l(t) + T =0, te (0, 1),

u(O) D u(O) D3, u(0) =0, (4.3)
12
D§+u(1) = fo Dgsu(s) dA(s) + [, D> u(s) dA(s),
Whered:%,m:%,(X2=}—é,)/1=2,)/2=§:/31=% IB 20;,33 ,h(S)Zﬂ(S)Zl,SE[O,l],
n= %, and
0, telod),
aw-{° [1 5)
100’ te [5, 1],
Xtz
ftxy,2) = Q_pa L€ 0,1),%,59,2=0,

11
with 7; € (0,1). Let u(¢) = 10173 x(¢), the equation can be changed to the following fractional

boundary value problem:

12 11 3
D& x(t) + (12 x(8), I8 4(0),5(8) =0, € (0,1),

1 7 2 N (4.4)
Dg.x(0) =0, Dg.x(1) = [ DY x(s) dA(s) + [, Dy? x(s) dA(s).

Here, f(t,x,v,2) = p(t)q(t,x,y,z), where p(f) = o tfl for all £ € (0,1) and ¢q(t,x,7,2) =
e for all t € (0,1), x,,z > 0, we have fo p(s)ds < +0o. By direct calculation, /;
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2
Ji? £% dA(®) ~ 0.00965936 > 0, I = [ tT0 dA(t) ~ 0.0093303299 > 0,

A L L / 1 hL>1 L L /
= —_— —_— > _— —_—_—
Fla-p) Tla-p) T-p)°" TE"' rE)?
~ 0.980270282 > 0,
I(o— " o - !
Fa-p) f ot dag + L¢P f ()P dA(t)
(o —B2) Jo I'(a-p3) Jo
2
ra (s ra [t
- (21) £30 dA(t) + (11) £10 dA(t) ~ 0.019729718 < 1,
' (35) Jo I'(15) Jo
7 7
1 t5-(t-s)5, 0<s<t<l,
Ll(t’s) = 12 7
r(z) | e, 0<t<s<l,
% —(t—s)®, 0<s<t<l,
Lyt,s) = =571
(%) |em, 0<t<s<l,
1 |t —(t-5), 0<s<t<l,
La(t,s) = — 43 1
(%) |tmo, 0O<t<s<l.
7 2 z 1
ts 4 (3 ts 4
Hz(t,S) = 1 A / Lz(t,S)dA(t), Hg(t,S) = 11 A f Lg(t,S)dA(t),
I'(3) 0 (1) 0

Hi(t,s) = L1(¢, ), G(t,s) = Hi(t,s) + Hy(t,s) + Hz(t,s).

In (H,), for o = w1 = o = 5, we obtain

fo= liminf min —J0FEE) e _
= Y2 o pixi— oo telel=c WoXo + H1xy + Xy 5(1 =)™ (xo + %1 + x2)

In (Hp), for c € (0,3), 9 = 91 = ¥ = 4, & = 1, we obtain

fo= liminf min —J GEeFLE) A
- - =
Y2 tixi—0telol-d (Doxo + ¥y + Paxg)?  4(1 — )™ (xo + X1 + X2)

Choose 0 < M, < I 1 T , we see that all the conditions of Theorem 3.3 are
maxe[o,1] Jo G(t,s)m ds

satisfied. Thus, by Theorem 3.3, we deduce that BVP (1.1) has at least two positive solu-

tions.
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