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We study the following third-order p-Laplacian m-point boundary value problems on time scales
(G2 + at) f(Eu®) = 0, t € [0,Tlys, w(0) = I bu(), u(T) = 0, A" (0)) =

72 cipp(uhV (&), where ¢, (s) is p-Laplacian operator, that is, ¢,(s) = Isls, p > 1, ¢;1 =
¢, 1/p+1/q=1,0< ¢ < -+ < &ua < p(T). We obtain the existence of positive solutions by
using fixed-point theorem in cones. In particular, the nonlinear term f(t,u) is allowed to change
sign. The conclusions in this paper essentially extend and improve the known results.
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1. Introduction

The theory of time scales was initiated by Hilger [1] as a mean of unifying and extending
theories from differential and difference equations. The study of time scales has lead to
several important applications in the study of insect population models, neural networks,
heat transfer, and epidemic models, see, for example [2-6]. Recently, the boundary value
problems with p-Laplacian operator have also been discussed extensively in literature; for
example, see [7-18]. However, to the best of our knowledge, there are not many results
concerning the higher-order p-Laplacian mutilpoint boundary value problem on time scales.

A time scale T is a nonempty closed subset of R. We make the blanket assumption that
0, T are points in T. By an interval (0, T), we always mean the intersection of the real interval
(0,T) with the given time scale; thatis (0,T) N T.

In [19], Anderson considered the following third-order nonlinear boundary value
problem (BVP):

x"(t) = f(t,x(t)), t<t<ts,

(1.1)
x(t) = x'(t2) =0, yx(t3) + 6x"(t3) = 0.



2 Advances in Difference Equations

author studied the existence of solutions for the nonlinear boundary value problem by
using Krasnoselskii’s fixed point theorem and Leggett and Williams fixed point theorem,
respectively.

In [9, 10], He considered the existence of positive solutions of the p-Laplacian dynamic
equations on time scales

($®) " +alfu(t) =0, te[0,Tly, (12)
satisfying the boundary conditions
u(0) - Bo<uA (71)) =0, u®(T)=0, (1.3)
or
u20)=0, u(T)-B <uA (11)) =0, (1.4)

where 17 € (0, p(T)). He obtained the existence of at least double and triple positive solutions
of the problems by using a new double fixed point theorem and triple fixed point theorem,
respectively.

In [18], Zhou and Ma firstly studied the existence and iteration of positive solutions for
the following third-order generalized right-focal boundary value problem with p-Laplacian
operator

(¢p(u") () = q() f(t,u(t)), 0<t<1,

m n (1.5)
u(0) = Y au(), uw(n)=0, u'1)=>pu" ).
i=1 i=1

They established a corresponding iterative scheme for the problem by using the monotone
iterative technique.

All the above works were done under the assumption that the nonlinear term is
nonnegative. The key conditions used in the above papers ensure that positive solution
is concave down. If the nonlinearity is negative somewhere, then the solution needs no
longer to be concave down. As a result, it is difficult to find positive solutions of the p-
Laplacian equation when the nonlinearity changes sign. In particular, little work has been
done on the existence of positive solutions for higher order p-Laplacian m-point boundary
value problems with nonlinearity f being nonnegative on time scales. Therefore, it is a
natural problem to consider the existence of positive solution for higher order p-Laplacian
equations with sign changing nonlinearity on time scales. This paper attempts to fill this gap
in literature.
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In this paper, by using different method, we are concerned with the existence
of positive solutions for the following third-order p-Laplacian m-point boundary value
problems on time scales:

<¢,ﬁ,(u”)>v +a()f(tu(t) =0, tel[0,Tly,

m-2 (16)
w0) = S bu@), u(1)=0, ¢,u70)= chqbp( (@),
i=1

where ¢, (s) is p-Laplacian operator, that is, ¢,(s) = |s|"s, p > 1, (j)’;l =¢q 1/p+1/q=1,
and b;, c;, a, f satisfy
(H1) bi,ci€[0,40),0<¢ < <éua<p(T),0< 37 2hi<1, 0<>M 2ei<1;

(Hp) f : [0,T]x x [0,400) — (—o0,+0) is continuous, a € Ci4([0, T]x, [0, +00)), and
there exists tp € [0, T)« such that a(ty) > 0.

2. Preliminaries and Lemmas
For convenience, we list the following definitions which can be found in [1-5].

Definition 2.1. A time scale T is a nonempty closed subset of real numbers R. For t < supT and
r > inf T, define the forward jump operator ¢ and backward jump operator p, respectively,

by

ot)=inf{reT|T>t} €T,
2.1
p(ry=sup{reT|r<r}eT 2

forallt,r € T.If o(t) > t, t is said to be right scattered, if p(r) < r, r is said to be left scattered;
if o(t) = t, t is said to be right dense, and if p(r) = r, r is said to be left dense. If T has a right
scattered minimum m, define Ty = T — {m}; otherwise set Ty = T. If T has a left scattered
maximum M, define TX = T — { M}; otherwise set T = T.

Definition 2.2. For f : T — Rand t € T¥, the delta derivative of f at the point ¢ is defined to
be the number f(t) (provided that it exists), with the property that for each € > 0, there is a
neighborhood U of ¢ such that

|F(0(®) - £(9) - f2 (B0 - )| < elo(t) - 5| (22)

forall s € U.
For f : T — Rand t € Ty, the nabla derivative of f att, denoted by fV (t) (provided it
exists) with the property that for each ¢ > 0, there is a neighborhood U of ¢ such that

(o) = £(5) = FT O (p(t) - 5)| < elp(®) - 5] (23)

forall s e U.
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Definition 2.3. A function f is left-dense continuous (i.e., Id-continuous), if f is continuous at
each left-dense point in T and its right-sided limit exists at each right-dense point in T.

Definition 2.4. If $* (t) = f(t), then we define the delta integral by
b
[ rwat=4) - pta) 4)
If FV(t) = f(t), then we define the nabla integral by
b
j f(t)Vt = F(b) - F(a). (2.5)

Lemma 2.5. If condition (Hy) holds, then for h € C4[0, T ]y, the boundary value problem (BVP)

AV 4ht)y=0, te[0,T]m,

m-2 (26)
u(0) = > bu(), u®(T)=
i=1
has the unique solution
SIRbfS(T - s Jh(s)Vs.
u(t) = f (T -—s)h(s)Vs + 5 (2.7)
1-357b
Proof. By caculating, we can easily get (2.7). So we omit it. O

Lemma 2.6. If condition (Hy) holds, then for h € Ci14[0, T ]y, the boundary value problem (BVP)

(#(u*7)) " +hH) =0, te[0Tlp,

m-2 m-2 (28)
uw(0) = S bu@), u(1)=0, ¢u70)= e, (17 @)
i=1 i=1
has the unique solution
" f (T - 5)¢py([oh(r)Vr + C)Vs
u(t) = f (T—s)(;l)q(f h(r)Vr+C>Vs+ iy - £m gb , (29

where C = M2 ¢ [Sh(r)Vr/(1 - 302 c).
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Proof. Integrating both sides of equation in (2.8) on [0, ¢], we have

AV()) = 270 —( hryvr 2.10
b, (487 (0) = 9, (127 ©) = [ eV 210)
So,
gi
AV E)) = AV0)) - | h(r)Vvr. 2.11
o (47@)) = 9, (27 @) [ nyvr 211)
By boundary value condition ¢, (12 (0)) = 37 cip, (u2Y (&), we have
Zl 1 Ci h(r)VT
i : 2.12
B (17(0)) = - = S, (212)
By (2.10) and (2.12) we know
m—2 g
AV L cifgh(r)Vr th v 13
usv(t) = ¢q< 1 le . +f0 (nVvr ). (2.13)
This together with Lemma 2.5 implies that
26 f5(T = 8) g ([ h(r)Vr+C)Vs
_ h i= 1 q\Jo )
u(t) = j (T s)d)q(f (r)Vr+C>Vs . Zlml2b (2.14)
where C = 3] leoh(r)Vr/(l > 2¢;). The proof is complete. O

Lemma 2.7. Let condition (Hy) holds If h € Ci4[0, T] 1« and h(t) > 0, then the unique solution u(t)
of (2.8) satisfies

u(t) >0, t€[0, T (2.15)

Proof. By utV (t) = —dg (302 cifSh(r)Vr/(1 = 312 ¢;) + [(h(r)Vr) < 0, we can know that
the graph of u(t) is concave down on (0, T)1«, and u2(t) is nonincreasing on [0, T]1x. This
together with the assumption that the boundary condition u*(T) = 0 implies that u* () > 0
for t € [0, T]y«. This implies that

ter[BuTr]lTKu(t) =u(0). (2.16)
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So we only prove u(0) > 0. By condition (H;) we have

M2 [S(T - 5)g (Joh r)Vr+C)Vs
1-3"%b;

u(0) = (2.17)

The proof is completed. O

Lemma 2.8. Let condition (Hy) hold. If h € Ci[0, ]« and h(t) > 0, then the unique positive
solution u(t) of (BVP) (2.8) satisfies

> :
e [lan u(t) z onllul], (2.18)

where o1 = S bigi /(T = T2 bi(T = &), [lull = supyeo.ry,, (D).
Proof. By utV(t) = —%(ZI 1¢i 0h(r)Vr/(l - Zfﬁ]z ci) + fgh(r)Vr) < 0, we can know that
the graph of u(t) is concave down on (0, T)1«, and u2(t) is nonincreasing on [0, T]1«. This

together with the assumption that the boundary condition u*(T) = 0 implies that u* () > 0
for t € [0, T]y«. This implies that

l[ull = u(T), tEI[RiTI]lTKu(t) = u(0). (2.19)

Forallie {1,2,...,m -2}, we have from the concavity of u that

u(@i) —u(0) _ w(T) - u(0)

Z > T , (2.20)
that is,
N 3

u(é) —u(0) + u(O) > u(T) (2.21)

This together with the boundary condition u(0) = Zﬁ{z biu(¢;) implies that

m-2 b ;
min wu(t) > 21 bibi u(T). (2.22)
te[0,T]rx T-3"2b(T-¢&)

This completes the proof. O

Let E = Ci4[0, T]1« be endowed with the ordering x < yif x(t) < y(t) forallt € [0, T] 1,
and [lu]| = maxe[o1],.[u(t)| is defined as usual by maximum norm. Clearly, it follows that
(E, ||lu]|) is a Banach space.
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For the convenience, let

~ s " cljg’a(r)Vr
@(s) = Pg <I0a(r)Vr + ST >

We define two cones by

P={u:ueEult)>0,te0,T)},

K = {u :u € E,u(t) is concave, nonincreasing and nonnegative on (0, T)y«

min u(t) > oflu
min u(t) > o},

where 0 = 0107, 07 is defined in Lemma 2.8 and

b5 y(s)Vs
(1- zmzb)(f()(T—s)qr(T)sz bif5(T)Vs/ (1- Si2bi))

02 =

Define the operators F : P — Eand S : K — E by setting

(Fu)(t) = I;(T - 5)Pq (IZa(r)f(r,u(r))Vr + A) Vs

"2 bif5(T = 5)dg ([Sa(r) f (r,u(r))Vr + A) Vs
1- 372 b; ’

where A = 32 ¢S a(r) f(r,u(r))Vr/(1 - X172 ),

7

t v
(Su)(t) = JO(T ~5)g(s)Vs + ’11 Zj m"’;z) i
T =1 Yi

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

where ¢(s) = (])q(fo (r) f*(r, u(r))Vr+A) A= > c,j‘;’a(r)ﬁ(r u(r))Vr/(1-31 2¢;), and
fH(t,u(t)) = max{f(t u(t)),0}. Obviously, u is a solution of the BVP(1.6) if and only if u is a

fixed point of operator F.

Lemma 2.9. S: K — K is completely continuous.

Proof. It is easy to see that SK C K by f* > 0 and Lemma 2.8. By Arzela-Ascoli theorem and
Lebesgue dominated convergence theorem, we can easily prove that operator S is completely

continuous.

O



8 Advances in Difference Equations

Lemma 2.10 (see [20, 21]). Let K be a cone in a Banach space X. Let D be an open bounded subset
of X with Dx = D N K #@ and D # K. Assume that A : Dx — K is a compact map such that
x # Ax for x € 0Dg. Then the following results hold.

(1) If ||Ax|| < ||x||, x € 8Dk, then ix (A, D) = 1.

(2) If there exists xo € K \ {0} such that x # Ax + Ax for all x € 0Dk and all A > 0, then
ix(A,Dx) =0
(3) Let U be open in X such that U c Dg. Ifix(A,Dk) =1land ix(A,Uk) =0, then A has a

fixed point in Dy \ﬁK. The same result holds if ix (A, Dx) = 0 and ix (A, Uk) = 1, where
ix (A, Dk) denotes fixed point index.

We define

K, ={u(t) e K: |ul|l < p}, Q, = {u(t) €K: t lﬁ‘)l}lil u(t) < op}. (2.28)
€01 [1x

Lemma 2.11 (see [20]). Q, defined above has the following properties:
(@) Kgp CQp CKp;
(b)
(c) u € 082, if and only if minsc[o 1y, u(t) = op;
(d) if u € 09, then op < u(t) < p fort € [0, T ]«

Q, is open relative to K;

For the convenience, we introduce the following notations:

T 2 b~f§in(T)VS 1 I b-fgiq;(s)Vs
=IO(T—S)¢(T)V5+ srin 0 Moy, (2.29)

Remark 2.12. By (H;) we can know that 0 < m, M < +o0, Mo = Moo, = moy < m.

Lemma 2.13. If f satisfies the following condition :
f(t,u) < ¢p(mp), (t,u)€[0,T]p x [0,p], u#Su, ueodk,, (2.30)
then
ix(SK,) =1 (2.31)
Proof. For u € 0K, then from (2.30) we have

e ﬁa(r)fwr,u(r))w
1- Zl 1 Ci

< ¢p(mp) <JZ (r)Vr + 2t 11 Clzoa(:q)VT>'
i=1 *1

f a(r)f*(r,u(r))Vr+ A = f a(r) f*(r,u(r))Vr + 2
(2.32)
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So that
o(s) = @,(j a0, )1+ 2) < mpp(T). (233)

Therefore,

Su(t) < JZ(T -5)p(s)Vs + - me‘f’z(i
(2.34)
<mp <J‘ (T-5)¢(T)Vs + 2 1 bZJ‘m([J’Z(Z)Vs> _

This implies that ||Su|| < ||u]| for u € 0K,. Hence by Lemma 2.10(1) it follows that ix (S, K,) =
1. O
Lemma 2.14. If f satisfies the following condition:

f(t,u) > ¢p,(Mop), (t,u) €[0,T] x [op,p], u#Su, ueodQ,, (2.35)
then
ix(5,Q,) =0. (2.36)
Proof. Lete(t) =1 fort € [0, T] .. Then e € 0K;. We claim that

uzSu+le, ue€oQ, A>0. (2.37)

In fact, if not, there exist uy € 0Q, and ¢ > 0 such that ug = Sug + Aoe. By f(t,uo) > ¢,(Mop),
we have

m2 fg’a(r)]”(r,uo (r))Vr
1- Zz 1 Ci

> ¢p,(Mop) <f2a(r)Vr + e Oa(r)Vr>.

f a(r)f*(r, uo(r))Vr+A Ja(r)f (r,up(r))Vr + i
(2.38)

1- lec,
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So that

p(s) = (j),,(f a(r)f* (r,uo(r))Vr+A>

> Mopg, < f Za(r)Vr XL 1_0120 a<z>Vr> (2.39)
i=1 1

= Mopy(s).
For t € [0, T]1x, then

up(t) = Sug(t) + Aoe(t)
> Sup(0) + o

—2 (&
bifs ¢(s)Vs

T 13", Yo (2.40)
2 Z’" P b ;“b qf(s)Vs + 1
=0op + Ao.
This together with Lemma 2.11(c) implies that
op >op+d, (2.41)
a contradiction. Hence by Lemma 2.10(2) it follows that ix (S, €2,) = 0. O

3. Main Results
We now give our results on the existence of positive solutions of BVP (1.6).

Theorem 3.1. Suppose that conditions (Hy) and (Hp) hold, and assume that one of the following
conditions holds.

(H3) There exist p1, p2 € (0, +00) with p1 < opy such that
() f(t,u) < p(mp1), (t,u) € [0, T]ge x [0, p1];

(ii) f(t,u) >0, (t,u) € [0,T]g x [op1, p2], moreover f(t,u) > ¢p(Mops), (t,u) €
[0, T]x x [Op2, p2]-

(Hy) There exist p1, p2 € (0, +00) with p; < p, such that

() ft,u) < ¢p(mp2), (t,u) € [0, T x [0, p2];
(11) f(tru) 2 ¢P(Mopl)r (t/u) € [OIT]T" x [02P11P2]-

Then, the BVP (1.6) has at least one positive solution.
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Proof. Assume that (H3) holds, we show that S has a fixed point u; in €, \ fpl. By f(t,u) <
¢, (mp1) and Lemma 2.13, we have that

ix(S5Kp,) =1 (3.1)
By f(t,u) > ¢,(Mopz) and Lemma 2.14, we have that

ix(5,Q,,) =0. (32)

By Lemma 2.11(a) and p; < op,, we have Em C Kgp, C Qp,. It follows from Lemma 2.10(3)
that S has a fixed point u; in €, \ Epl. Clearly,

lwall > p1,  min wi(t) 2 ollur]| > opy, (3.3)
te[0,T ]«

which implies that op; < u;(t) < po, t € [0, T]1«. By condition (Hs)(ii), we have f (¢, u1(t)) >0,
t € [0, T]x, thatis, f*(t,u1(t)) = f(t,ui(t)). Hence,

Fu, = Sul. (34)

This means that u; is a fixed point of operator F.
When condition (Hy) holds, by f(t,u) < ¢,(mp>) and Lemma 2.13, we have that

ik (5 K,,) =1. (3.5)
By f(t,u) > ¢,(Mop;) and Lemma 2.14, we have that

ix(S,Q,) =0. (3.6)

By Lemma 2.11(a) and p; < p, we have Eam C Q, C K,,. It follows from Lemma 2.10(3)
that S has a fixed point u; in K, \ ﬁpl. Obviously,

>0op;, min H>o > 0%p1, 3.7
lus) > o1, min wa(t) > ol > %py (37)

which implies that 6%p; < ux(t) < pa, t € [0, T]1«. By condition (Hy)(ii), we have f(t, ua(t)) >
0,t € [0, T]x, thatis, f*(t, ux(t)) = f(t, u2(t)). Hence,

Fuy = Su,. (38)

This means that u; is a fixed point of operator F. Therefore, the BVP (1.6) has at least one
positive solution. O
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Theorem 3.2. Assume that conditions (Hy) and (H,) hold, and suppose that one of the following
conditions holds.

(Hs) There exist p1, pa, and p3 € (0, +o0) with p1 < cpy, and p, < p3 such that

() f(t,u) < ¢p(mp1), (t,u) € [0, T]x x [0, p1];
(ii) f(t,u) >0, (t,u) € [0,T]yx x [op1, p3], moreover f(t,u) > ¢p,(Mopz), (t,u) €
[0, T]yx x [Op2, p2], u# Su,Vu € 0Q,,;

(iii) f(t, u) < Pp(mps), (t,u) € [0, T]1 x [0, p3].
(Hg) There exist p1, pa, and ps3 € (0, +o0) with p; < pp < ops such that

(i) f(t,u) > ¢pp(Mops), (t,u) € [0, Tl x [0%p1, p2);
(i) f(t,u) < ¢p(mip2), (t,u) € [0, T]yx x [0, p2], u# Su, Yu € 0K,,;
(iii) f(t,u) >0, (t,u) € [0,T]yx x [Op2, p3], moreover, f(t,u) > ¢,(Mops), (t,u) €
[OIT]T" x [GP3/P3]'

Then, the BVP (1.6) has at least two positive solutions.

Proof. Assume that condition (Hs) holds, we show that S has a fixed point u; either in 0K,
orinQ,, \ Em If u# Su for u € 0K,, UOK,,. by Lemmas 2.13 and 2.14, we have that

ix(S,K,) =1,
ix(S,Kp) =1, (3.9)
ix(5,Q,,) = 0.

By Lemma 2.11(a) and p; < op,, we have fpl C Kgp, C £2p,. It follows from Lemma 2.10(3)
that S has a fixed point u; in €, \ Epl. Similarly, S has a fixed point u; in K, \ ﬁpz. Clearly,

luill > p1,  min w(t) > ollw]| > op, (3.10)
te[0,T]

TK

which implies that op; < uy(t) < po, t € [0, T]1x. By condition (Hs)(ii), we have f (¢, u1(t)) >0,
t € [0, T]px, thatis, f*(t,u1(t)) = f(t,ui(t)). Hence,

Fu1 = Sul. (3.11)

This means that 1, is a fixed point of operator F. On the other hand, from u; € K, \ﬁpz, p2 <
p3 and Lemma 2.11(a), we have K;,, C Q,, C K,,. Clearly,

l12]] > op2, min uy(t) > ofluz|| > o-zpz, (3.12)
te[0,T ]«

which implies that o2p2 < up(t) < p3, t € [0,T]px. By p1 < op and condition (Hs)(ii), we
have f(t,ux(t)) >0, t € [0, ]y, thatis, f*(t, ux(t)) = f(t,ux(t)). Hence,

Fu2 = Suz. (313)
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This means that u; is a fixed point of operator F. Then, the BVP (1.6) has at least two positive
solutions.

When condition (Hg) holds, the proof is similar to the above, and so we omit it here.

O

4. An Example

In the section, we present some simple examples to explain our results.

Example 4.1. Let T = [0,1/2] U{1}, T = 1. Consider the following three-point boundary value
problem with p-Laplacian

(8@ +a®ftu)=0, 0<t<1,
-3 70 w1 (2)

where a(t)=1,b1=1/3,c1=1/4,&41=1/2,p=q=2.

By computing, we can know o1 = 1/5, 0, = 1/7, M = 48/5, m = 48/35. Obviously,
o=010p=1/35 Mo =48/5x1/35 <48/35 = m.

Let p1 = 1, p» = 78, then op1 < p1 < 0p2 < p2. We define a sign changing nonlinearity

(4.1)

as follows:
r%<u_%>3, O<t<1,ue[0,31—5],
%sin(i—i%u—i%), O<t<1l, ue [%,1],
f(tu) =1 %(2—u)+%(u—1), 0<t<1,uell,2], (4.2)
%m(u_z)z, O<t<1, ue[2,78],
k%+t3(78—2)2[1+(u—78)], 0<t<1, ucl78 +oxl.

Then, by the definition of f we have

(i) f(t,u) < pp(mp1) =48/35, (t,u) € [0,1] x [0, p1];
(ii) f(t,u) > 0, (t,u) € [0,1] x [op1, p2], moreover f(t,u) > ¢,(Mopy) = 3744/175,
(t,u) € [0,1] x [op2, p2].

So condition (Hs3) holds, and by Theorem 3.1, BVP (4.1) has at least one positive
solution.
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