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We study a discrete time model of the growth of two species of plankton with compet-
itive and allelopathic effects on each other N;(k + 1) = Ny (k) exp{ri(k) — a1 (k)N (k) —
a2 (k)N2(k) — bi(k)N1(k)N2(k)}, Na(k + 1) = Na(k)exp{ra(k) — ax(k)Ni(k) — ax (k)
Ny (k) — by(k)N1(k)N»(k)}. A set of sufficient conditions is obtained for the existence of
multiple positive periodic solutions for this model. The approach is based on Mawhin’s
continuation theorem of coincidence degree theory as well as some a priori estimates.
Some new results are obtained.

Copyright © 2006 J. Zhang and H. Fang. This is an open access article distributed under
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1. Introduction

Many researchers have noted that the increased population of one species of phytoplank-
ton might affect the growth of one or several other species by the production of allelo-
pathic toxins or stimulators, influencing bloom, pulses, and seasonal succession. The
study of allelopathic interactions in the phytoplanktonic world has become an impor-
tant subject in aquatic ecology. For detailed studies, we refer to [1, 2, 7, 9-11, 13] and
references cited therein.

Maynard-Smith [9] and Chattopadhyay [2] proposed the following two species Lotka-
Volterra competition system, which describes the changes of size and density of phyto-
plankton:

% = Ni[r1 —aNi(t) — aNy () — by N1 ()N, (1) ],
(1.1)
% =N [rz —ay N1 (t) — anNy(t) — bZNl(t)Nz(t)],

where b; and b, are the rates of toxic inhibition of the first species by the second and vice
versa, respectively.
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2 Periodic solutions for a discrete plankton model

Naturally, more realistic models require the inclusion of the periodic changing of envi-
ronment (e.g., seasonal effects of weather, food supplies, etc). For such systems, as pointed
out by Freedman and Wu [5] and Kuang [8], it would be of interest to study the existence
of periodic solutions. This motivates us to modify system (1.1) to the form

Lé\;l:Nl(t)[rl(t)_all(t)Nl(t)_a12(t)N2(t)_bl(t)Nl(t)NZ(t)]a (1)
1.2
—dgz = Ni(t)[r2(t) — a21(t) N1y — ana(£) N2 (£) — by (£)N1 (H)Na(2) ],

where r;(t), a;j(t) >0, bi(t) >0 (i, j = 1,2) are continuous w-periodic functions.

The main purpose of this paper is to propose a discrete analogue of system (1.2) and
to obtain sufficient conditions for the existence of multiple positive periodic solutions by
employing the coincidence degree theory. To our knowledge, no work has been done for
the existence of multiple positive periodic solutions for this model using this way.

The paper is organized as follows. In Section 2, we propose a discrete analogue of sys-
tem (1.2). In Section 3, motivated by the recent work of Fan and Wang [4] and Chen [3],
we study the existence of multiple positive periodic solutions of the difference equations
derived in Section 2.

2. Discrete analogue of system (1.2)

Assume that the average growth rates in (1.2) change at equally spaced time intervals and
estimates of the population size are made at equally spaced time intervals, then we can
incorporate this aspect in (1.2) and obtain the following system:

B = 1D = an (DN (16D = s ()N (4D — B (DN ()N (1),
B = ) = an (DN (1) = e ((DN:([]) ~ B (EDN (DNa((1),

(2.1)

where t # 0,1,2,..., [t] denotes the integer part of ¢, t € (0,+0).
By a solution of (2.1), we mean a function x = (x;,x;)”, which is defined for t €
[0,+00), and possesses the following properties.
(1) x is continuous on [0,+0).
(2) The derivatives dx, (t)/dt, dx,(t)/dt exist at each point t € [0,+00) with the pos-
sible exception of the points t € {0, 1,2,...}, where left-sided derivatives exist.
The equations in (2.1) are satisfied on each interval [k,k+ 1) with k =0,1,2,....
Fork <t<k+1,k=0,1,2,..., integrating (2.1) from k to ¢, we obtain

Ni(t) = Ny(k)exp {[r1(k) — a11 (k)N (k) — a12(k)N2 (k) — by (k)Ny (k)Na (k)] (t — k) },
Ny (t) = Na(k)exp {[r2(k) — a21 (k)Ni (k) — ax (k)N (k) — by (k)N (k)N (k) ] (t — k).



J. Zhang and H. Fang 3

Letting t — k + 1, we have

Ni(k+1) = Ni(k)exp {ri(k) — a1 (k)Ni (k) — a12(k)N2 (k) — b1 (k)N1 (k)N2 ()}, 03)
2.3
Na(k+1) = Ny(k) exp {r2(k) — a2 (k)Ni (k) — ax (k)N2 (k) — ba(k)N1 (k)N2 ()},

for k = 0,1,2,.... Equation (2.3) is a discrete analogue of system (1.2). Notice that the
periodicity of parameters of (2.1) is sufficient, but not necessary for the periodicity of
coefficients in (2.3).

In system (2.3), we always assume that r;, a;; >0, bi >0 (i,j = 1,2) are w-periodic, that
is,

ri(k +w) = ri(k), bi(k +w) = bi(k), aij(k+w) = a;;(k), (2.4)

for any k € Z (the set of all integers), i, j = 1,2, where w, a fixed positive integer, denotes
the prescribed common period of the parameters in (2.3).

3. Existence of multiple positive periodic solutions

In this section, in order to obtain the existence of multiple positive periodic solutions of
(2.3), we first make the following preparations.

Let X and Y be normed vector spaces. Let L: DomL C X — Y be a linear mapping
and N : X — Y be a continuous mapping. The mapping L will be called a Fredholm
mapping of index zero if dimkerL = codimImL < o and ImL is closed in Z. If L is
a Fredholm mapping of index zero, then there exist continuous projectors P: X — X
and Q:Y — Y such that ImP = kerL and ImL = kerQ = Im(I — Q). It follows that L |
DomL NnkerP: (I — P)X — ImL is invertible and its inverse is denoted by K,. If ) is
a bounded open subset of X, the mapping N is called L-compact on Q if (QN)(Q) is
bounded and K,,(I - Q)N : Q — X is compact. Because Im Q is isomorphic to ker L, there
exists an isomorphism J : ImQ — kerL.

For convenience, we introduce Mawhin’s continuation theorem as follows.

LemMa 3.1 [6, page 40] (Continuation theorem). Let L be a Fredholm mapping of index
zero and let N : Q — Z be L-compact on Q. Suppose

(a) Lx # ANx for every x € domL N dQ and every A € (0,1);

(b) QNx # 0 for every x € 0Q N KerL, and Brouwer degree

deg; (JQN,Q N KerL,0) # 0. (3.1)

Then Lx = Nx has at least one solution in domL N Q.

Let Z, Z*, R, R*, and R? denote the sets of all integers, nonnegative integers, real num-
bers, nonnegative real numbers, and two-dimensional Euclidean vector space, respec-
tively.
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Suppose {g(k)} is an w-periodic (w € Z*) sequence of real numbers defined for k € Z.
Throughout this paper, we will use the following notation:

SI'—*

- w-1
Z Ri= gy 3 It

Qij = dj,'l-),' —diil;j, aj; = a],bl a,-,-b]-e i af) = (aﬂb oRi© —a,,b])eR*
ﬁij = a,-iajj + l;ifj — dijdji - bjri)
ﬁ{j = Eli,-djjeﬁf“’ + I_}fj — d,-jdjieRi‘” _ l;.f,e(Ri+Rj)w’
:81] a,,a]]e Riw +l7 r eR+RJ) —aja]le Rjw Ejfi)
yij = Ridj; — i, yij = (Rajete —fag) et
YZ] d ij —fjdijeij, i,j =1,2,i# j,

PP~ doy Pyl —day (a#0, B> —4ay >0).

Nl(“)ﬂ)y) = T) NZ(OC,/J),)/) = 2w
(3.2)

Define

L={x={x(k)}:x(k) R ke Z}. (3.3)
For a = (a;,a;)" € R?, define |a| = max{|a|,|a,|}. Let [ C I, denote the subspace of
all w-periodic sequences equipped with the usual supremum norm || - ||, that is, for x =
{x(k):keZ} €lv |x]l = maxkey, [x(k)|. It is not difficult to show that [ is a finite-

dimensional Banach space.
Let the linear operator S: [ — R? be defined by

S(x) = %i ) x=1{x(k):kez} el (3.4)

Then we obtain two subspaces I§ and [¢ of [ defined by

19 ={x={x(k)} €1:S(x) =0},
19 = {x = {x(k)} € 1°:x(k) = B, for some € R* and Vk € Z},

(3.5)
respectively. Denote by L : [ — [ the difference operator given by Lx = {(Lx)(k)} with
(Lx)(k) =x(k+1) —x(k), forxel’andkeZ. (3.6)
Let a linear operator K : [ — ¥ be defined by Kx = {(Kx)(k)} with
(Kx)(k) =S(x), forxel”andke Z (3.7)

Then we have the following lemma.
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LEMMA 3.2 [12, Lemma 2.1]. (i) Both I§ and I¢ are closed linear subspaces of I and 1* =
I§ ®1°, diml® = 2.

(ii) L is a bounded linear operator with ker L = 1 and ImL = [§.

(iii) K is a bounded linear operator with ker(L + K) = {0} and Im(L + K) = [°.

LEmMA 3.3. Letg, r: Z — R be w-periodic, thatis, g(k + w) = g(k), r(k + w) = r(k). Assume
that for any k € Z,

glk+1)—g(k) < |r(k)|. (3.8)

Then for any fixed ki,k, € I,, and any k € Z, one has

w—1
g(k) <g(k))+ z [r(s)],

(3.9
g(k) = g(ks) — Z | 7(

Proof. It is only necessary to prove that the inequalities hold for any k € I,,. For the first
inequality, it is easy to see the first inequality holds if k = k. If k > k;, then

k-1
gk)—g(ki) = > (g(s+1)— Z |r(s)| < Z [r(s)], (3.10)
s=ky s=k

and hence, g(k) < g(k;) + Z;":_Ol |r(s)|. If k < ki, then k + w > k;. Therefore,

k+tw—1
gk)—g(ki) =glk+w)—g(ki) = > (gls+1)—g(s))
s=k;
k+w—1 kitw—1 w-1 (3'11)
< > r®l= D re)] =D s,
s=ki s=k; 5=0

equivalently, g(k) < g(k;) + 3“3 |7(s)|. Now we can claim that the first inequality is
valid, =

Similar to the above proof, we can prove that the second inequality is valid.
In the following, we make the following assumptions.

(H)) R (1/w>z,‘:o‘|r,<k>| > (1/w) 32 ri(k) > 0.
(H2) y,] =Faj; — 7a;eNY > 0,i# j,i,j = 1,2.

(H3) “12 >O.

(Ha) i/ > fro/at,.

LemMa 3.4 [13, Lemma 3.2]. Consider the following algebraic equations:

anlNy +aipN, +biNiN, = 74,

- (3.12)
a1 N1+ anN, + byNiN, = 7,.

Assuming that (Hy), (Hz) hold, then the following conclusions hold.
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(1) If aiz >0, then (3.12) have two positive solutions:

(Ni(a12,B12,y12)>Ni (@21, B21,921) ), i=1,2.

(ii) If az1 > 0, then (3.12) have two positive solutions:

(N1 (12, f12,y12), Ni (@21, f21,921) ), i=1,2.

LemMa 3.5. Assume that (H;)—(Hs) hold, then the following conclusions hold.

(i) f12 >0, ﬁ%z —4dapyn >0;
(ii) Bi, >0, .3122 —4aj,y1, > 0.

Proof. (i)
by an 112 | anyn
B2 = <_—+_—>V21+(_—+_—y) >0,
an 1 ar 1
B, —4 ( by 4 6_112>2 2 (7’10612 5!11Y12)2
L—4apyn=\-—"—+—1 Yu — -
ap r ar r
+2<b1 a1z>(f1a12+a11ylz>y 0.
an n an 3|
(ii)
_ R - ’
ﬂ LR VTN 71“126R1w+a11)’12 50
P2 = P b3 - - Ro >
an "N an riett
7 S 2 - R AN
2 —4al,y), = b an\ o (FlagehCanyh
Biz—4anpyn=(-—+—7") ya+ - T Re
ar 1 ar riett
+2< b, 6112) (fl‘xizeR'w . flu)’lz)y 5 0.
an N an ek ) 721

LEmMMA 3.6. Assume that (Hy)—(Ha) hold, then the following conclusions hold,

Ny (a2, B12 +m,p12 — 1) < Ny (@12, 12, y12) < Ni (@12, 812> 912)
<N (5,812, Y1) < Na(ea, 12, y12) < Na(anz, fra +m,y12 — 1),

where
m=da;ay (eRl“’ - 1) + B]fz(e(R1+R2)w - 1) >0,
n=apnh (eRZ“’ - 1) > 0.
Proof. Under the conditions that a >0, >0, y >0, 2 — 4ay > 0, we have
2
Y/(x Nl (17 ﬂ Z))

Nil@py)= o7 m Blat [P/ — (y/a)
ﬁ+\/m_1<l_3+ E_4X>:NZ(1,E,X).

M@hy = e Ve

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Thus Ni(a,8,y) (N2(a,3,y)) is increasing (decreasing) in the first variable, decreasing
(increasing) in the second variable, increasing (decreasing) in the third variable. Notice
that

(Xilz > > 06,12 >0, yiz > Y2 > yilz >0, (320)
we have
Yo Y2 (3.21)
X *12

So from (3.19), (3.20), (3.21) and (H;)—(H,), we obtain that

&m)

Ni (o2, f12 + m,y12 — n) < Ny (a2, 12, y12) =N1<1> ,
X112 X712

<N (1B, 222 (0 a0t) < Na(aBrapie) = N (1,82,222) 5.2
G2 G O a2

<N, (1, ﬂi, m) = Nz (a12,B12,y12) < Na (12, f12 +m,y12 — 1).
a1 K12

O

THEOREM 3.7. In addition to (H,)—(Hs), assume further that system (2.3) satisfies

(Hs) Ni(a12,B12,y12) < Ni(@13, 812, 712) < Nalarz, fia, y12)-
Then system (2.3) has at least two positive w-periodic solutions.

Proof. Since we are concerned with positive solutions of (2.3), we make the change of
variables,

Ni(k) = exp (xi(k)), i=1,2. (3.23)
Then (2.3) is rewritten as

xi(k+1) = xi(k) = ri(k) — a;i(k) exp (xi(k)) — a;; (k) exp (x;(k))

3.24
— bi(k) exp (xi(k)) exp (x;(k)), (3.24)

wherei,j=1,2,i# j. Take X = Y = 1°, (Lx)(k) = x(k + 1) — x(k), and denote
ri(k)—ai1 (k) exp (x1(k)) —ai (k) exp (x2(k)) — by (k) exp (x1(k)) exp (Xz(k))>

ra(k) —ax (k) exp (x2(k)) — a1 (k) exp (x1(k)) — bz (k) exp (x2(k)) exp (x1(k))
(3.25)

(Nx)(k)=<

for any x € X and k € Z. It follows from Lemma 3.2 that L is a bounded linear operator
and

kerL =1%, ImL=1§, dimkerL = 2 = codimImL, (3.26)

then it follows that L is a Fredholm mapping of index zero.
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Define

_ 1S
w

- w—1
Z Qy= i S ys), yev. (3.27)
s=0 s=0

It is not difficult to show that P and Q are two continuous projectors such that
ImP = kerL, ImL =kerQ =Im(I — Q). (3.28)

Furthermore, the generalized inverse (of L) Kj: ImL — ker P N Dom L exists and is given
by

w—1

k-1
= > 2(s) - i D (w—5)z(s). (3.29)
s=0

s=0

Notice that QN, K, (I — Q)N are continuous and X is a finite-dimensional Banach space,
itis not difficult to show that K, (I — Q)N (Q) is compact for any open bounded set Q C X.
Moreover, QN'(Q) is bounded. Thus, N is L-compact on with any open bounded set
QcX.

Corresponding to the operator equation Lx = ANx, A € (0,1), we have

xi(k+1) = xi(k) = A[ri(k) — a;i(k) exp (x;(k)) — aij(k) exp (xj(k))

3.30
bk exp (k) exp (x;K)) ] (330

where i,j = 1,2, i # j. Suppose that x = (x;(k),x2(k))T € X is a solution of (3.30) for a
certain A € (0,1). Summing on both sides of (3.30) from 0 to w — 1 about k, we get

Z xilk+1) - x:(k))

w—1

Z ri(k) — aii(k) exp (xi(k)) — aij (k) exp (x; (k)) — bi(k) exp (xi(k)) exp (x;(k)) ],

(3.31)
that is
w—1
fiw= > [ai(k)exp (xi(k)) +ai;(k)exp (xj(k)) + bi(k) exp (x;(k)) exp (x;(k))], (3.32)
k=0
where i,j = 1,2,i # j.
It follows from (3.30) that
xi(k+1) —xi(k) < |ri(k)|, keZzZ,i=1,2. (3.33)

Since x(t) € X, there exist ;, y; € I, such that

(61) mln {xl(k)} xi(ﬂi) = llgalx {xi(k)}) i= ]-)2 (334)
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From (3.32), (3.34), one obtains
anexp (x1(m)) +anexp (x2(n2)) +brexp (x1 (1)) exp (x2(m2)) = 71,
ayexp (x1 (&) +anexp (x2(&)) +baexp (x1(&1)) exp (22 (&) < 7.

We can derive from Lemma 3.3, (3.33) and (3.36) that

— darexp (x1(&1))
axn+byexp (x1(&1))

x(12) < %,(&) + Ryw < ln +Ryw,

which, together with (3.35), leads to

71 — anexp (x2 (12

exp (x1 (1)) =

71 (dy + by exp (x;

)

an +byexp (x2(2))
(&1))) —anexp (Ryw) (7, — an exp (x1(&1)))
1(€

6111 (6122 + bz exp (X

From Lemma 3.3 and (3.33), we have

x1 (&) >x1(m) - Riw.
This is

exp (x1(&1)) >exp (x1 (1)) exp (- Riw),

which, together with (3.38), leads to

exp (Riw) exp (x1 (1))

N 71 (a2 + Ez_exp (x1(&1))) - ai2 eXp (Ryw) (7, — ayiexp (21 (&1)))
an (@ +brexp (x1(81))) +brexp (Ryw) (72 — azrexp (x1(&1)))’

which implies
aryexp (2x1(§1)) = Brexp (x1(81)) +y15 <0.
So from (3.20), one obtains
apexp (2x1(&1)) = (Bia +m) exp (x1(&1)) +y1 —n <0,
where
m = andsn (89 — 1) + b7 (eRHR)9 Z 1) 50, n=anm (el —1) >0.
According to (i) of Lemma 3.5, we obtain

2
(Bra+m)” —4dany(y12 —n) > i, — 4anyrz > 0.

1)) +brexp (Ryw) (7, — dar exp (x1 (&)

(3.35)
(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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Therefore, the equation
apx? — (B+m)x+yn-—n=0
has two positive solutions
Ni(az,fra+m,y12 —n), i=12.
Thus, we have
Ni (a2, f12 +m,y12 — n) < exp (x1(&1)) < Na (a2, iz +m, y12 — n).
In a similar way as the above proof, we can conclude from

dxrexp (x1(m)) +anexp (x2(n2)) + by exp (x; (m)) exp (x2(12)) = 72,
anexp (x1 (&) +anexp (x2(&)) +brexp (x1(£1)) exp (x2 (&) <71,

that
apzexp (2x1 (1)) = Braexp (x1(m)) +y1, >0.
According to (ii) of Lemma 3.5, one has
B3 — 401,91, > 0.
Therefore, the equation
X% = Blpx+y, =0
has two positive solutions
Ni(aip,fisy12)>  i=1,2.
Thus, we have
exp (x1 (1)) > Na ()2, 12 ¥12)> or  exp (x1 (1)) < Ni(ahy, Bizs y12)-
It follows from Lemma 3.3, (3.33) and (3.48) that

x1(m) =x1(&§) +Riw
< lnNz((Xlz,‘BIZ +m, Y12 — 7’1) +R1a) = H.

On the other hand, it follows from (3.32) and (3.34) that

w-1

aiwexp (xi(&)) < > ai(k)exp (xi(k)) < Fiw, i=1,2,
k=0

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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that is

x%i(&) <In _Li., i=12 (3.57)

ii

From Lemma 3.3, (3.33) and (3.57), one obtains

xi(k) < x,-(f,-) +R,’(IJ <In ? +R,~w, keZ i= 1,2. (358)

1

It follows from (3.32) and (3.34) that

|
—

w

fw= > [an(k)exp (xa(k)) +az (k) exp (x1(k)) + ba(k) exp (x2(k)) exp (x1(k))]

k=0
2 _
< > ayjwexp (x;(n;)) + brwexp (x1(m1)) exp (x2(112)),
j=1
(3.59)
which implies that
7> — azexp (x1 (1))
exp (x > = = . (3.60)
p (x2(112)) Zon  baexp (1 (1)
From (3.58) and (3.60), we have
ﬁ]lfz — dz]f] exp (le)
>1 = — =M, 3.61
x2(772) ndllﬁ_lzz-l'bzfl exp (le) ( )
which, together with Lemma 3.3, leads to
X, (k) > Xz(ﬂz) - sz >M — Rza). (3.62)
By (3.58) and (3.62), we obtain that
|x2(k)|<maX5L ln;—2+l_€2a) , |M—R2w|}:=A, keZ. (3.63)
22
Now, let us consider QN'x with x = (x1,x;) € R%. Note that
71— apexp (x1) — anexp (x,) — byexp (x1) exp (x2)
N (x1, =1 _ _ _ - . 3.64
QN (x1,x2) (rz —dprexp (x1) — anexp (x2) — baexp (x1) exp (x2) (3.64)
According to Lemma 3.4, we can show that QNx = 0 has two distinct solutions
2= (InNj(a12, B2, y12), InN (@21, o1, ym1))s 0= 1,2, (3.65)

Choose C > 0 such that

C > |InNy (21,21, 721) |- (3.66)
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Let

0O = ‘[X eX
minge, x1(k) € (InNy (a12, B12 + m, y12 — 1), InNo (12, B12 +m, y12 — 1),
Qz =4xeX maxgej, Xl(k) (S (min{lnNz ((Xlz,ﬂlz,ylz), lnNz(Oéllz,ﬂiz,yiz)} — (S,H), s
lxa(k)| <A+C.

x1(k) € (InN, (0612,/312 +m, Yy — n), InN, (06,12,/312,)/12)),
|x2(k)| <A+C. ’

(3.67)
where § is a constant such that
min{lnNZ(“u’/le’)’lZ)) lnNZ(“,lz’ﬁiz,Yiz)} —InNy (a5, 812, ¥12) >0 >0. (3.68)

Then both Q) and Q, are bounded open subsets of X. It follows from Lemma 3.4 and
(3.66) that x' € Q;, i = 1,2. With the help of (3.48), (3.54), (3.55), (3.63) and (Hs), it is
easy to see that Q1 () Q) = ¢ and (; satisfies the requirement (a) in Lemma 3.1 fori = 1,2.
Moreover, QN'x # 0 for x € 0Q;(\KerL, i = 1,2. A direct computation gives

degy (JQN,Q;nKerL,0) # 0. (3.69)

Here J is taken as the identity mapping since Im Q = Ker L. So far we have proved that Q;
satisfies all the assumptions in Lemma 3.1. Hence (3.24) has at least two w-periodic solu-
tions &' with ¥ € DomL((Q; (i = 1,2). Obviously X' (i = 1,2) are different. Let N}(k) =
exp(ic;(k)), i,j = 1,2. Then Ni = (Ni,N%) (i = 1,2) are two different positive w-periodic
solutions of (2.3). The proof is complete. O

With the help of Lemma 3.6 and Theorem 3.7, we have the following.

CoroLLARY 3.8. Under Assumptions (Hy)—(Hy), system (2.3) has at least two positive w-
periodic solutions.

Example 3.9. As an application of Corollary 3.8, we consider the following system

Ni(k +1) = Ny (k) exp {0.0002 +0.0002 cos (77k/50)
— (0.0001 +0.00005 cos (7k/50) ) Ny (k)
— (1000 + cos (k/50) ) N> (k)
— (20000 + cos (7k/50) )Ny (k)N, (k) },
Ny(k+1) = N; (k) exp {0.00041 + 0.00041 cos (7k/50)
~ (0.0002 +0.0001 cos (7k/50) ) N, (k)
— (10000 + cos (k/50) )N, (k)
— (20000 + cos (k/50) )N (k)N» (k) }.

(3.70)
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A direct computation gives that
71 = 0.0002 = Ry, 7, = 0.00041 = R, an = 0.0001, ap, = 1000,
1 =0.0002,  dyp=10000, by =b,=20000, =100,

o), >1.91629,  yly>1.57284,  y% >1.9194x 107",
o112 — a1 81, > 0.00904.

(3.71)

So according to Corollary 3.8, the above system has at least two positive 100-periodic
solutions.

Similar to the proof of Theorem 3.7, we can prove the following results.

TaeoreM 3.10. In addition to (Hy) and (H,), assume further that system (2.3) satisfies
(H3) a3 >0.
(H5) Ni(az1,f215921) < Ni(ai1, 8515 931) < Na(@a1, a1, y21)-

Then system (2.3) has at least two positive w-periodic solutions.

CoRrOLLARY 3.11. In addition to (Hy), (Hy) and (H3), assume further that system (2.3)
satisfies

(H}) Bar/aar > B/t
Then system (2.3) has at least two positive w-periodic solutions.
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