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New oscillation criteria are established for second-order mixed-nonlinear delay dynamic equations
on time scales by utilizing an interval averaging technique. No restriction is imposed on the
coefficient functions and the forcing term to be nonnegative.

1. Introduction

In this paper we are concerned with oscillatory behavior of the second-order nonlinear delay
dynamic equation of the form

(rhx* )" + pOx(@m®) + YpOIxmE) [ x(m®) = e, t2h (L1

i=1
on an arbitrary time scale T, where

ap>a>->ap>l>ayg>-->a,>0, (n>m>1); (1.2)

the functions r, p;, e: T — R are right-dense continuous with r > 0 nondecreasing; the delay
functions 7; : T — T are nondecreasing right-dense continuous and satisfy 7;(t) < tfort € T
with 7;(t) — o0 ast — oo.

We assume that the time scale T is unbounded above, that is, sup T = co and define
the time scale interval [y, o0)q by [to, 00)¢ = [to, 00) N T. It is also assumed that the reader is
already familiar with the time scale calculus. A comprehensive treatment of calculus on time
scales can be found in [1-3].
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By a solution of (1.1) we mean a nontrivial real valued function x : T — R such that
x € Cid[T,oo)T and rx? € Cid[T,oo)T forall T € T with T > £y, and that x satisfies (1.1).
A function x is called an oscillatory solution of (1.1) if x is neither eventually positive nor
eventually negative, otherwise it is nonoscillatory. Equation (1.1) is said to be oscillatory if
and only if every solution x of (1.1) is oscillatory.

Notice that when T = R, (1.1) is reduced to the second-order nonlinear delay
differential equation

(r(Hx' ()" +po(t)x(m (1)) + Y pi(t)x(w(0)|“ x(ni(h) = e(t), >t (1.3)
i=1
while when T = Z, it becomes a delay difference equation

A(r(k)Ax(k)) + po(k)x(7o(k)) + D pi(k)x(m:(k))[“ " x(7i(k)) = e(k), k2 ko. (1.4)

i=1

Another useful time scaleis T = g" := {¢" : m € Nand g > 1 is a real number}, which leads
to the quantum calculus. In this case, (1.1) is the g-difference equation

Ag(r())Agx () + po(O)x(1o(8) + D pi(B)x(m(8)| " x(7(1) = e(t), t>to, (1.5)
i=1

where A, f(t) = [f(o(t)) = f(£)]/u(t), o(t) = gt, and u(t) = (g - t.

Interval oscillation criteria are more natural in view of the Sturm comparison theory
since it is stated on an interval rather than on infinite rays and hence it is necessary to establish
more interval oscillation criteria for equations on arbitrary time scales as in T = R. As far
as we know when T = R, an interval oscillation criterion for forced second-order linear
differential equations was first established by El-Sayed [4]. In 2003, Sun [5] demonstrated
nicely how the interval criteria method can be applied to delay differential equations of the
form

X'(8) + p)|x(t(1) [ x(z(t) =e(t), (ax>1), (1.6)

where the potential p and the forcing term e may oscillate. Some of these interval oscillation
criteria were recently extended to second-order dynamic equations in [6-10]. Further results
on oscillatory and nonoscillatory behavior of the second order nonlinear dynamic equations
on time scales can be found in [11-23], and the references cited therein.

Therefore, motivated by Sun and Meng’s paper [24], using similar techniques
introduced in [17] by Kong and an arithmetic-geometric mean inequality, we give oscillation
criteria for second-order nonlinear delay dynamic equations of the form (1.1). Examples are
considered to illustrate the results.
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2. Main Results

We need the following lemmas in proving our results. The first two lemmas can be found in
[25, Lemma 1].

Lemma 2.1. Let {a;},i=1,2,...,nbe the n-tuple satisfying ay > ap > -+ >y, > 1> g > -+ >
ay > 0. Then, there exists an n-tuple {11, 1, ..., 1, } satisfying

iaﬂ’li =1, ifll <1, 0< i < 1. (21)
i=1 i=1

Lemma 2.2. Let {a;},i=1,2,...,nbe the n-tuple satisfying ay > ap > -+ >y > 1> g > -+ >
ay > 0. Then there exists an n-tuple {11,152, ..., 1, } satisfying

iaﬂ’li =1, i?’l, =1, 0< ni < 1. (22)
i=1 i=1

The next two lemmas are quite elementary via differential calculus; see [23, 25].

Lemma 2.3. Let u, A, and B be nonnegative real numbers. Then
Aw +B>y(y-1)""TAVB s 1 (2.3)
Lemma 2.4. Let u, A, and B be nonnegative real numbers. Then

Cu-Du’ > (y - 1)y’ 0-DpYan o<y <1. (2.4)

The last important lemma that we need is a special case of the one given in [6]. For
completeness, we provide a proof.

Lemma 2.5. Let 7 : T — T be a nondecreasing right-dense continuous function with t(t) < t, and
abeTwitha<b.Ifxe Cid [7(a), b]y is a positive function such that r(t)x* (t) is nonincreasing
on [t(a), b]y with r > 0 nondecreasing, then

x(z(t)  7(t) - 7(a)
xo(t) ~ o(t)-1(a)’

t € [a,b]y. (2.5)

Proof. By the Mean Value Theorem [2, Theorem 1.14]
x(t) - x(r(a) 2 x*(n) (t - 7(a)), (26)

for some 1 € (7(a),t)q, for any t € (7(a),b]y. Since r(t)x*(t) is nonincreasing and r(t) is
nondecreasing, we have

r(t)x2(t) < 1’(11)xA () < r(t)x? (m), t>n (2.7)
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and so x2(t) < x*(1), t > 17. Now
x(t) - x(r(a)) 2 x*(t)(t - 7(a)), t€ [7(a), by (2.8)
Define
p(s) = x(s) = (s = 7(a))x*(s), s€[r(t),0(t)]r t € [ab)r. (2.9)

It follows from (2.8) that u(s) > x(7(a)) > 0 for s € [7(t),0(t)]; and t € [a, b)y. Thus, we have

o(t) & ~ o(t) 5 — T(a) A B O'(t) B T(a) ) T(t) B T(a)
0< J‘T(t) x(s)xG(S)A - fT(t) < x(s) ) As = x°(t) x(7(1)) ’ (2.10)

which completes the proof. O

In what follows we say that a function H(t,s) : T> — R belongs to 7 if and only if
H is right-dense continuous function on {(t,s) € T2:t>s> to} having continuous A-partial
derivativeson {(t,s) € T? : t > s > to}, with H(t,t) = O forall t and H(t,s) #0 for all t # s. Note
that in case g, the A-partial derivatives become the usual partial derivatives of H(t, s). The
partial derivatives for the cases H#yz and Hy will be explicitly given later.

Denoting the A-partial derivatives H2!(t,s) and H*:(t,s) of H(t,s) with respect to ¢
and s by Hi(t,s) and H»(t, s), respectively, the theorems below extend the results obtained
in [5] to nonlinear delay dynamic equation on arbitrary time scales and coincide with them
when H?(t, s) is replaced by H (t, s). Indeed, if we set H (t, s) = \/U (¢, s), then it follows that

3 Ui (t,s) N Ux(t, s)
= oo vags 0 VTgemrvage M
When T = R, they become
0H(t,s) _ ou(t,s)/ot O0H(t,s) _ oU(t,s)/0s (2.12)

ot 2 /U s) 0s 2\ /U, s)

as in [5]. However, we prefer using H?(t, s) instead of U (¢, s) for simplicity.

Theorem 2.6. Suppose that for any given (arbitrarily large) T € T there exist subintervals a1, b1]
and [az, ba]p of [T, o0), where a; < by and ay < by such that

pi(t) >0 for te[a,byUa, by, (i=0,1,2,...,1),
(2.13)
(-D'e(t) >0 forte[a,bly, (1=1,2),

where

a; =min{7j(a;) : j=0,1,2,...,n} (2.14)
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hold. Let {11, 12, ... 1, )} be an n-tuple satisfying (2.1) of Lemma 2.1. If there exist a function H € H
and numbers ¢, € (a,, b,)y such that

ﬁ f ewH 0, a) - rityHi( a)] At

b (2.15)
1 v
e Lv [Q(f)Hz(bwG(t)) - r(t)Hi(bv,t)] At>0
forv =1,2, where
_ TO(t) - TO(av) . n . : Ti(t) _ Ti(av) ain;
o= pO(t)m +kale (el g(pl(t))n (o(t) - Ti(av)> ’
(2.16)

ko=TIn"  m=1-mu
i=0 i=1

then (1.1) is oscillatory.

Proof. Suppose on the contrary that x is a nonoscillatory solution of (1.1). First assume that
x(t) and x(7j(t)) (j =0,1,2...,n) are positive for all t > t; for some t; € [ty, o). Choose a;
sufficiently large so that 7j(7j(a1)) > t;. Let t € [ay, b1]r.

Define

alOJ 2.17)

w(t) = -r) ey 2

Using the delta quotient rule, we have

@) ) - r(H (A ®) (rxr 1)) ) (xA (1)
w(t) =~ x(O)x° () ST o Txox0) (218)

Notice that

wh)] _ 2

x(0x7(0) = x(0)[x(0) + w0 0] =520 [1 -0 52| = 25

[r(t) - ptw(t)]  (2.19)
which implies

1) (2.20)

r(t) —p(H)w(t) =r(t) X0

Hence, we obtain

_ (r(t)xA (t))A + w?(t) . (2.21)
x9(t) r(t) - p(H)w(t)

wh(t) =
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Substituting (2.21) into (1.1) yields

poB)x(no()) =~ wi(t)
X)) - pBw()

\x(n() e

w?(t) = X6 xo()

+ > pi() (i (1)) (2.22)
i=1

By assumption, we can choose ai, by > t; such that p;(t) >0 (i = 1,2,3...,n) and e(t) < 0
for all t € [ai, b1]y, where @ is defined as in (2.14). Clearly, the conditions of Lemma 2.5 are
satisfied when, T replaced with 7; for each fixed (j = 0,1,2,...,n). Therefore, from (2.5), we
have

x(7;(t)) S 7j(t) - 7j(a1)
xo(t) — o(t)-7j(ar)

, te [al,bl]T (223)

and taking into account (2.22) yields

— 2 n
wA(f)Zpo(t)TO(t) 70(a1) . w*(t) Z k(t)< i(f) — Tz(a1)) ()" + |e(t)|'

o) ~m(an 70— pw® &\ o na) 0
(2.24)
Denote
Qi) = ol DT i ity (ZZZE) o
From (2.24), we have
w02 Qi1+ i (o 3010 0)* + ). 226
Now recall the well-known arithmetic-geometric mean inequality, see [26],
Znou,ni > li[u?i, (2.27)
whereng=1- 3", miand 7; > 0,i = 1,2,...,n. Setting
wom = S, = QO ()" 2.28)

in (2.26) yields

w(t)

w2 A0 e

C o W)
+ ;uim o = QO+ sy Zuﬂzl (2.29)
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From (2.29) and taking into account (2.27), we get

. 2(t)

and hence,

* w () o_le(®)]" 0y ( (0 (1))
w0 2 Qi + L o”(a(t))%Hn Q)" (@)

. w?(t) 1o .
= Qu(t) + W + 71011 le(t)|" 1;[71 Qi) (x

w(t
(

o(#))" 1o+ Xy (ajmj—11;) (2.31)

+ 11, le®™ T T, ™ (Q5 (6)"
i=1

e )
= Q0+ S ahw®

which yields
2 ) ) — aiti
(*) +1," le( t)|"°H’1 (Pi(t))m<%>

w02 G0 .
IR0 |
R OETOmOE
where
10 o T o (o ooy Til) = Tian) \
Q) = Qi +1," kO TTn" )" (F—ra) (233)

Multiplying both sides of (2.32) by H?(o(t), a1) and integrating both sides of the resulting
inequality from a; to ¢1, a1 < ¢1 < by yield

W H (o (0), a)
w0 -pw® 0 Y

a

r Wt (O H2(o (), a) At > j QU H2(o(t), an) At +

Fix s and note that

(whH(t,5))" = H2 (o), 5w (1) + (H2(t,5)) " w() .
= H%(o(t), s)w™ (t) + Hy(t,s)H(o(t), s)w(t) + H(t,s)Hy(t, s)w(t),

from which we obtain

H2(o(t), s)w™ (t) = <w(t)H2(t, s))A‘ — Hi(t,s)H(o(t), s)w(t) — H(t, s)H(t, s)w(t). (2.36)
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Therefore,
C1 C1 Ay
f wA(t)Hz(o(t),al)At:j <w(t)H2(t,a1)> At
ay ai

- le [Hi(t, a1)H(o(t), a))w(t) + H(t, a1) Hi(t, a1)w(t) ] At.
1 (2.37)

Notice that

1 A
f <w(t)H2(t, a1)> At = w(c))H2(c1, @) - w(a) H2 (a1, a1) = w(c))H2(c1, @) (2.38)
since H (a1, a1) = 0 and hence, we obtain from (2.34) that

w(cl)HZ(cl, ai) > J‘Cl Q(t)H2 (o(t), a;) At + le w? (1) H? (o(t), a) At

o T(t) — p(Hw(t)
(2.39)

+ IC1 [Hi(t, a1)H(o(t), a)w(t) + H(t, a1) Hi(t, a1)w(t) ] At.
On the other hand,

wA(H2(0 (1), )
r(t) - p(hw(?)

2
[t )

- (r(t) - p(tyw(t)) H (t, s) —w(t)H(o(t), s)Hi(t, s) + H(t, s)Hi(t, s)w(t).

+w(t)H(o(t),s)Hi(t,s) + H(t,s)Hy(t, s)w(t)

Taking into account that H(o(t),s) = H(t,s) + u(t)H;(t, s), we have

w’(HH?(o(t), a1)
r(t) = p(t)w(t)

+w(t)H(o(t), a1)Hi(t a1) + H(t, a1)Hi(t, an)w(t) > —r(t) H (t, a1).
(2.41)

Using this inequality in (2.39), we have

w(cl)H2(c1, a1) 2 f 1 [Q(t)Hz(o(t), @) - r(HA(L, al)] At. (2.42)
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Similarly, by following the above calculation step by step, that is, multiplying both
sides of (2.32) this time by H?(by, o(s)) after taking into account that

H2(t,0(s))w" (s) = (w(s)H2(t, s))As — Hy(t,s)H(t, 0(s))w(s) — H(t,s)Ha(t, s)w(s), (243)
one can easily obtain

b
—w(c1)H?(by, c1) > f [Q(S)Hz(bl,o(s)) - r(s)H%(bl,s)]As. (2.44)

Adding up (2.42) and (2.44), we obtain

1 B!
0 (11) fﬂl [Q(t)HZ(G(t)/ al) _T(t)le(t, 111)] At

> -
~ H?(cy,
(2.45)

1 b
e | [QOHb, o) =60 D]t

This contradiction completes the proof when x(t) is eventually positive. The proof when x(t)
is eventually negative is analogous by repeating the above arguments on the interval [a,, by ] ¢
instead of [a1, b1]y. O

Corollary 2.7. Suppose that for any given (arbitrarily large) T > to there exist subintervals [aq,b1]
and [az, ba] of [T, o) such that

pi(t) >0 fOT te[a,bi]Vlayby], (i=0,1,2,...,n),
(2.46)
(-Dlet) 20 forte[a,b], (1=1,2),

where a; = min{tj(a;) : j =0,1,2,...,n} holds. Let {11,12,...,1,} be an n-tuple satisfying (2.1)
of Lemma 2.1. If there exist a function H € #y and numbers c,, € (a,, by) such that

1 Cv
H2(cy, ay) LV [Q(t)H2(t, a,) —r(tyH(t, llv)] dt

b (2.47)
1 v
TS le [Q(t)Hz(bv, t) - r(t)H3 (by, t)]dt >0
forv =1,2, where
_ TO(t) - TO(av) 0 n ' ; Ti(t) _ Ti(av) at;
Q) = ol T + Kale T [ (i6)" (BB, »

ko=[m" m=1->m
i=0 i=1

then (1.3) is oscillatory.



10 Advances in Difference Equations

Corollary 2.8. Suppose that for any given (arbitrarily large) T > tq there exist a1, by, az, by € Z with
T<ay<byandT < ap < by such that foreachi=0,1,2,...,n,

pi(t) >0 fOT te {51,51 +1,a; +2,...,b1} U {a2,az +1,a +2,...,b2},
(2.49)
(-Dle(t) >0 forte{a,m+1,a+2,...,b} (1=1,2),

where a; = min{7j(a;) : j =0,1,2,...,n} holds. Let {n1,12,...,1a} be an n-tuple satisfying (2.1) of
Lemma 2.1. If there exist a function H € H#z and numbers ¢, € {a, +1,a,+2,...,b, — 1} such that

ﬁt ) [Q(t)Hz(t +1,a,) - r(Hi(t a))] -
mz [QOH by, t+1) = r()) HE (b, 1)] > 0 |
for v = 1,2, where
Hy(ta,) = H(t+1,a,) - H(t,a,),  Ha(byt) := H(by,t+1) = H(by, 1),
0 =PI ke IO (R 2es) Ly

ko=1Tm" m=1->m
i=0 i=1

then (1.4) is oscillatory.

Corollary 2.9. Suppose that for any given (arbitrarily large) T > t, there exist a1, by, a», by € N with
T<ay<byandT < ap < by such that foreachi=0,1,2,...,n,

pi(t) >0 fortE{qﬁqul“w-- q’ } {q 4%, qbz},

(-Dle(® 20 forte{q®,q™,....q"}, 1=12)

(2.52)

where g™ = min{z;(q*) :j=0,1,2,...,n} holds. Let {11,1,..., 1.} be an n-tuple satisfying (2.1)
of Lemma 2.1. If there exist a function H € Hq and numbers q> € {qg™*,q®*2,...,q> '} such that

- S Q@) H2 (a7, 4% ) = (@™ HE (4", 4")]

Hz(qcv qv) =,

1 b,-1

" H2(q%,q%) =,

(2.53)
q"[Q(am) H (a4 ) = r(q™) HE (4, q™)] > 0
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forv =1,2, where

7

H(q™',q™) - H(q",q") <q q> H(q”,q™") - H(q",q")

)= (g-1)q" ' (9-1)q"

oy - 7(g™) n i M
Q) =po(t) P +kole(£)] H(Pz D)) < 7.(q™) > ’

n n
ko=]]m" m=1->m
i=0 i=1

(2.54)

then (1.5) is oscillatory.

Notice that Theorem 2.6 does not apply if there is no forcing term, that is, e(t) = 0. In
this case we have the following theorem.

Theorem 2.10. Suppose that for any given (arbitrarily large) T € T there exists a subinterval [a, b]
of [T, oo)r, where a < b such that

pi() >0 forte[ably, (i=0,1,2,...,n), (2.55)

where a = min{7;j(a) : j =0,1,2,...,n} holds. Let {11,12,..., 1} be an n-tuple satisfying (2.2) in
Lemma 2.2. If there exist a function H € #Ht and a number ¢ € (a,b)y such that

ﬁ f [Q(t)H2(o(t), a) - r(tyH(t, a)] At
(2.56)

b
mf [Qt H2 (b, 0(1)) - r(s) H3 (b, | At > 0,

where
B 70(t) — To(a) o o ((Ti(t) = Ti(a) \ N Rar
Q0 =t gty R 100 (S e ) - k=TIu" e
then (1.1) with e(t) = 0 is oscillatory.

Proof. We will just highlight the proof since it is the same as the proof of Theorem 2.6. We
should remark here that taking e(t) = 0 and 759 = 0 in proof of Theorem 2.6, we arrive at

2
WA 2 Q30 + s + S 258)
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The arithmetic-geometric mean inequality we now need is

n n
S > | Jul, (2.59)
i=1 i=1
where1 =" ,n;and7; >0,i=1,2,...,n are as in Lemma 2.2. O

Corollary 2.11. Suppose that for any given (arbitrarily large) T > t there exists a subinterval [a, b]
of [T, ), where T < a < b with a,b € R such that

pi()>0 forte[ab], (i=0,1,2,...,n), (2.60)

where a = min{7;(a) : j =0,1,2,...,n} holds. Let {11,12,..., 1.} be an n-tuple satisfying (2.2) in
Lemma 2.2. If there exist a function H € H#r and a number ¢ € (a,b) such that

ﬁ f [Q(t)Hz(t, a) - r(HH2(t, a)]dt
(2.61)

1 b
T HXb,0) f [Q(S)Hz(br t) - r(H; (b, t)]dt >0,
where

Q) = p(t)TO(t) TO(“) kH( (t))”’<w>aim, o=1Iz" @&
i=1

7;(a)

then (1.3) with e(t) = 0 is oscillatory.

Corollary 2.12. Suppose that for any given (arbitrarily large) T > to there exists a,b € Z with
T < a < bsuch that

pi))>0 forte(@a+1,...,b}, (i=0,1,2,...,n), (2.63)

where a = min{7j(a) : j =0,1,2,...,n} holds. Let {11,12,..., 1} be an n-tuple satisfying (2.2) in
Lemma 2.2. If there exist a function H € Hz and a number c € {a+1,a+2,...,b -1} such that

c-1
H2(c 2) [Q(t)HZ(t +1,a) - r(hH(t, a)]
t=a
(2.64)
b-1
Hz(b c) Z[Q(t H(b,t+1) = r(t)H; (b, t)] >0,
t=c
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where
Hi(t,a):=H(t+1,a) - H(t, a), Hy(b,t) .= H(b,t+1) - H(b,t),

_ 7o(t) — T0(a) oo ((Tilt) = Ti(a@) \ M T
Q(t)—Po(t)m+kog(Pz(t))q (m) , ko—l;[’liﬂ/

(2.65)

then (1.4) with e(t) = 0 is oscillatory.

Corollary 2.13. Suppose that for any given (arbitrarily large) T > to there exist a,b € N with
T < a < b such that

pi() >0 for te {qﬁ,qﬁﬂ,...,qb}, (i=0,1,2,...,n) (2.66)

where qﬁ =min{7;(q") : j =0,1,2,...,n} holds. Let {n1,12,...,1Ma} be an n-tuple satisfying (2.2)
in Lemma 2.2. If there exist a function H € H v and a number q° € {q°,q*", ..., %} such that

1 c-1
) 2 [Qa™ H (47, 4%) - r(q™) (i (g™, 4%)’]
(2.67)
1 b-1 )
+ WZ}’” [Q(q’”)Hz(q", ") - r(q") (Ha(q" ™) | >0,
where
Hm+1,a_H m’a Hb’m+1_H b’m
Hy (g7, q7) = 070" ~ Hg"aq") Ha (¢t q™) = (a°,q"™") - H(q".4")

(g-1)q™ (g-1)q

_ To(t) — 10(q%) (Tl = Ti(g®) \ T
Q(t)_pO(t)—qt—To(qa) +k0£-i[(}71(t)) <qf—Ti(q“_) ) ’ ko—l;-i[rli ’

(2.68)

then (1.5) with e(t) = 0 is oscillatory.

It is obvious that Theorem 2.6 is not applicable if the functions p;(t) are nonpositive
fori=m+1,m+2,...,n. In this case the theorem below is valid.

Theorem 2.14. Suppose that for any given (arbitrarily large) T € T there exist subintervals [ay, bi] ¢
and [az, ba]p of [T, o0)r, where a; < by and a, < by such that

pi(t) >0 fOT te [Elrbll'ﬂ‘ U [Ez, bz]T, (l =0,1,2,.. .,11),
(2.69)
(-Dle(t)y>0 forte[a,bly, (1=1,2),
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where ay = min{tj(a;) : j =0,1,2,...,n} holds. If there exist a function H € Hr, positive numbers
Ai and v; satisfying

Z)L,' + ‘Z vi=1, (2.70)

and numbers ¢, € (a,,b,)y such that

#{UJ‘ V[Q(t)HZ(o(t),av) —r(tHA(t, av)]At

(2.71)
W f [Q) H2(by, 0(1) ~ r(t) HE (by, )] At > 0
forv =1,2, where
Q) = Po(t)—?((:))__g((g:)) - Sahle(D /" ¢ )<—£g)) ::éz)))
(2.72)
N By 1-(1/a) g1/ 7i(t) — 7i(ay)
2 fileie®D o( o () —Ti(ay) )
with
pi=ap(a; =)V pr=a(1-a) V7, = max{-pi(t),0}, (2.73)

then (1.1) is oscillatory.

Proof. Suppose that (1.1) has a nonoscillatory solution. Without losss of generality, we may
assume that x(f) and x(7;(t)) (i=0,1,2,...,n) are eventually positive on [ay, b1]; when a; is
sufficiently large. If x(t) is eventually negative, one may repeat the same proof step by step
on the interval [ay, by ] .

Rewriting (1.1) for t € [ay, bi]y as

n

(rhx* )" + poOx(@O) + X [pi)x" (5:0) + Mle(®l] + X [pi)x (x:(1)) + wile(®)]] = 0
i=1

i=m+1
(2.74)
and applying Lemma 2.3 to each term in the first sum, we obtain
(x> ®)” + polx(ro(6) + S (Ale() P t)x(ri (1)
i=1
(2.75)

+ ) [p@®)x"(m(1) + vile(t)]] <0,

i=m+1
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where p; = a;(a; - 1)(1/”"')’1 fori=1,2,...,m. Setting

x®(f)

w(t) = -r(t) )

yields

(rx ) wi

G e R I OTIOR

Substituting the above last equality into (2.75), we have

x() | <= 1-1/a) 1/ x(Ti(t))
W) 2 =5y + pdile®D O
w?(t)
xa(t)l%l pi(H)x®(Ti(t)) + vile(t)|] + 7O = pOw®
It follows from (2.5) that
x(o(t)) o 7o(t) —70(a1)
xo(t) ~ o(t) - To(ar)’
x(7i(t) o 7i(t) —7i(a1)
xo(t) ~ o(t) -m(ar)’
X(Ti(1) a1, o TilE) = Ti(ar)
w2 O )
Notice that the second sum in (2.78) can be written as
x%i(Ti(t)) vl|e(t)|
xa(t)l%l pi(t)x (7;(t)) + V1|3(t)| - m+1[ i(t) x9(f) xU(t)
Tz(t) Ti al) 1 e
,%Jo(t) mar) ][ Ol PO (5w ]

and hence applying the Lemma 2.4 yields

7i(t) - 7i(ay) 1 1
lmﬂ[o(t) (@) [ O =70 () ]

-3 | [poen e,

15

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)



16 Advances in Difference Equations

where f; = a;(1 - a;)V/%)71 and pi = max{-p;(t),0} fori =m+1,m+2,...,n. Using (2.79),
(2.80), and (2.78) into (2.78), we obtain

wh (1) > poty D= T0(@) [Tz(f) 7i(ay)

]#iuae(tn)l‘“/“l) ;)

o)~ ro(ar) 2| o(h) ~man)
(2.84)
- 5[5 |t )+ s
Setting
00 = po) Z G + Sy (g e )
(2.85)
—élﬁmatml g (=T,

we have
wh () > Q) + r(t)f";% (2.86)
The rest of the proof is the same as that of Theorem 2.6 and hence it is omitted. O

Corollary 2.15. Suppose that for any given (arbitrarily large) T > to there exist subintervals [aq, b1]
and [az, ba] of [T, o0), where T < ay < by and T < ap < by such that

pi(t) >0 fOI’ te [El,bl] U [Ez,bz], (l =0,1,2,.. .,n),
(2.87)
(-D'e(t) >0 forte[a,b], (1=1,2),

where a; = min{tj(a;) : j =0,1,2,...,n} holds. If there exist a function H € H#r, positive numbers
Ai and v; satisfying

S+ Swi=1, (2.88)
i=1 i=m+1

and numbers c, € (a,,b,) such that

ﬁ J‘ v [Q(t)HZ(t, a,) — r(t)le(t’ av)]dt
| (2.89)

W ,[ [Q(t)Hz(bv,t) — r(t)H2(b,, t)]dt >0
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forv =1,2, where

Q) = po (t)To(t) To(ﬂv) Zﬂl()t le()]) -V p 1/ )<Ti(t) _Ti(av))

To(ay t—7i(ay)
(2.90)
N B 1-(1/a) 5 1/as g (Ti(E) — Ti(ay)
) e <—t o >
with
i = (e = )YV B = (1 - )V, B = max{—p;(t),0}, (2.91)

then (1.3) is oscillatory.

Corollary 2.16. Suppose that for any given (arbitrarily large) T > to there exist ai, by, a, by € Z
withT < ay <byand T < ay < by such that for eachi=0,1,2,...,n,

pi(t) >0 fOT’tE {El,ﬁl +1,...,b1} U {52,E2+1,...,b2}
(2.92)
(-Dle(t)>0 forte{a,a+1,...,b}, (1=1,2),

where a; = min{tj(a;) : j =0,1,2,...,n} holds. If there exist a function H € Hz, positive numbers
Ai and v; satisfying

m n
S+ D vi=1, (2.93)
i=1 i=m+1

and numbers ¢, € {a, +1,a, +2,...,b, — 1} such that

W Z [QWH(t+1,a,) - r(H H (1, )]

(2.94)
1
mz [Q(t)Hz bv,t + 1) — r(t)Hz(bw t)] >0
forv =1,2, where
Hi(t,ay) =H(t+1,a,) -H(t,ay),  Ha(byt) := H(by, t +1) - H(by, 1),
QO =l )% Zﬂz(i le())l)! =/ p, % (¢ K%) (2.95)

- 3% BleD g (PO

Pt t+1-m1i(ay,)
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with
pi = ai(ai = DY p = a(1-a) VT, p = max{-pi(h), 0}, (2.96)

then (1.4) is oscillatory.

Corollary 2.17. Suppose that for any given (arbitrarily large) T > to there exist ai, by, a2, b, € N
withT < ay <byand T < ay < by such that for eachi=0,1,2,...,n,

pi(t) >0 forte{qal,qﬁﬁl,...,qbl} {q q“2+1.. qbz},

(-D'e(t) >0 forte {qﬁf,qﬁl”,...,qbl}, (1=1,2),

(2.97)

where ¢ = min{7j(q™) : j =0,1,2,...,n} holds. If there exist a function H € H#, positive numbers
Ai and v; satisfying

i)ti + i v = 1, (298)
i=1 i=m+1

and numbers g € {g™*1,g™*2,..., g7} such that

1 cy—1
) S e () o)
- (2.99)
H2(q q° )Z" [ H (g, q™") ~rvHi (¢,97)] >
forv =1,2, where
m e H@™ q%) - H(q",q%) H(g™, q™") - H(q",q")
H ,g?) = , ’
g™ q") (g-1)gm <q q> (g-1)gm
f - - 70(q9") J(ile(tyy-V/a)pl/a <Ti(t)—7'i(qa”)>
Q) = 0()—(q) Z#( le(t)]) () T n(q)
RN (ile(B)) VW 5w Ti(t)‘Ti(q“”)>
m};lmwe()n p (>< prapy
(2.100)
with
pi= i@ =DV B = a1 a5, f = max{-pi(), 0}, (2.101)

then (1.5) is oscillatory.
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3. Examples

In this section we give three examples when n = 2, and a; = 2, a» = 1/2 in (1.1). That is, we
consider

XBA (1) + po(t)x(To (1)) + pr (B (T1(1) [ (T1 () + pa (t) [x (71 ()] x(72(t)) = 0. (3.1)

For simplicity we take H(t,s) = t — s, thus Hi(t,s) = —H>(t,s) = 1. Note that 771 = 1/3 and
72 = 2/3 by Lemma 2.2.

Example 3.1. Let A>0and B, C > 0 be constants. Consider the differential equation
x"(t) + Ax(t = 1) + Blx(t = 2)|x(t = 2) + C|x(t = )| ?x(t - 1) = 0. (3.2)

Leta=j,b=j+2,andc=j+1,jeN.
We calculate

B t—j 3 o1/3,2/3 (t-7)
Q(t)_A<t—j+1>+\3/_AI(B) ©) (t—j+2)2/3(t—j+1)1/3 (33)

and see that (2.61) holds if
1/3
4A4+9(BC?) " > 27. (34)

Since all conditions of Corollary 2.11 are satisfied, we conclude that (3.2) is oscillatory when
(3.4) holds.

Example 3.2. Let A > 0 and B,C > 0 be constants. Define py(t) = A, p1(t) = B, and po(t) = C
fort =10j + k, k = -3,-2,-1,0,1,2,3, j > 1; otherwise, the functions are defined arbitrarily.
Consider the difference equation

Ax(t) + po(£)x(t = 1) + pr(B)[x(t = 2)|x(t = 2) + pa () |x(t = 1) 2x(t - 1) = 0. (3.5)

Let a =10j, b = 10j + 3, and ¢ = 10j + 1. We derive

t—10j 3 1/3 t—10j
Q(t) = A— + — 2 3.6
t—10]+2 \3/1< > (t_3]-+3)2/3(t_10].+4)1/3 ( )
and see that positivity in (2.64) satisfies if
9(BC2)'/?
Ay JBE) T 48 (37)

45 5°

Since all conditions of Corollary 2.12 are satisfied, we conclude that (3.5) is oscillatory if (3.7)
holds.
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Example 3.3. Let A > 0 and B, C > 0 be constants. Define py(t) = A, p1(t) = B and p»(t) = C
for t = 210*k 'k = -3,-2,-1,0,1,2,3, j > 1; otherwise, the functions are defined arbitrarily.

Consider the g-difference equation, (g = 2),
t EN|V2 [t
x<1> +p2(t) x<§> x<§> =0. (3.8)

(1)

Let a =10j, b = 10j + 3, and ¢ = 10j + 1. We have

AZx(t) + po(t)x<£> +p1(t)

Ql)y=A

_ 210j 1/3 _ 210j
-2 3 (8C) : -2 (3.9)

—_— — .
4t -219 /4 8t_210j)2/3(16t_210j)1/3

We see that (2.67) holds for all A > 0 and B, C > 0. Since all conditions of Corollary 2.12 are
satisfied, we conclude that (3.8) is oscillatory if A > 0 and B, C > 0 are positive.
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