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The existence and uniqueness of solutions and asymptotic estimate of solution formulas are stud-
ied for the following initial value problem: g(t)y'(t) = ay(t)[1 + f(t, y(t), j’ny(t, s, y(t),y(s))ds)],
y(0*) =0,t € (0,t9], where a > 0is a constant and f > 0. An approach which combines topological
method of T. Wazewski and Schauder’s fixed point theorem is used.

1. Introduction and Preliminaries

The singular Cauchy problem for first-order differential and integro-differential equations
resolved (or unresolved) with respect to the derivatives of unknowns is fairly well studied
(see, e.g., [1-16]), but the asymptotic properties of the solutions of such equations are only
partially understood. Although the singular Cauchy problems were widely considered by
using various methods (see, e.g., [1-13, 16-18]), the method used here is based on a different
approach. In particular, we use a combination of the topological method of T. Wazewski
(see, e.g., [19, 20]) and Schauder’s fixed point theorem [21]. Our technique leads to the
existence and uniqueness of solutions with asymptotic estimates in the right neighbourhood
of a singular point.
Consider the following problem:

t
gty (t) = ay(t) [1 +f <t/y(t), IWK (t, Sfy(t),y(s))d5>]f 1)

y(0%) =0,
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where f € CO(J x RxR,R), K€ C’(J x ] xRxR,R), J =(0,t], to > 0. Denote

f(t) =o(g(t)) ast — 0" if there is valid lim;_,o- (f (t)/g(t)) =0,
f(t) ~ g(t) ast — 0% if there is valid lim; o+ (f () /g(t)) = 1.
The functions g, f, K will be assumed to satisfy the following.
(i) a > 0 is a constant, g(t) € C'(J), g(t) > 0, g(0*) =0, ¢'(t) ~ ¢(t)g*(t) ast —
0%, A>0, ¢g(t)g"(t) =0(1) ast — 0* foreach 7 >0, ¢ € C(J,R").

i) |f(twu,0)| < |ul + o], [[o.K(ts,y(5),y(s)ds| < r(Dlyl,0 < r(t) € C(J), r(t) =
¢(t,C)o(1) ast — 0%, where ¢(t,C) = Cexp(ﬁo(a/g(s))ds) is the general solution
of the equation g(#)y'(t) = ay(t).

In the text we will apply the topological method of Wazewski and Schauder’s theorem.
Therefore, we give a short summary of them.
Let f(t,y) be a continuous function defined on an open (t,y)-set Q ¢ R x R?, Q° an

open set of Q, 0Q° the boundary of Q° with respect to Q, and Q' the closure of Q° with
respect to Q. Consider the system of ordinary differential equations

v =f(ty). (1.2)

Definition 1.1 (see [19]). The point (ty, yo) € QN 9Q’ is called an egress (or an ingress point)
of Q0 with respect to system (1.2) if for every fixed solution of system (1.2), y(to) = o, there
exists an e > O such that (¢, y(t)) € Q° forty—e <t <ty (tyo <t < to+e). An egress point (ingress

—0
point) (to, yo) of Q¥ is called a strict egress point (strict ingress point) of QU if (t, y(t)) £Q on
interval t) <t <ty+e€1 (g — €1 <t <ty) foran e;.

Definition 1.2 (see [19]). An open subset Q° of the set Q is called a (u,v)-subset of Q with
respect to system (1.2) if the following conditions are satisfied.

(1) There exist functions u;(t,y) € CY(QR),i=1,...,m and vi(t,y) € C[Q,R], j =
1,...,n, m+n >0 such that

Qo={(ty) eQ:u(ty) <0, vj(t,y) <0 Vi, j}. (1.3)

(2) 114(t,y) < 0 holds for the derivatives of the functions u,(t,y), « = 1,...,m, along
trajectories of system (1.2) on the set

Up={(ty) €eQ:u(ty) =0, ui(t,y) <0, vj(t,y) <0, Vji#a}. (1.4)

(3) vp(t,y) > 0 holds for the derivatives of the functions vg(t,y), p = 1,...,n, along
trajectories of system (1.2) on the set

Vi={(ty) e Q:vp(t,y) =0, ui(t,y) <0, vj(t,y) <0, Vi, j#p}. (1.5)

The set of all points of egress (strict egress) is denoted by Q) (QY,).
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Lemma 1.3 (see [19]). Let the set Qg be a (u,v)-subset of the set Q with respect to system (1.2).
Then

Q), = Q) = Ju. \ Vs (1.6)
p=1

a=1

Definition 1.4 (see [19]). Let X be a topological space and B C X.

Let A C B. A function r € C(B, A) such that r(a) = a for all a € A is a retraction from
Bto Ain X.

The set A C B is a retract of B in X if there exists a retraction from B to A in X.

Theorem 1.5 (Wazewski’s theorem [19]). Let Q° be some (u, v)-subset of Q with respect to system
(1.2). Let S be a nonempty compact subset of Q°U Q0 such that the set SN QY is not a retract of S but
is a retract QQ. Then there is at least one point (to, yo) € SN Qo such that the graph of a solution y(t)
of the Cauchy problem y(ty) = yo for (1.2) lies in Qg on its right-hand maximal interval of existence.

Theorem 1.6 (Schauder’s theorem [21]). Let E be a Banach space and S its nonempty convex
and closed subset. If P is a continuous mapping of S into itself and PS is relatively compact then the
mapping P has at least one fixed point.

2. Main Results

Theorem 2.1. Let assumptions (i) and (ii) hold, then for each C #0, there exists one solution y(t,C)
of initial problem (1.1) such that

[yt 0) -9, 0)| < 5(¢*(t, C))(i), i=0,1, (2.1)

for t € (0,t2], where 0 < t* <ty, 6 > 11is a constant, and t* depends on 6, C.

Proof. (1) Denote E the Banach space of continuous functions k(t) on the interval [0, t] with
the norm

A ()l = é?éiﬁ'h(t)" (2.2)

The subset S of Banach space E will be the set of all functions h(t) from E satisfying the
inequality

|h(t) - ¢(t,C)| < 6¢*(t,C). (2.3)

The set S is nonempty, convex and closed.
(2) Now we will construct the mapping P. Let ho(tf) € S be an arbitrary function.
Substituting ho(t), ho(s) instead of y(t), y(s) into (1.1), we obtain the differential equation

t
gy () = ay() [1 + f<t,y<t>,j0+1<<t, 5 ho<t>,h0<s>>ds>]. 24)
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Set
t —
y(t) = ¢(t,C) + Cexp <ft (1g (:))“ds> Yo(b), (2.5)
! _qt L ! (1_6()‘1
y(t) = ¢'(t,C) + . (t)Cexp< 5 ds>Y1(t), (2.6)

where 0 < a < 1 is a constant and new functions Yy (t) and Y;(t) satisfy the differential
equation

gBYy(t) = (a—1)aYo(t) + Ya(t). (2.7)
From (2.3), it follows that
ho(t) = ¢(t,C) + Hy(t), |Ho(t)| < 6¢°(t, C). (2.8)

Substituting (2.5), (2.6) and (2.8) into (2.4) we get

Yi(b) = aYo(t) + (aC exp (f %ds> + aYO(t)>
fo

t —
x f <t,¢(t, C) + Cexp< to(lg(—s"‘))“ds> Yo(t), (2.9)

Jt K(t,s,¢(t,C) + Ho(t), d(s,C) + Ho(s))ds>.
0+

Substituting (2.9) into (2.7) we get

S(OY(t) = aaYy(t) + <aC exp <f: é%azs> + aYo(t)>

x f<t,¢(t, C) +Cexp <f: (1g_(:))ads>Yo(t), (2.10)

ft K(t,s,¢(t,C)+ Ho(t), $(s,C) + Ho(s))ds>.
0

In view of (2.5), (2.6) it is obvious that a solution of (2.10) determines a solution of (2.4).
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Now we will use Wazewski’s topological method. Consider an open set Q C R* x R.

Investigate the behaviour of integral curves of (2.10) with respect to the boundary of the set

Qo CcQ, Qo = {(t,Yo) : 0<t<ty, uo(t,Yo) < 0}, (211)

where

2
uo(t, Yo) = Y2 - <6C exp <f (1g+(:))“ds>> : (2.12)
to

Calculating the derivative 7(t, Yy) along the trajectories of (2.10) on the set

690 = {(t,Yo) 0<t< to, uo(t, Y()) = 0}, (213)

we obtain

2 t
io(t, Vo) = gT”t‘)[aYg(t) + <Yo(t)Cexp <L0%ds> + Yg(t)>

x f (t,gb(t, C)+Cexp <ft (1g_(:))ads> Yo(t),

to

(2.14)
f K(t,s,¢(t,C)+ Ho(t), (s, C) + Ho(S))dS>
o+
o ) "2(1+a)a
6°(1+a)Cexp <It0 —g(s) ds | |.
Since
lim ¢(t)g"(t) =0 for any 7 >0,
o0 (2.15)

g'(t) ~w(t)g'(t) fort — 0%, >0,

then there exists a positive constant M such that

gty <M, te(0,t]. (2.16)
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Consequently,

— -0 if t — 0%, (2.17)

' ds 1 (fgs)dt 1 g(t)
i =1
f W8() M), g(s) T M gt

From here lim;_,¢- ¢(t,C) = 0 and by L'Hospital’s rule ¢"(t,C)g°(t) = o(1) fort — 0%, o
is an arbitrary real number. These both identities imply that the powers of ¢(t,C) affect the
convergence to zero of the terms in (2.14), in decisive way.

Using the assumptions of Theorem 2.1 and the definition of Yy (t), ¢(t,C), we get that
the first term aYOZ(t) in (2.14) has the form

aY02(t) = a6>C? exp <£ %;;—Sgc)ads>, (2.18)

and the second term

t t_
(Yo(t)C exp <L0 ;E—z)ds> + Yoz(t)> x f<t, ¢(t,C) +Cexp <LU ( g(sa))ads> Yo(t),

It K(t,s,¢(t,C) + Ho(t), ¢(s,C) + Ho(s))ds>
o

(2.19)
is bounded by terms with exponents which are greater than
r 2(14_—0(”1015. (2.20)
th & (s)
From here, we obtain
sgniig(t, Yy) = sgn<—62C2(1 +a)exp <J‘i 2(;(’-—5(;)(1015>> =-1 (2.21)
0

for sufficiently small t*, depending on C, 6, 0 < t* < t.

The relation (2.21) implies that each point of the set 0Q is a strict ingress point with
respect to (2.10). Change the orientation of the axis ¢ into opposite. Now each point of the
set 0Q is a strict egress point with respect to the new system of coordinates. By Wazewski’s
topological method, we state that there exists at least one integral curve of (2.10) lying in Qg
for t € (0,t*). It is obvious that this assertion remains true for an arbitrary function ho(t) € S.
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Now we will prove the uniqueness of a solution of (2.10). Let Y, (t) be also the solution
of (2.10). Putting Zy = Y) — Yp and substituting into (2.10), we obtain

g Zy=aaZy+ <aC exp <J‘t %ds) + a(t)ZO(t)>
to

"1-a)a —
x [f<t,¢(t,C) + Cexp< towds> <Zo(t) + Yo(t)>,

ft K(t,s,¢(t C) + Hy(t), d(s,C) + Ho(s))ds> (2.22)
0+

t —_ —_—
—f <t, (t,C) + Cexp< ) (1g (g)“ds> Yo(t),

ft K(t,s,¢(t,C)+ Ho(t), $(s,C) + Ho(s))ds>].
0+

Let
91(6) = {(t, Zo) c0<t< t*, ul(t, Zo) < 0}, (223)
where
Pl+a-pa 2
ui(t, Zo) = Z3 - <6Cexp< gT)‘uds>> , O<pu<a (2.24)
to

Using the same method as above, we have

sgn i (t, Zy) = -1 (2.25)

for t € (0,#]. It is obvious that Qy ¢ Q;(6) for t € (0,t*). Let Zo(t) be any nonzero solution
of (2.14) such that (t, Zo(t)) € Qi for 0 < #; < t*. Let 6 € (0,8) be such a constant that
(t1, Zo(t)) € 0Q(6). If the curve Zy(t) lays in Q;(6) for 0 < t < t;, then (t1, Zo(t;)) would
have to be a strict egress point of dQ; (6) with respect to the original system of coordinates.
This contradicts the relation (2.25). Therefore, there exists only the trivial solution Zy(t) = 0
of (2.22), 50 Yy = Yo(#) is the unique solution of (2.10).

From (2.5), we obtain

lyo(t,C) = ¢(t,C)| < 6¢*(t,C), (2.26)



8 Advances in Difference Equations

where yo(t, C) is the solution of (2.4) for t € (0, t*]. Similarly, from (2.6), (2.9) we have

lyo(t,C) - ¢'(t,C)| = '(ﬂCep< (zdgad>Yﬂﬂ
(=0

< < a6Cexp< ) (1;:‘))” >

S%Czexp<f mds> 6(

It is obvious (after a continuous extension of yy(t) for t = 0 and y(0*) = 0) that P : hy — o
maps S into itself and PS C S.

(3) We will prove that PS is relatively compact and P is a continuous mapping.

It is easy to see, by (2.26) and (2.27), that PS is the set of uniformly bounded and
equicontinuous functions for t € [0, t*]. By Ascoli’s theorem, PS is relatively compact.

Let {h,(t)} be an arbitrary sequence functions in S such that

+

a6C exp <J‘: (1;(:))ads> (>

2(¢, C))’.

(2.27)

Jar(t) = ho(Bll = €, lime, =0, ho(t) €. (2.28)

The solution Yy () of the equation

g(Yy(t) = aaYy(t) + <aC exp (Jt ﬁds> + aYO(t)>

t —
x f <t, ¢(t,C) + Cexp <ft (18 (:))ads> Yo(t), (2.29)

Jt K(t,s,¢(t,C) + Hi(t), ¢(s,C) + Hk(s))ds>
0+

corresponds to the function hy () and Yi(t) € Q) for t € (0,t*). Similarly, the solution Yo(t)
of (2.10) corresponds to the function hy(t). We will show that 1Y (£) - Yo(t)] — O uniformly
on [0,t%], where 0 < t* < t*, t* isa sufficiently small constant which will be specified later.
Consider the region

Qox = {(t,Yo) : 0<t<t*, up(t, Yo) <0}, (2.30)
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where

Pl+a-v)a

2
ds , O<v<a k>1. (231)
t g(s)

. \2
uok (t, Yo) = <Y(t) - Yo(t)> - <€kC eXP<

There exists sufficiently small constant t* < t* such that Qy C Qo for any k, t € (0,t4).
Investigate the behaviour of integral curves of (2.29) with respect to the boundary 0Q, t €
(0,t2]. Using the same method as above, we obtain for trajectory derivatives

sgn ﬂok(t, Yo) =-1 (232)

for t € (0,t*] and any k. By Wazewski’s topological method, there exists at least one solution
Yi(t) lying in Qok, 0 <t < 2. Hence, it follows that

"l+a-v)a

i) - Yo(t)| < exCexp <f 5
to

ds> < Mgy, (2.33)

and M > 0 is a constant depending on C, t*. From (2.5), we obtain

"1-a)a

|y () = yo(0)| =Cexp<ft 5 ds>|?k<t)—?o<t> < mey, (2.34)

where m > 0 is a constant depending on t2,C, M. This estimate implies that P is continuous.
We have thus proved that the mapping P satisfies the assumptions of Schauder’s fixed
point theorem and hence there exists a function h(t) € S with h(t) = P(h(t)). The proof of
existence of a solution of (1.1) is complete.
Now we will prove the uniqueness of a solution of (1.1). Substituting (2.5), (2.6) into
(1.1), we get

Yi(t) = aYo(t) + <aC exp <f %%) + a(t)Yo(t)>
to

"1-a)a
to g(s)

ft I<<t,s,¢(t,C)+Cexp< t (l_a)adu>Yo(t),
0+

xf<t,¢(t,C) +Cexp< dS>Yo(t),

(2.35)

to g(u)

¢(s,C) + Cexp <ﬁ (1g_(5))adu> Yo(s)>ds>.
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Equation (2.7) may be written in the following form:

S(OY)(t) = aaYo(t) + <aC exp <£ %ds> + aYO(t)>

t —
x f<t,¢(t, C) +Cexp <L (lg (:‘))“ds> Yo(t),

! "1-a)a
f0+K<t, s, ¢(t,C) +Cexp<ft0 200) du>Y0(t),

¢(s,C) + Cexp< tso(lg_(—j))ad”> Yo(s)>ds>.

Now we know that there exists the solution yy(t, C) of (1.1) satisfying (2.1) such that

(2.36)

t —
Yo(t,C) = ¢(t,C) + Cexp< t “g (:))“ds> Uo (), (2.37)

where Uy (t) is the solution of (2.36).
Denote Wy (t) = Yo(t) — Uo(t) and substituting it into (2.36), we obtain

to g(s)

t —_
x [f <t,¢(t, C) + Cexp <J‘t ug(:))adS) (Wo(t) + Uy (t)),

! "1-a)a
J‘O+K<t, s,¢(t,C) + Cexp <th ) du> (Wo(t) + Up(t)),

gOW(t) = aaWy(t) + a<C exp <It ﬂds> n Wo(t)>

¢(s,C) +C exp< ; (1g_(::))adu> (Wo(s) + Uo(s))> ds> (2.38)

"1-a)a
n 8(s)

! "l-a)a
.[0+K<t’ s, ¢(t,C) + Cexp <L0 200) du> Uy(t),

¢(s,C) + Cexp <Jj (1g_(5))adu> Uo(s)>d5>].

-f (t,qb(t, C) + Cexp< ds> Uo(t),
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Let
Qoo = {(t, Wo): 0<t<t® up(t, W) < 0}, (2.39)
where
t 1 _ 2
ugo (t, Wo) = W - <6C exp{ (+;(—S)#)ads}> , O<p<a (2.40)
to

If (2.38) had only the trivial solution lying in Qqo, then Yy(t) = Uo(t) would be the
only solution of (2.38) and from here, by (2.36), yo(t, C) would be the only solution of (1.1)
satisfying (2.1) for t € (0,t].

We will suppose that there exists a nontrivial solution Wy(t) of (2.38) lying in Q.
Substitute Wy (s) instead of Wy (t) into (2.38), we obtain the differential equation

SHOWL(H) = aaWy(t) + a<C exp (J: %ds> + Wo(t)>

t —
« [f <t,¢(t, C) + Cexp <f < (_f‘))“ds> (Wo(t) + Un(D),

4

t t _ S
f K <t, s,¢(t,C) + Cexp <It “g (:‘))”du> <Wo(t) +Up(1)),

o+

¢(s,C) + Cexp (I “g_(;"))"‘du) (Wals) + Uo(s)>>ds> (2.41)

to

t —
_ f<t,¢(t, C) + Cexp <L (1g(:))ads> Uy (t),

! "1-a)a
0+K(t,s,d)(i.‘,C) +Cexp<ft0 2 du>llo(t),

$(s,C) +C exp< ;(lg_(—::))adu> Uo(s)>ds>].

Calculating the derivative i1y (t, Wy) along the trajectories of (2.41) on the set 0Qq, we
get sgn i (t, Wy) = —1 for t € (0,t4].

By the same method as in the case of the existence of a solution of (1.1), we obtain that
in Qg there is only the trivial solution of (2.41). The proof is complete. O

Example 2.2. Consider the following initial value problem:

2 ot E2e y() o
t°y'(t) = 3y(t) <1 + T tzy(t) + '[0 1+ 0 ds>, y(0") =0. (2.42)
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In our case a general solution of the equation

£y (t) = 3y(t) (243)
has the form ¢(t,C) = Cexp(3ty™' =3t™) and g(t) =12, a =3, ¢s(t) =2, A = 1/2, ¢s(H)g"(t) =

2t = o(1) ast — 0*.
Further

|f(tu,0)| =

Ly(tnf 2¢” vy ds‘

1+12 053(1 +y2(t)y2(s)) o
! 2e75"y(t) .
< |y + f033(1 - yz(t)yz(s))ds‘,
r(t) = exp(-t2), exp(-+2) = Cexp(3t,' —=3t)o(1) ast — 0* and
! Ze‘s_zy(t) 5
J ity < o) vel @45)

According to Theorem 2.1, there exists for every constant C # 0 the unique solution y(t, C) of
(2.42) such that

. (i)
}y(”(t,C) - (c exp<3 - §)>
to ¢

fort € (0,t*].

(@)

ses[(c&p(%—%)ﬂ Cic01,  (246)
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