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We study the existence of weighted S-asymptotically w-periodic mild solutions for a class of
abstract fractional differential equations of the form u' = 7 *"'Au + f(t,u), 1 < a < 2, where A
is a linear sectorial operator of negative type.

1. Introduction

S-asymptotically w-periodic functions have applications to several problems, for example
in the theory of functional differential equations, fractional differential equations, integral
equations and partial differential equations. The concept of S-asymptotic w-periodicity was
introduced in the literature by Henriquez et al. [1, 2]. Since then, it attracted the attention
of many researchers (see [1-10]). In Pierri [10] a new S-asymptotically w-periodic space
was introduced. It is called the space of weighted S-asymptotically w-periodic (or Sv-
asymptotically w-periodic) functions. In particular, the author has established conditions
under which a Sv-asymptotically w-periodic function is asymptotically w-periodic and also
discusses the existence of Sv-asymptotically w-periodic solutions for an integral abstract
Cauchy problem. The author has applied the results to partial integrodifferential equations.

We study in this paper sufficient conditions for the existence and uniqueness
of a weighted S-asymptotically w-periodic (mild) solution to the following semi-linear
integrodifferential equation of fractional order

- t (t—S)‘kz

v (t) = . mAv(s)ds + f(t,v(t), t>0, (1.1)
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v(0) = up € X, (1.2)

wherel <a <2, A: D(A) € X — X s a linear densely defined operator of sectorial type on
a complex Banach space X and f : [0,00) x X — X is an appropriate function. Note that the
convolution integral in (1.1) is known as the Riemann-Liouville fractional integral [11]. We
remark that there is much interest in developing theoretical analysis and numerical methods
for fractional integrodifferential equations because they have recently proved to be valuable
in various fields of sciences and engineering. For details, including some applications and
recent results, see the monographs of Ahn and MacVinish [12], Gorenflo and Mainardi [13]
and Trujillo et al. [14-16] and the papers of Agarwal et al. [17-23], Cuesta [11, 24], Cuevas
et al. [5, 6], dos Santos and Cuevas [25], Eidelman and Kochubei [26], Lakshmikantham et
al. [27-30], Mophou and N'Guérékata [31], Ahmed and Nieto [32], and N'Guérékata [33]. In
particular equations of type (1.1) are attracting increasing interest (cf. [5, 11, 24, 34]).

The existence of weighted S-asymptotically w-periodic (mild) solutions for integrodif-
ferential equation of fractional order of type (1.1) remains an untreated topic in the literature.
Anticipating a wide interest in the subject, this paper contributes in filling this important gap.
In particular, to illustrate our main results, we examine sufficient conditions for the existence
and uniqueness of a weighted S-asymptotically w-periodic mild solution to a fractional
oscillation equation.

2. Preliminaries and Basic Results

In this section, we introduce notations, definitions and preliminary facts which are used
throughout this paper. Let (Z, | - [|z) and (Y, || - [|y) be Banach spaces. The notation B(Z,Y)
stands for the space of bounded linear operators from Z into Y endowed with the uniform
operator topology denoted || - ||3zy), and we abbreviate to B(Z) and || - ||3z) whenever
Z =Y. In this paper C,([0, o), Z) denotes the Banach space consisting of all continuous
and bounded functions from [0, co0) into Z with the norm of the uniform convergence. For a
closed linear operator B we denote by p(B) the resolvent set and by o(B) the spectrum of B
(that is, the complement of p(B) in the complex plane). Set (Al — B)™! the resolvent of B for
A € p(B).

2.1. Sectorial Linear Operators and the Solution Operator for
Fractional Equations

A closed and linear operator A is said sectorial of type y if there are 0 < 0 < /2, M > 0
and py € R such that the spectrum of A is contained in the sector y + X = {g+ A : A €
C, |arg(-\)| <@} and [|(A = A)7'| < M/|A — pl, forall A¢p + Ze.

In order to give an operator theoretical approach for the study of the abstract system
we recall the following definition.

Definition 2.1 (see [17]). Let A be a closed linear operator with domain D(A) in a Banach
space X. One calls A the generator of a solution operator for (1.1)-(1.2) if there are p € R
and a strongly continuous function S, : R* — B(X) such that {A* : ReX > u} C p(A) and
A% — A)7'x = [P e MS,(t)xdt, for all Red > p, x € X. In this case, S,(t) is called the
solution operator generated by A. By [35, Proposition 2.6], S,(0) = I. We observe that the
power function A* is uniquely defined as \* = |A|*e!¥&*, with -7 < arg(\) < .
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We note that if A is a sectorial of type p with 0 < 0 < w(1 — a/2), then A is the
generator of a solution operator given by S,(t) = (1/2ri) fy eMAe (A — A)ld), t > 0, where
y is a suitable path lying outside the sector y + Z¢ (cf. [11]). Recently, Cuesta [11, Theorem 1]
proved that if A is a sectorial operator of type p < 0 for some M >0and 0< 0 < (1-a/2),
then there exists C > 0 such that

CM

Salt S —
” ( )”B(X) 1+ |/4|i’a

> 0. 2.1)

Remark 2.2. In the remainder of this paper, we always assume that A is a a sectorial of type
u <0and M, C, are the constants introduced above.

2.2, Weighted S-Asymptotically w-Periodic Functions
We recall the following definitions.

Definition 2.3 (see [1]). A function f € C,([0, o0), Z) is called S-asymptotically w-periodic if
there exists w > 0 such that lim;_, . (f(t + w) — f(t)) = 0. In this case, we say that w is an
asymptotic period of f(-).

Throughout this paper, SAP,,(Z) represents the space formed for all the Z-valued S-
asymptotically w-periodic functions endowed with the uniform convergence norm denoted
Il lloo- It is clear that SAP,,(Z) is a Banach space (see [1, Proposition 3.5]).

Definition 2.4 (see [10]). Let v € Cp([0, 00), (0,00)). A function f € Cu([0, ), Z) is called
weighted S-asymptotically w-periodic (or Sv-asymptotically w-periodic) if lim;_, o (f (t+ew) -
f®)/v(t) =0.

In this paper, SAP,(Z,v) represents the space formed by all the Sv-asymptotically
w-periodic functions endowed with the norm

(t+w)-f(t)
U llssosczm = 1L 1L = supll @], + supl LSOl )
>0 >0 U(t)

Proposition 2.5. The space SAP,,(X) is a Banach space.

Proof. Let (fu),ey be a Cauchy sequence in SAP,,(X). From the definition of | - ||s¢(z), there
exists f € Cp([0,0), X) such that f, — f in C,([0,00), X). Next, we prove that f, — f in
SAP? (X).

By noting that (f,),, is a Cauchy sequence, for € > 0 given there exists N, € N such that
lfn = fmllse(z) <€, for all n,m > N,, which implies

|(fa=fm)®| <& VE20, Vn,m>N,,

. o (2.3)
(s fm><t+;)(>t) Un=Fm)ON . G0, vmms N
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Under the above conditions, for t > 0 and n > N, we see that

[ (fn = F)Et+w) = (fu— D
ov(t)

o | (Fu = fn) (t+ @) = (fu = fn) D] (2.4)
- tim (150~ 501 “. )

1£n () = F@O +

< 2,

which implies that || f, — fllsy(z) < 2e forn > N, and || f, — fllszz) — Oasn — oo.

To conclude the proof we need to show that f € SAP;,(X). Let N, as above. Since
fn. € SAP] (X), there exits L, > 0 such that || fn, (t + w) — fn, (F)||/v(t) < e forall t > L.. Now,
by using that || fn, — fllsy(z) < 2¢, fort > L. we get

[t +w) = fFO NS E+w) = et +w)) = (fD) = fn. ()

o(t) - o(t)
L st o) - fr 0] (2.5)
v(t)
<2e+¢g,
which implies that lim;_, [ (f (t + w) — f(t))/v(t)] = 0. This completes the proof. O

Definition 2.6. A function f € C([0,00) x Z,Y) is called uniformly Sv-asymptotically w-
periodic on bounded sets if for every bounded subset K C Z, the set { f(f,x) : t > 0,x € K}
is bounded and lim;_, oo || f (t + w, x) — f (¢, x)|ly/v(t) = 0, uniformly for x € K. If v =1 we say
that f(:) is uniformly S-asymptotically w-periodic on bounded sets (see [1]).

To prove some of our results, we need the following lemma.

Lemma 2.7. Let v € Cu([0,00),(0,0)). Assume f € C([0,00) x Z,Y) is uniformly Sv-
asymptotically w-periodic on bounded sets and there is L > 0 such that

lftx)-ft |y <L||lx-y| Vt>0, Vx,y € Z (2.6)

a4

If u € SAP,(Z,v), then the function t — f(t,u(t)) belongs to SAP,(Y,v).
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Proof. Using the fact that R(u) = {u(t) : t > 0} is bounded, it follows that f(-,u(:)) €
Cp([0,00),Y). For € > 0 be given, we select T, > 0 such that

e+ w2 - 0ol _

Jutt+w) - u)ll, _ e

<& < (2.7)
u(t) 2 o(t) 2L
forallt > T, and z € R(u). Then, for t > T, we see that
|| f (t+ w, u(t+w)) - f(t,u®)], < | f (t+ w, u(t+ w)) - f(tu(t+w))|,
o(t) - o(t)
|Lf (t ult +w)) = fF(tu®)ly
+
v(t)
(2.8)
e L ult+w)-u(t),
< 2 +L v(t)
<€, €_
> E + E - 6/
which proves the assertion. O

Lemma 2.8. Let v € Cy([0, o0), (0, 00)). Let u € SAP,,(X,v) and l, : [0,00) — X be the function
defined by

Ly(t) = j; Su(t —s)u(s)ds. (2.9)

FFo®)t* — owast — ooand © := suptzo(l/v(t))fé(v(t -5)/(1 + |u|s%))ds < oo, then
l, € SAP, (X, v).

Proof. From the estimate ||l||. < CM|u|™/%x/asin(or/a), it follows that I, € Cy([0, %), X).

For € > 0 be given we select T, > 0 such that

[t +w) —u®ll _ CMQA +2Y|ull,
v(t) - (a =D |p|o)tet =

(2.10)
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for all t > T.. Under these conditions, for t > 2T, we have that

e+ @) ~ Ll 1 ("
O < i 8t 0= 8 s s

1 ("
* o(t) fo [Sa(t = $)llpex) lu(s + w) —u(s)llxds

1 t
" o(t) J‘TE 1S (t = $) 5 ll1(s + w) —u(s)lxds

t+w t
 CMiju, ,[ L +2,[ 1 (2.11)
v(t) ¢ 1+ |p|s 1, 1+ |p|s®

CMe (7T v(t-5s)
o) Jo 1+ |p|s*

< CM(1 +2%)|ull,, 1
(a—1)|pu] o(t)tr1

< e(1+CMO),

+ CMe©

which completes the proof. O

3. Existence of Weighted S-Asymptotically w-Periodic Solutions

In this section we discuss the existence of weighted S-asymptotically w-periodic solutions
for the abstract system (1.1)-(1.2). To begin, we recall the definition of mild solution for (1.1)-
(1.2).

Definition 3.1 (see [5]). A function u € Cp([0, 0), X) is called a mild solution of the abstract
Cauchy problem (1.1)-(1.2) if

t

u(t) = Sp(H)ug + J‘ Sa(t—5s)f(s,u(s))ds, VteR". (3.1)
0

Now, we can establish our first existence result.

Theorem 3.2. Assume f : [0, 00) x X — X is a uniformly S-asymptotically w-periodic on bounded
sets function and there is a mesurable bounded function Ly : [0,00) — R* such that

Ift0) - fEI<Li®lx-yl, VEeR VxyeX. (3.2)

If A := CM(sup,, fé L¢(s)/ (1 + |u|(t = s)*)ds) < 1, then there exits a unique S-asymptotically
w-periodic mild solution u(-) of (1.1)-(1.2). Suppose, there is a function L, : [0,00) — R* such that
(1+ U ())Lu() € L1([0,00)) and [[f(t +c0,%) - £(t,x)]| < Lu(t), for every x € R(w) = {u(s) :
s>0}andallt > 0. Ifv € Cy([0,00), (0, 00)) is such that (1/(v(t)(1 + |y|t“)))e2”CMféLf(S)d5 -0
ast — oo, then u(-) is weighted S-asymptotically w-periodic.
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Proof. Let F, : SAP,(X) — Cp([0, ), X) be the operator defined by

Fu(t) = S,(H)ug + r Sa(t=15)f(s,u(s))ds := Sa(t)up + Flu(t). (3.3)
0

We show initially that F, is SAP,,(X)-valued. Since S,(t)uy — 0, ast — oo, it is
sufficient to show that the function F} is SAP,,(X)-valued. Let u € SAP,,(X). Using the fact
that f(-,u(-)) is a bounded function, it follows that Flu € Cy([0, o), X). For £ > 0 be given,
we select a constant T, > 0 such that

sup (|[f(t+cw,u(s)) = f(tu(s)]| +lu(t +w) ~u@®)) < 3,

t>T,,5>0

- (3.4)
€
2CM||fu()]l., Le T Tale ] ds < 5
Then, for t > 2L, we see that
| Flu(t + w) — Flu(t) || < Jw||5a(t +w—5)f(s,u(s))||ds
0

Te

+ Io |Sa(t =) [f (s +w,u(s +w)) - f(s,u(s +w))]||ds
Te

+ J;) |Sa(t = s)[f (s, u(s +w)) — f(s,u(s))]||ds
t

+ . |Sa(t =) [f (s +w,u(s +w)) - f(s,u(s +w))]||ds
’ (3.5)

t
+ L [|Sa(t = 5) [f (s, u(s + w)) = f(s,u(s))] ||ds

0 1 * 1
<CM oyl —d T’
<C ||f(,u())”oo<£ 1+ |p|s* S+4[t/21+|/4|5“ S)

T L¢(T-5)
+ =CMsup
27 w0 Jo 1+ |pfs
<fif-¢
2 2 7

which implies that Flu(t + w) — Flu(t) — 0ast — oo, Fiu € SAP,(X) and hence
F,(SAP,(X)) C SAP,(X). Moreover, from the above estimate it is easy to infer that
||Fau — Foo|| < Allu —v||, for all u,v € SAP,(X), F, is a contraction and there exists a unique
S-asymptotically w-periodic mild solution u(-) of (1.1)-(1.2).
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Next, we prove that last assertion. Let ¢ : [0,00) — R be the function defined by
&) = lu(t +w) —u(t)||/v(t). For t > 0, we get

1Sa(t + w)uo - Sa(Buoll || Fau(t + w) — Fau(t) ||
v(t) v(t)

2CMlwll_, 1 [
S e @ ) 15 Dl £ usD s

é(t) <

(3.6)
1 t
* 50 Jo I1Sa(t = $)llpx || f (5 + w, u(s + w)) = f(s,u(s))||ds

2CM|Juo|l

=——  +L+1D.
o+ [l T

Concerning the quantities I; and I, we note that

CM|fCuC), /(7 1 CMwl|fC,u()|,
L< o(t) <,[t 1+|ﬂ|s”‘ds>S o(t)(1+ |p|te) 7

I < % JZ 1Sa(t = 5)ll5ex) |f (s +w,u(s +w)) - f(s,u(s +w))||ds

(3.7)
1

0]

t
fo 15a(t = )l [LF (5, (s + @) — F (5, u(s)) | ds

CcM (! L,(s) . CM (" Ls(s)v(s)é(s)
T ot) Jo 1+ |u|t-9)" o(t) Jo 1+ |u|(t-9)"

Using the estimates (3.7) in (3.6), we see that

t 1 T
o) (1+ |ult*)40) < CM @l + £, u)]) + M [ Hl:t”%m)ds

el I L _L(s)v(s)é(s)ds

¢
+CMI —_—
o1+ |p|(t-s)

t
< CM<||u0|| +IFCuE), +2° f0(1 + |y|s”‘)Lu(s)ds> (3.8)
t
+2“‘1CMI Le(s)v(s)(1+ |p|s*)é(s)ds
0

<P+2lCcM J‘; Le(s)v(s) (1 + |p|s®)é(s)ds,
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where P is a positive constant independent of t. Finally, by using the Gronwall-Bellman
inequality we infer that

u(t+w) —u@®)|l _

thjg o) =0, (3.9)
which shows that u € SAP,,(X, v). This completes the proof. O

Example 3.3. We set X = L?[0,or], A = —p*I with 0 < p < 1.Let ¢ : R — R be a function
such that |[g(x) — g(y)| < Lgllx — y||, forall x,y € R and let f : [0,00) x X — X be defined by
f(t,x)(@) = e g(x(¢)), ¢ € [0,7]. We observe that

£ (t+w,x) = f&,)| 2 < \@(e*”w)“ - e-f”> <\/fg||x||L2 + |g(0)|ﬁ), (3.10)

whence f is S-asymptotically w-periodic on bounded sets. By Theorem 3.2 we conclude that
if Ly < asin(sr/a)/xp™, then there is a unique S-asymptotically w-periodic mild solution
u(-) of (1.1)-(1.2). Moreover u € SAP,(X,1/(1 + p*t)).

Theorem 3.4. Let v € Cp([0, ), (0,0)). Assume G € SAP,,(B(X),v), 1/o(H)t*! — Oast —
oo and

— /17(
| 1
= — —_— 3.11
A CM“G”SAPW(B(X)’U)[asin(]f/a) +wst12'1(1):) U(t)(1+ |‘u|t“) +2® < 1/ ( )

where © is the constant introduced in Lemma 2.8.Then there is a unique weighted S-asymptotically
w-periodic mild solution of

W(t) = tMAu(s)ds +GOu(t), t>0,
o I'(a-1) - (3.12)
u(0) =up € X.

Proof. The proof is based in Lemmas 2.7 and 2.8. Let I : SAP,,(X,v) — C,([0,0), X) be the
map defined by

Tu(t) = Su(t)ug + Jt Su(t—s)G(s)u(s)ds = Sy (t)ug + I'yu(t), t>0. (3.13)
0

We show initially that I' is SAP,, (X, v)-valued. From the estimate

[1Sa(t + w)uo — Sa(uoll _ 2CMluo| 1

() ST voF (3.14)

we have that S, (-)ug € SAP, (X, v).
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Let u € SAP,(X,v). From Lemma 2.7, we have that s — G(s)u(s) is a weighted S-
asymptotically w-periodic function and by Lemma 2.8 we obtain that I'u € SAP,, (X, v). Thus,
the map I' is SAP,, (X, v)-valued. In order to prove that I is a contraction, we note that for
u € SAP,(X,v)and t >0,

t
1
[Tru®)| < CMI —— = IG)ll[uls)llds
o1+ |u|(t-s)
S|
<CM f — a5 )Gl ull, (3.15)
o 1+ |u|s®
CM ||
< 1
L
so that,
CM|[/[|_1/a.ﬂ'
Tl < “asin(z/a) sin(or/ a) IGllsap,, 3x),0) 11llsap, (x.0)- (3.16)
On the another hand, for t > 0 we see that
[Thu(t +w) -Tiu@)|| 1 <f“’ )
< _
oD < 5 (. 182t + @ 9)lnds )Gl
1 t
+ ) fo [Sa(t = $)lpx) IG(s + w)u(s + w) = G(s)u(s)||ds
CMw
< —————— |Gl llulls
o(t) (1 + |u|tr)
CM (! 1
+ G(s+w) - G(s u(s +w)||ds
o) Jo TG a7+ @) = Gl luts + ]
17
M ( GOl s il
o(t) Jo 1+ |u|(t-s)" B(X)
CMw

< ——— Gl llulle
o(t) (1 + |plt=)

1 (f v(t-s
+CM —j 229 4 V161, lull.
o(t) Jo 1+ |u|s*

1 P oit-s
rom( oo [ s )Gl ul,,
o(t) Jo 1+ |u|s
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from which we obtain that

(IT1u(t + w) —Tiu()||

0 o(t)

1
< CM||G|| o |wsup( ——————— ) + 20| ||u| N
SAP,,(B(X),0) tzg’ o(0) (1 + ||t SAP,(X,)
(3.18)

By noting that G(s) is a linear operator for all t > 0 and combining (3.16) and (3.18)
we obtain that

ITu1 = Tualgap, (x,0) < Allur = t2llsap, (x,0)/ (3.19)

for all u;,u, € SAP,(X,v), which shows that I is a contraction on SAP,,(X,v) and hence
there is a unique Sv-asymptotically w-periodic mild solution. The proof is complete. O

To complete this paper, we examine the existence and uniqueness of weighted S-
asymptotically w-periodic mild solutions for the following fractional differential equation

Ofu(t, x) = 2u(t, x) — vu(t, x) + 07 <fx ﬁa(t)u(t,g)dé), teR*, xe|0,x], (3.20)
0

with boundary conditions

u(t,0) =u(t,r)=0, t>0, (3.21)
u(ol x) = uo(x), X € [01‘71-]/ (322)
where 1y € L?[0,r] and a € C,([0, ), R). In what follows we consider the space X = L?[0, ]

and let A be the operator givenby Au = u”"—vu, (v >0) withdomain D(A) ={ue X :u"€X,
u(0) = u(or) = 0}. It is well known that A is sectorial of type negative.

Proposition 3.5. Let v € C([0,00),(0,00)) satisfying conditions of Lemma 2.8 and let a €
SAP, (R, v). If |B| is small enough, then the problems (3.20)—(3.22) has a unique Sv-asymptotically
w-periodic mild solution.

Proof. Problem (3.20)-(3.22) can be expressed as an abstract fractional differential equation
of the form (3.12), where u(t)(x) = u(t, x), for t > 0, x € [0,sr]. We define

14
(COH@ = fat) [ pmyr, telox), t20 (3.23)

We have the following estimates:

GOz < |plla®)ll|ll -, 20, pEX, (3.24)
|Gt + @) - G|, < 7|Bllalt + w) — a®)l||§]l,., £20, € X. (3.25)
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estimate (3.25), we get

IG(t +w) = G()l|px)
v(t)

||a(f+w) —a(t)]

o) , t>0. (3.26)

<z|p

Since a € SAP, (R, v) we obtain that G € SAP,,(B(X), v). Moreover, we have the inequality
1Gllsap, Bx),0) < T |Bllallsap, z,0)- (3.27)

If we choose |B| small enough, we have that condition (3.11) is fulfilled. By Theorem 3.4,
the problems (3.20)—(3.22) has a unique Sv-asymptotically w-periodic (mild) solution. This
finishes the proof. O
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