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We apply a cone-theoretic fixed point theorem to study the existence of positive pe-
riodic solutions of the nonlinear system of functional difference equations x(n+1) =
A(n)x(n) + f(n,x,).

1. Introduction

Let R denote the real numbers, Z the integers, Z_ the negative integers, and Z* the non-
negative integers. In this paper we explore the existence of positive periodic solutions of
the nonlinear nonautonomous system of difference equations

x(n+1) =A(n)x(n) + f (n,x,), (1.1)

where, A(n) = diag[a; (n),a,(n),...,ax(n)], a; is w-periodic, f(n,x):Z x R¥ — R¥ is con-
tinuous in x and f(#n,x) is w-periodic in n and x, whenever x is w-periodic, w = 1 is an
integer. Let & be the set of all real w-periodic sequences ¢ : Z — R¥. Endowed with the
maximum norm ||¢|| = maxgez 2521 |¢;(0)] where ¢ = (¢1,¢2,...,¢r)", ¥ is a Banach
space. Here f stands for the transpose. If x € &, then x,, € ¥ for any n € Z is defined by
x,(0) =x(n+0)for0e?Z.

The existence of multiple positive periodic solutions of nonlinear functional differen-
tial equations has been studied extensively in recent years. Some appropriate references
are [1, 14]. We are particularly motivated by the work in [8] on functional differential
equations and the work of the first author in [4, 11, 12] on boundary value problems
involving functional difference equations.

When working with certain boundary value problems whether in differential or dif-
ference equations, it is customary to display the desired solution in terms of a suitable
Green’s function and then apply cone theory [2, 4, 5, 6, 7, 10, 13]. Since our equation
(1.1) is not this type of boundary value, we obtain a variation of parameters formula and
then try to find a lower and upper estimates for the kernel inside the summation. Once
those estimates are found we use Krasnoselskii’s fixed point theorem to show the existence
of a positive periodic solution. In [11], the first author studied the existence of periodic
solutions of an equation similar to (1.1) using Schauder’s second fixed point theorem.
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Throughout this paper, we denote the product of y(n) fromn=aton = bby ]_[Z:u y(n)
with the understanding that Hlf,:a y(n)=1foralla>b.
In [12], the first author considered the scalar difference equation

x(n+1) =a(n)x(n) +h(n) f (x(n—1(n))), (1.2)

where a(n), h(n), and 7(n) are w-periodic for w an integer with w > 1. Under the assump-
tions that a(n), f(x), and h(n) are nonnegative with 0 < a(n) < 1 forall n € [0,w — 1], it
was shown that (1.2) possesses a positive periodic solution. In this paper we generalize
(1.2) to systems with infinite delay and address the existence of positive periodic solutions
of (1.1) in the case a(n) > 1.

Let Ry = [0,400), for each x = (x1,%2,...,%x,)" € R", the norm of x is defined as |x| =
Z;‘ZI lxjl. RY = {(x1,X2,...,%,)' € R":x; = 0, j = 1,2,...,n}. Also, we denote f = (fi,
fas--> fi), where ¢ stands for transpose.

Now we list the following conditions.

(H1) a(n) # 0 for all n € [0, — 1] with [T a;(s) # 1 for j = 1,2,....k.

(H2) If0 < a(n) < 1foralln € [0,w — 1] then, f;(n,¢,) = 0foralln € Zand ¢ : 7 — R,

j=12,....k where R, = [0,+c0).

(H3) If a(n) > 1 for all n € [0,w — 1] then, fj(n,¢,) <Oforallne€ Zand ¢:7Z — RY,

j=12,....k where R, = [0,+0c0).

(H4) For any L >0 and ¢ > 0, there exists § >0 such that [¢,y € &, |l < L, llyll =

L ¢ -yl <6, 0<s<w]imply

| f(s¢) = fsw) | <e. (1.3)

2. Preliminaries

In this section we state some preliminaries in the form of definitions and lemmas that are
essential to the proofs of our main results. We start with the following definition.

Definition 2.1. Let X be a Banach space and K be a closed, nonempty subset of X. The set
K is a cone if

(i) au+pveK forallu,y e Kandall o, = 0

(i) u,—u € K imply u = 0.

We now state the Krasnosel’skii fixed point theorem [9].

Tueorem 2.2 (Krasnosel’skii). Let B be a Banach space, and let P be a cone in B. Suppose
Q; and Q; are open subsets of B such that 0 € Q; C Q1 C Q, and suppose that

T:Pn(\Q) — P (2.1)

is a completely continuous operator such that
Q) 1Tull < llull, u € P N oQy, and || Tull = ||ull, u € P N oQy; or
(i) I Tull = lull, u € PN oQy, and | Tull < [lull, u € P N Q,.
Then T has a fixed point in P N (Q\ Q).
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For the next lemma we consider
xj(n+1)=ajxj(n) + fj(n,xs), j=12,...,k (2.2)

The proof of the next lemma can be easily deduced from [11] and hence we omit it.

LeEmma 2.3. Suppose (H1) holds. Then xj(n) € & is a solution of (2.2) if and only if

nt+w—1
xj(n) = z Gj(nu) fi(uxu), j=12,...,k, (2.3)
where
n+w—1 .
Gj(n,u):%, uenmnt+w-1], j=12,..,k (2.4)
1-TIZ, aj(s)
Set
G(n,u) = diag[ G, (n,u), G2 (n,u),...,Gr(n,u)]. (2.5)

It is clear that G(n,u) = G(n+ w,u + w) for all (n,u) € Z*. Also, if either (H2) or (H3)
holds, then (2.4) implies that

Gj(n,u) fi(u,¢u) =0 (2.6)

for (n,u) € 72?2 and u € Z, ¢ : Z — R". To define the desired cone, we observe that if (H2)
holds, then

w—1 w-1 _—1
o a; o 4
—Hszgfl(s) < [Gj(mu)| < Moo g © e 1( g (2.7)
1- Hs:n aj(s) 1- l_[s:n ](S)
forall u € [n,n+ w — 1]. Also, if (H3) holds then
w-1 -1 w-1
0 a; (s
1_[ r(l)er]l( ) - |G (i’l u | = H n?rwajl( ) (28)
|1_ j | | s n a](s)|
forall u € [n,n+w — 1]. For all (n,s) € Zz,j =1,2,...,k, we define
w-1 2
0y = min{(ﬂcy(s)) ,j= 1,2,...,n},
0 (2.9)

We note that if 0 < a(n) <1 for all n € [0,w — 1], then 0, € (0,1). Also, if a(n) > 1 for
all n € [0,w — 1], then 03 € (0,1). Conditions (H2) and (H3) will have to be handled
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separately. That is, we define two cones; namely, 22 and %3. Thus, for each y € & set

P2={yeX:y(n)>0,neZ and y(n) = a2l yll},

P3={yeX:y(n)=0,neZ and y(n) = o3l yll}. (2.10)
Define a mapping T : & — & by
ntw-1
(Tx)(n) = Z G(n,u) f (u,xy), (2.11)
where G(n,u) is defined following (2.4). We denote
(Tx) = (T1x, Tox,..., Tux)". (2.12)

It is clear that (Tx)(n+ w) = (Tx)(n).

Lemma 2.4. If (HI) and (H2) hold, then the operator T%®2 C %2. If (H1) and (H3) hold,
then T3 C P3.

Proof. Suppose (H1) and (H2) hold. Then for any x € %2 we have
(Tjx(n) =0, j=1,2...k (2.13)
Also, for x € P2 by using (2.4), (2.7), and (2.11) we have that

-1 - _
1—[5 0 a]l(s) n+w—1

T T 2,
ot grigg miac (2.14)
_ . R R QN SR
||T]‘x|| 71161[](},3))51] |T]x(n)| = l_nsrl:z) 1 ]( ) l;n |f7(u’xM) |

Therefore,

ntw—1

(Tjx)(n) = > Gj(nu)f;(u,x)

[T ajls) "t
_I_H?Iz)flaj(s) ; |f](u’xu)| (2.15)

w—1 2
( 1_[ aj(s)) ||Tjx|| = ]| T;x]|.
s=0

%

That is, T%2 is contained in %2. The proof of the other part follows in the same manner
by simply using (2.8), and hence we omit it. This completes the proof. O
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To simplify notation, we state the following notation:

w—1
—_o ailS
l<j<k] — Hs:n aj (s)
I—Ia:la'—l(s)
By = max — o > (2.17)
l=j=k1—=][, a]‘(S)
r]%:lafl(s)
Az = min : r?ﬂv]—l > (2.18)
1sj=k [ 1= 129 ai(s) |
w-1
—o ails
~ max Hs;gwjl( ) i (2.19)
1<j=<k |1—H5:n a](5)|

where k is defined in the introduction.

Lemma 2.5. If (H1), (H2), and (H4) hold, then the operator T : P2 — P2 is completely
continuous. Similarly, if (H1), (H3), and (H4) hold, then the operator T : 3 — P3 is com-
pletely continuous.

Proof. Suppose (H1), (H2), and (H4) hold. First show that T is continuous. By (H4), for
any L >0 and ¢ >0, there exists a § > 0 such that [,y € &, |4l <L, lyll <L, lp —yll <
0] imply

€

max | f(s,¢5) = f(s,95) | < B’ (2.20)

0<s<w-1
where B, is given by (2.17). If x, y € P2 with ||x]| < L, [lyll < L, and [|x — y|l < J, then

ntw—1

[(Tx)(n) = (Ty)(m) | < > [Gmu)| | f(uxu) = f (, 30) |

u=n

" (2.21)
=B 2 [f(wx) = fluy)] <e

for all n € [0,w — 1], where |G(n,u)| = max;<j<, |Gj(n,u)l, j = 1,2,...,k. This yields
[(Tx) — (Ty)ll < e Thus, T is continuous. Next we show that T maps bounded sub-
sets into compact subsets. Let ¢ = 1. By (H4), for any p > 0 there exists § > 0 such that
yed, xll <u Iyl <p llx—yll < 8] imply

| f(s%5) = f(s,95)] <1 (2.22)

We choose a positive integer N so that § > u/N. For x € &, define x'(n) = ix(n)/N, for
i=0,1,2,...,N. For ||lx|| <y,

|l — x~!|| = max ix(n) (i—1)x(n)
nez N

N
sus%«i

X
N

(2.23)
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Thus, | f(s,x") — f(s,x""1)| < 1. As a consequence, we have

N
f(S,Xs) —f(S,O) = Z (f(saxi) _f(s)xi_l))> (224)

i=1

which implies that

[ fsx) | < Z | f(sx) = fsx7) [+ ] f(5,0)]

<N+ |f(50)].

(2.25)

Thus, f maps bounded sets into bounded sets. It follows from the above inequality and
(2.11), that

k n+T-1
||<Tx><n>||sszz( s |ﬁ<u,xu>|)

j:l u=n

<Byw(N + | f(s5,0)]).

(2.26)

If we define S = {x € & : ||x]| <y} and Q = {(Tx)(n) : x € S}, then S is a subset of R@k
which is closed and bounded and thus compact. As T is continuous in x, it maps compact
sets into compact sets. Therefore, Q = T(S) is compact. The proof for the other case is
similar by simply invoking (2.19). This completes the proof. O

3. Main results

In this section we state two theorems and two corollaries. Our theorems and corollaries
are stated in a way that unify both cases; 0 < a(n) < 1 and a(n) > 1 for all n € [0,w — 1].

THEOREM 3.1. Assume that (HI1) holds.
(a) Suppose (H2) and (H4) hold and that there exist two positive numbers Ry and R,
with Ry < R, such that

R,
sup | f(sx)| < —-, (3.1)
Igll=Ry, %2 wB,
inf [ flax)| > 22 (3.2)
llpll=R,, pcP2 WA,

where A, and B, are given by (2.16) and (2.17), respectively. Then, there exists X € P2 which
is a fixed point of T and satisfies Ry < ||X|| < R,.

(b) Suppose (H3) and (H4) hold and that there exist two positive numbers Ry and R,
with Ry < R, such that

sup | f(s%5) | < —,
Ipll=Ry, pP3 wB;3 (3.3)

inf
ll¢ll=R,, p€P3
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where Az and Bs are given by (2.18) and (2.19), respectively. Then, there exists X € %P3 which
is a fixed point of T and satisfies Ry < [|X]| < R,.

Proof. Suppose (H1), (H2), and (H4) hold. Let Qs = {x € P2 | ||x]| < &}. Let x € P2
which satisfies ||x|| = R;, in view of (3.1), we have

n+w—1
[(Tx)(n)| = > |Gmu) || f(ux)|
u=n (3.4)
< Bz(v;f%%;::‘Rl.

That is, [| Tx|| < ||x|| for x € P2 N Q. let x € P2 which satisfies ||l x]| = R, we have, in
view of (3.2),

ntw—1
[(Tx)(n)| = A, 1;1 | f(u,x,) | ZAwaR_,iz =R,. (3.5)

That is, [|Tx|| > [|x]| for x € P2 N dQg,. In view of Theorem 2.2, T has a fixed point
in P2 N (Qy \ Q). It follows from Lemma 2.4 that (1.1) has an w-periodic solution X
with R; < [[X|| < R,. The proof of (b) follows in a similar manner by simply invoking
conditions (3.3). O

As a consequence of Theorem 3.1, we state a corollary omitting its proof.

COROLLARY 3.2. Assume that (H1) holds.
(a) Suppose (H2) and (H4) hold and

|f(5)¢3)’

L2,
992, lg1-0 Il
(3.6)
|f(5’¢s) | _
$€?2, gl ¢l
Then (1.1) has a positive periodic solution.
(b) Suppose (H3) and (H4) hold and
hm |f(5,¢5) | _ 0)
¢e23, [gll—0 [Pl
(3.7)
|f(5’¢5) | _

1m
$e?3, ligl—co ¢l

Then (1.1) has a positive periodic solution.
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THEOREM 3.3. Suppose that (H1) holds.
(a) Suppose (H2) and (H4) hold and that there exist two positive numbers Ry and R,
with Ry < R, such that

inf | f(sx) | = o

gl =R, peP2 wB,’
o) | = -2 .

sup flsx)| = ——,

Igll=Ry, $%2 ’ wAz

where A, and B, are given by (2.16) and (2.17), respectively. Then, there exists X € P2 which
is a fixed point of T and satisfies Ry < [|X]| < R,.

(b) Suppose (H3) and (H4) hold and that there exist two positive numbers Ry and R,
with Ry < Ry such that

inf | Flsx)| >

gl =R, pcP3 wB3’
flsx)] < -2 Y

sup f(sx)| < ——,

Igll=Rs, peP3 ) wA3

where As and Bz are given by (2.18) and (2.19), respectively. Then, there exists X € %P3 which
is a fixed point of T and satisfies Ry < ||X]| < R,.

The proof is similar to the proof of Theorem 3.1 and hence we omit it. As a conse-
quence of Theorem 3.3, we have the following corollary.

COROLLARY 3.4. Assume that (H1) holds.
(a) Suppose (H2) and (H4) hold and

72, 11~ |f(|5(;5<ﬁs)| -

RTON 10
s
li LEAR e ST Ry Y
seonigi- 1]
Then (1.1) has a positive periodic solution.
(b) Suppose (H3) and (H4) hold and

¢ @ghﬁlqsu 0 |f(|5§:5(ﬁ$)| v
e (3.11)

| f(s,95) | —0.

lim
¢e?3, gl-o ¢l

Then (1.1) has a positive periodic solution.

4. Applications to population dynamics

In this section, we apply our results from the previous section and show that some popu-
lation models admit the existence of a positive periodic solution. We start by considering
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the scalar discrete model that governs the growth of population N(n) of a single species
whose members compete among themselves for the limited amount of food that is avail-
able to sustain the population. Thus, we consider the scalar equation

0
N(n+1) = oc(n)N(n)[l - ﬁ(n) s B(s)N(n+s)], nez. (4.1)

s=—00

We note that (4.1) is a generalization of the known logistic model

N(n+1)=(xN(n)[l—M], 4.2)
No

where « is the intrinsic per capita growth rate and Ny is the total carrying capacity. For
more biological information on (4.1), we refer the reader to [3]. We remark that in (4.1),
the term Zs,_oo (s)N(n+s), is equivalent to >.,__ ., B(u — s)N(u). We chose to write
(4.1) that way so that it can be put in the form of x(n + 1) = a(n)x(n) + f(n,x,). Before
we state our results in the form of a theorem, we assume that

(P1) a(n) > 1, No(n) >0 for all n € Z with a(n), Ny(n) are w-periodic and

(P2) B(n) is nonnegative on Z_ with zgz,mB(n) < 00,

THEOREM 4.1. Under assumptions (P1) and (P2), (4.1) has at least one positive w-periodic
solution.

Proof. Let a(n) = a(n) and

f(n,x,) = (Nnjzxnn) Z (s)x(n+s). (4.3)

s=—o00

It is clear that f(n,x,) is w-periodic whenever x is w-periodic and (H1) and (H3) hold
since f(n,¢,) <0 for all (n,¢) € Z x (Z,R,). To verify (H4), we let x,y : Z — R, with
IxIl <L, Iyl <L forsome L >0.Then

|f(n,xn) _f(”:yn) !

= x(maln) i B(s)x(n+s)—M i B(s)y(n+s)
No(n) =, No(n) =,
x(n)a(n) i B(s)|x(n+s) — y(n+s)|ds
No(n) | .=, (4.4)
+ ‘ (x(n) I_\fo(n) S_ZOOB s)|y(n+s)|
SLIIocII max |x(n+s) — y(n+s)| + |x(m) = y(m) | lallL

No* sEZ- Z\]()>;< ’

where Nox = min{Ny(s) : 0 <s < w — 1}. For any € > 0, choose § = eNys/(2L||all). If [|x —
vl < 8, then

| F(mxa) = f (1, yn) | < Llletll&/Noy + 8l allL/Nos = 2LI|atl|6/Nos = . (4.5)



378  Positive periodic solutions

This implies that (H4) holds. We now show that (3.7) hold. For ¢ € %3, we have ¢(n) >
osll¢ll for all n € [0,w — 1]. This yields

0
Ut g 30 S o
as [[¢ll — 0 and
SO, min SO S B0p) — 4o (47)

as |[¢ll — oo. Thus, (3.7) are satisfied. By (b) of Corollary 3.2, (4.1) has a positive w-
periodic solution. This completes the proof. O

Next we consider the Volterra discrete system

k k n
xi(n+1) = x;(n) [ Z (n)xj(n) — Z Z (1,5)gij x](s))} (4.8)
j= j=1s=-o

where x;(n) is the population of the ith species, a;, b;j : Z — R are w-periodic and C;;(n,s) :
Z <X Z — R is w-periodic.

THEOREM 4.2. Suppose that the following conditions hold for i,j = 1,2,...,k.
(i) ai(n) > 1, for all n € [0,w — 1], and a;(n) is w-periodic,

(ii) b ( ) =0, Cij(n,s) = 0 for all (n,s) € 72,

(iii) gij : R* — R* is continuous in x and increasing with g;;(0) = 0,

(iv) bj s)#Oforse[O w—l]

() Cij(n+w,s+w) = Cij(n,s) for all (n,s) € Z* with max,cz >, |Cij(n,s)| < +o0.

Then (4.8) has a positive w-periodic solution.

Proof. For x = (x1,%,...,x,) 7, define

k
fi(n>xn = —x;(t Z X] (n) - Z z CZ] n, S)gzj(x](s)) (4.9)

j=1s=—0

for i =1,2,....,k and set f = (fi, f2,..., fn)". Then by some manipulation of conditions
(i)—(v), the conditions (H1) and (H2) are satisfied. Also, it is clear that f satisfies (H4).
Define

b* = max {||bj|| :1,j = 1,2,....k},

C* = max{supz Z |Cij(n,s)| :i= 1,2,...,k}, (4.10)

neljzlsz—oo

¥ (u) = max {gi;(u) :4,j = 1,2,...,k}.
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Let x € 3. Since g is increasing in x, we arrive at

| fi(n,x,) | < Ixi(n)l[b*llxllJri i ICij(n,s)lgij(||xj||)}. (4.11)

jels==e
Thus
| f(n,x) | < llxll[6* x|l + C*g* (Ilx[l)], (4.12)
which implies
'fﬁ[’:f)' < [b*lxll +C*g* (Ilxll)] — 0 (4.13)

as |lx|| — 0. For x € P3, xi(n) = o3]|x;|| for all n € Z. Also, from (ii), b;;(t), Cij(t,s) have
the same sign. Thus, using condition (iii) we have

n k n
| fi(m,xa) | = D xi(n) [ bij(n) | xj(n) + > | Cij(m,5) | gij (x;(s))
j=1 jols=—e
> [bii(n) | xi ”)| = ‘732Hx1|| | bii(n) |, (4.14)

2
| f(n,x)| = 0322||xi||21m<i13k |bi(n)| = (%Hxllzlngiig< | bii(n)].

Here we have applied the inequality (Zf-;l llx; )% < k Zf;l lx;|I2. Thus,
|f(”’x5) |

— 400 as ||x|| — +oo. (4.15)
x|l

By (b) of Corollary 3.2, (4.8) has a positive w-periodic solution. This completes the proof.
O

THEOREM 4.3. Suppose that the following conditions hold for i,j = 1,2,...,k.
(i) 0<ai(n) < 1, foralln € [0,w — 1], and a;(n) is w-periodic,

(ii) bij(n) <0, C,](n s) <0 for all (n,s) € 72,

(iii) gij : R* — R* is continuous in x and increasing with g;;(0) =

(iv) bii(s) # 0, for s € [0, — 1],
(v) Cij(n+w,s+w) = Cij(n,s) for all (n,s) € Z* with max,cz S |Cij(n,s)] < +o0.
Then (4.8) has a positive w-periodic solution. The proof follows from part (a) of
Corollary 3.2.

Remark 4.4. In the statements of Theorems 4.2 and 4.3 condition (iv) can be replaced by
(iv¥) 5., S 1Cij(n,s)] # 0 and gii(x) — +00 as x — +o.
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