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Abstract

In the article, an alternative elementary method for steering a controllable fractional
linear control system with open-loop control is presented. It takes a system from an
initial point to a final point in a state space, in a given finite time interval.
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1 Introduction

Fractional integration and differentiation are generalizations of the notions of integer-
order integration and differentiation. It turns out that in many real-life cases, models
described by fractional differential equations much more better reflect the behavior of
a phenomena than models expressed by means of the classical calculus (see, e.g., [1,2]).
This idea was used successfully in various fields of science and engineering for model-
ing numerous processes [3]. Mathematical fundamentals of fractional calculus are
given in the monographs [4-9]. Some fractional-order controllers were developed in,
e.g., [10,11]. It is also worth mentioning that there are interesting results in optimal
control of fractional order systems, e.g., [12-14].

In this article, it will be shown how to steer a controllable single-input fractional lin-
ear control system from a given initial state to a given final point of state space, in a
given time interval. There is also shown how to derive hypothetical open-loop control
functions, and some of them are presented. This method of control is an alternative
to, e.g., introduced in [15], in which a derived open-loop control is based on controll-
ability Gramian matrix, defined in [16] that seems to be much more complex to calcu-
late than in our approach.

The article is divided into two main parts: in Sect. 2 we study control systems
described by the Riemann-Liouville derivatives and in Sect. 3—systems expressed by
means of the Caputo derivatives. In each of these sections, we consider three cases of
linear control systems: in the form of an integrator of fractional order ¢, in the form
of sequential no-integrator, and finally, in a general (controllable) vector state space
form. In Sect. 3.3, an illustrative example is given. Conclusions are given in Sect. 4.

2 Fractional control systems with Riemann-Liouville derivative
Let (I7,8)(¢) and (D{,h)(t) denote the Riemann-Liouville fractional left-sided integral

and fractional derivative, respectively, of order ov € C, on a finite interval of the real

line [4,9]:
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(I[g+g)(t) = F(la) / « f(:))l_a dr for M(a) >0, t >,

h(z)
D¢ = fa ¥ ,
(D m)() a) dt" (= oy dr for f(e) >0, t > &

where n = [R(a)] + 1, and [R(e)] denotes the integer part of R(c).
Let us consider a fractional-order (o € R and o > 0) differential equation of the

form:
(Dex)(1) = f(t,x(1), t>t, (2.1)
with the initial conditions

(D) (ts+) =w, k=1, ..., 7, (2.2)

where = [a] + 1 for ¢ ¢ N, and # = o for @ € N. By (D‘t’::kx)(ts+), we mean the

following limit

(DL k) (ts+) = hrn (D (), k=1,...,n

i.e., the limit taken in ¢, £, + ¢ [for ¢ > 0.
The existence and uniqueness of solutions of (2.1) and (2.2) were considered by

numerous authors, e.g., [4,8].

2.1 Linear control system in the form of a-integrator
Consider a control system of the form

(Dg,2)(t) = v(1), (2.3)

where 0 <o < 1, z(¢) is a scalar solution of (2.3), and v(£) is a scalar control function.
The aim of the control is to bring system (2.3), i.e., the state trajectory z(¢), from the

start point
z(ts+) = zg, (2.4)
i.e., from the point z(£) = z(t+) for t — £+, to the final point
z(tf) = zf, (2.5)

in a finite time interval ¢ - £;. In other words, we are looking for such an open-loop
control function v = v(t), which will achieve it in a finite time interval t - £,. The start
and final points will be also called the terminal points.

In order to solve Equation 2.3, we need to use an initial condition of the form

(D '2) (ts+) = (1.,2) (1s+) = wy (2.6)

that will correspond to condition (2.4), i.e., we have to find an appropriate value w;
corresponding to (2.4). To this end, initial condition (2.6) can be rewritten (see [4]) as

tlirtn (t—ts)' %z(t) =

w1
I'(a)’
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from which

wy = (o) lim 2(¢) lim (¢ = )" = 20(e) lim (6= 6)"" 2.7)
Proposition 1. A control v(t) that steers system (2.3) from the start point (2.4) to the

final point (2.5) is of the form

v(t) = (D, 9) (1), (2.8)
where @(t) is an arbitrary C'-function satisfying

o(ts) =zs and (k) = zr. (2.9
Proof. Take (2.8) as a control applied to (2.3), i.e.,

(Dz.2)(1) = (DL, 9)(1). (2.10)
Integrating both sides of (2.10) by means of I}, i.e,

(1%.Di.2)(1) = (1, DE. @) (1),
we get (using the rule of integration given, e.g., in [4])

_ (17)(1s4) ()

I(a) e T8 21y

2(t) (t—1)""" = o(t) -

Since ¢(t;) = z;, and the system starts from z(¢;) = z;, we get
(1:92) (t+) = (12 @) (ts+),

which finally yields z(f) = @(¢). In particular, z(t) = @(tf) = 2z O
Example 2. We want to steer system (2.3) from the start point (2.4) to the final point
(2.5) by means of the control given by (2.8), where

@(t) = ai(t —ts) + ao, ao, a1 € R. (2.12)

The values of coefficients a, and a; have to be chosen such that conditions (2.9)

hold, i.e., from

(p(ts) =do = Zs,
o(tf) = a1(tr — ts) + ao = zf,

we calculate, for t; >t,,

aO = er

Zf — Zs (2.13)
a) = .

tr—tg

Thus, polynomial (2.12) has the form

Zf — Zs

90(t) = (t - ts) + Zs,

If— s
and then, Equation 2.3, with control v(t) = (D{,¢)(t), is the following

r(2)

(2—a) (t—1t)' " +ao

(D) () = a1 (t—1t)~". (2.14)

1
'l —oa)
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In order to show that the above-calculated control v(¢) is right, we integrate (2.14) by

means of If ,, giving

r(2)
(2-a)

B 1} 7%2) (ts+)

07 )

(12, (t = 1)) () +ao (I (e = 6)7)(®).

1
t—t)* ' =
(t=x) “p r(l -«

Since the value of initial condition (I}S:“z)(tﬁ) corresponding to the start point z is
given by (2.6) and (2.7), and substituting already calculated coefficients 4 and a; given
by (2.13), we get
Zf — Zg

L — 1 Zs.
tf_ts( s) +Zs (2.15)

2(t) —zg(t — t)* ! lim (£t — )17 =
t—>to+

Since lim,_,, (t — t;)!7% = 0 for @ < 1, evaluating (2.15) at ¢ = &, yields z(¢;) = z;, and

for t = t; gives z(tg) = z¢ .

2.2 Linear control system in the form of no-integrator
Consider a control system of order no, for 0 < < 1, n € N, such that no < 1, given
by

(D}2)(1) = (1) (2.16)

st
with the initial conditions

(1D 2)(ts+) =wp, wpe € R, k=0, ..., n—1, (2.17)

s+ st

where z(t) is a scalar solution of (2.16), (2.17), and v(¢) is a scalar control function. By

Dl z we mean
s

o L, _ T
Dts+z - D[ﬁZ,

k—1 (2.18)

Diz=D¢ DYV, k=23, ..., n
We introduce the notion of D7,z (see Property 2.4 in [4]), because, in general,

D, Df, - D,z # Dzojz.

—_

n - times
Initial conditions (2.17) are equivalent (see [4]) to
: 1-a 5% Wr
lim (¢t —t) *(D32)(1) = r wyeR, k=0, ..., n—1. (2.19)

t—>ts+

(@)

The aim of the control is to bring system (2.16) from the start point

Z(ts) = (2(ts), (DX ,2)(8), - -, (P 2) (1))T = (250,21, -+ 1 2en1) T = Zs (2:20)

s+

at time £, to the final point
(1) = (2(t1), (D2,2)(t0), -, (D 2) ()" = (2t0, 211, - 20)T = 2 (2:21)

at time f;, in the finite time interval f; - £,.
For initial conditions (2.17) to correspond to the start point Z, we calculate (from
(2.19))
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we ="T(e) lim (t—1)'" lim (Di2)(1)
=I'(a) lim (1 - t)! 7 (DI 2)(ts)

=T(e) lim (t — )" %z, k=0, ..., n —1.

t—>ts+

Proposition 3. A control v(t) that steers system (2.16) from the start point (2.20) to
the final point (2.21) is of the form

o(t) = (D) (1)
where @(t) is an arbitrary C"-function satisfying

Di%o(ts) = 290 Di%o(tf) =20, 0<k<n—1, (2.22)
ie.,

(6(), o (DL Q)W) =20 and (p(te), ..., (DL ) ()" = 2.
For such defined conditions (2.22), the initial conditions are

(D) (%) = (@) lim (¢t = ) ™ (Dg)(0), k=0, ..., n=1.  (2.23)

Proof. Apply the control
u(1) = Dile(1)
to (2.16), and we obtain
(Ds2) (1) = (Do) (1) (2.24)

+ s+

Next, integrating (2.24) by means of I,
1 _
(1D D 2)(0) = (1D DL M 0) (@),
we get

14D 0) (15+)
I(a)

1D 2) (15+)

— )% 1(2.25
@) (¢ —t)*1(2.25)

(D) (1) (=) = (O o))~

Since the system starts from (2.20), and (2.22) holds, i.e., Dt(_:fl)a o(ts) = zsn_1p We get

7D (104) = (177D ) (14,
which yields

(D 2)(1) = (L) o). (2.26)
In particular, for ¢ = ¢ we obtain

(P2 (1) = (P 0) (tr) = 21

Analogously, consecutive integrations of (2.26) by means of If, together for all n

integrations, yields

(DF2)(t) = (D 9)(ts) = 29 k=0, ..., n —1

+ ts+
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and

(DF2)(tr) = (DI%)(t) = 2, k=0, ..., n — 1.

+ ts+
o
One of the possible choices of function ¢(t) is

2n—1

o(t) = Y a1 1)(0), (2.27)
i=0
where
) 1 .
(1. 1)(t) = Flia + 1) (t—t)* O0=<i<2n-1, ((I,1)(t)=1) (2.28)

satisfying (2.22).
For a function of type (¢ - t,)’* , the following holds

(DY, -~ DY, (1 — 1) *)(t) = (D} (t — t)*)(t) forie+1> 0,
N——
n - times

which is always satisfied, since we have i = 0, ..., 2n - 1 and o > 0 (0 < < 1). It fol-
lows that for the function (Ii‘s’:l)(t) (given by (2.28)), we have

s+ L+ L5+

(Df, -+ DY, L5 1)(6) = (DI 1) (1) = (11, 1)(0).
n - times
Thus, for the function @(¢) given by (2.27), we have (Di5¢)(t) = (D{¢)(t), and then

2n—1

v() = (D) (1) = Y a1, 1) (0).

i=0
Example 4. Consider control system (2.16) of order 2a (1 = 2), i.e.,
(Dr42)(t) = v(1),
which we want to bring from the start point
Z(ts) == (a(ts), (Dz+z)(ts))T = (250,251)" =1 Zs
to the final point
Z(t) = (2(1r), (D,2) ()" = (2r0,201)" =2 Z,

in the finite time interval #; - £,
We take function ¢(¢) in the form

3
(1) = Y ai(lE 1)),
i=0

for which

3

(D&))=Y

i=0

1 i—1)a
UG- e )
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According to (2.22), the following must be satisfied

@(ts) = ao = zso,
(D.9)(ts) = ar = z51,

3
o(tr) = Y ai(IE,1)(t) = 210,
i=0

3
(D) (1) = Y a1,V 1)(1) = 201,
i=0

or, in the matrix form

1 0 0 0 ao Ze0
0 1 0 0 ar Zs1

= , 2.29

1)) (120 (1)) | | @ 20 (2.29)
Gene) 1 €)@ 1210 ) \as)  \an

from which we can calculate coefficients a;, 0 < i < 3, assuming that #; >£.
Therefore, a control function steering the system from the start point Z to the final
point Z; , is

3
u() = (Dile)(0) = Za M- ;)a NG

where a;, 0 < i < 3, are already calculated from (2.29).

2.3 Linear control system in the general state space form
Consider a linear fractional control system of the form

A:(DE,x)(t)=Ax+bu, O0<a<l, (2.30)

where x(f) = (%1(¢), ..., x,(£))" € R" is a state space vector, A € R, u(t)e R, b e
R™! and (D x)(1) = (D, x1)(2), -, (Dz+xn)(t))T. The initial conditions are

(%) (s+) =w;, wieR, 1<i<n,
or, in the equivalent form

tlirt£1+ (t —ts)" ™ xi(t) = 1<i<n.

Wi
M)~
The aim of the control is to bring the control system A from the start point

x(ts) = (x1(ts), ... xn(t6))T = (51, -+, xsn) T = % (2.31)
to the final point

x(te) == (x1(te), - - - ,xn(tf))T = (xf1, - .- ,an)T = Xf, (2.32)

in the finite time interval #; - £,. To this end, since A is assumed to be controllable
[15,16], i.e.,

rank R(A, b) = rank(b, Ab, ..., A" 'b) = n,

Page 7 of 17
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we can change the state coordinates x to new coordinates %, in the following linear

way
X=Tx, whereT e R™", detT #0

such that A expressed in the new coordinates X = (X1, ...,X,)" will be in the Frobe-

nius form, i.e.,

0O 1 0 0 0
0O 0 1 0 0
Afr:x= Doonn o X+ u=Ai+bu, XeR"
o o0 o0 ... 1 0
—do —ay —dy ... —dp—1 1

In order to find a linear transformation T we take a row vector ¢, € R' * ” such that

; 00<j<n-2
ih — = =
HAD {1].:”_1’ (2.33)
which yields
51
1A
T = )
tlAn71

Indeed, if we take ¥ = Tx, where the first coordinate function is given by %; = t;x, and
such that ¢; satisfies (2.33), then, using the linearity of Riemann-Liouville derivative, we
have

(Dg&)(1) = A~ (DY x)(1) = 1Ax =Ky, 1<i<n —1,
(D¢, %) (1) = 1 A" (D}, x)(1) = 1A + 1 A" 'bu = 1 A"x + u

getting X = (t1, t14, ..., t1A" 1) x. Condition (2.33) can also be rewritten in the
matrix form

t, (b,Ab,..,A"'b) = (0,0,...,1),
which gives rise to

ty= (0,0,...,1)R"'(A,b) =R},

)

where R(_nl) (A, b) is the nth row of the matrix R™(4, b).
Next, applying to the system AFr a feedback of the form

u(t) = ki + v(t), (2.34)
where k = —;A"T—! = (Go, a1, dy, ..., 4,_1) € R"*"and v(t) € R, we get

(D&, &) (1) =%, 1<i<n—1,
(Dg%n)(1) = v(1).

Page 8 of 17
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Denoting z = %;, and using notation (2.18), we get
(D, xi)(t) = (D‘“ 2)(t) =%, 1=<i<n —1,
(D, %)(1) = (Dlz)(1) = v(1),

then

(Di=)(t) = v(1). (2.35)

Since the transformation x = Tx is already known, for the given start point (2.31) and
final point (2.32) we can calculate corresponding terminal points expressed in the new
coordinates y, i.e.,

F(ts) == (F1(ts), - o) Fn(66))T = Tks = (Rt ..., Fon)T =
and

x2(tg) = (X1 (te), . Zn(t6))" = T = (Rp1, ..., %) =
Then, for system (2.35) the terminal points are the following

2(ts) = &(t), (D2 (&), (DL D)) = G, Fa) =% =2 (236)
and

Z(t) = (2(tr), (DL, 2)(t6), - .., (P 2)(e6)" = Grv, oo )T = Fe = Zr. (237)

In such a way, we have transformed the problem of finding a control u(¢) for the sys-
tem (2.30) steering from the start point (2.31) to the final point (2.32), into an equiva-
lent problem of finding a control v(£) for system (2.35) steering from the start point
(2.36) to the final point (2.37), which has already been explained in Sect. 2.2.

To this end, we take a C"-function ¢(¢) satisfying (2.22) for given (2.36) and (2.37).
For such a function ¢(£), the control is

v(t) = (Dele)(0).

Finally, using (2.34), the desired control u(z) taking system A from x, to x¢ is the fol-
lowing

u(t) = kE(1) + v(t) = kTx(t) + v(1) = =R} (A, D)A"x() + (D50)(2).

3 Fractional control systems with Caputo derivative
We will use the following definition of Caputo derivative. Let o € C and R(a) = 0. If &
¢ Ny, n = [R(e)] + 1, and then

(m)
CDLNW = [ o) / (tf (1) dr = (D))

If « = ne Ny, then

(DA = ().

Page 9 of 17



Dzielinski and Malesza Advances in Difference Equations 2011, 2011:13
http://www.advancesindifferenceequations.com/content/2011/1/13

Consider a differential equation, for o € R and & > 0,

(D)) =f(tx(1), t<t<t (3.1)
with the initial conditions

B (t)=w,, wpeR k=0, ..., n—1. (3.2)

It has been already shown, e.g., in [4] that for (3.1) and (3.2) a solution exists.

3.1 Linear control system in the form of a-integrator
Consider a linear fractional differential equation

(‘D) (1) =v(1), a€R a>0 (3.3)
with the initial conditions
2By =w,, wreR k=0,..., n—1, (3.4)

where z(t) is a scalar solution and v(¢) is a scalar control function.
The aim of the control is to steer system (3.3) from the start point

Z(ts) = (2(ts), 2(ts), - .., 2" V([N = (250, -+ -, 25n-1)" =2 Zs (3.5)
to the final point
Z(t) == (2(t5), 2(te), . .., 2"V = (250, - - 280-1) T = Z¢ (3.6)

in a finite time interval ¢; - £;. In contrast to the equation defined by means of Rie-
mann-Liouville derivative, initial conditions (3.4) coincide with start point (3.5), i.e.,

wi=z4 0<i<n —1.

Proposition 5. A control v(t) that steers system (3.3) from the start point (3.5) to the
final point (3.6) is of the form

v(t) = (“D,e) (1), (3.7)
where @(t) is an arbitrary C"-function satisfying

oW(t) = 290 @O (t) =20, 0 <k<n—1, (3.8)
ie.,

®(ts) = (p(t), .-, " V(W) =Z and (1) = (p(t),.... " V(1) = Z.
Proof. As a control applied to (3.3) take (3.7), and then

(“D,2)(1) = (‘Do) (0). (3.9)

Integrating (3.9) (according to the rule given by Lemma 2.22 in [4]) by means of If,,,

ie,

(I3.“D,2)(0) = (17, °DyL ) (1),

Page 10 of 17
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1=k
-2 )=o) Z‘” ROTY 610

If the system starts from Z(t;) = Z,, and @ (£;) = Z;, then from (3.10) we get
(1) = ¢(1),

which implies
Z(t) = ©(tr) = Z¢.

0O

A possible choice of the function ¢(¢) is to take a (2n - 1)-degree polynomial of the
form

2n—1

o) = > a(t—1), aeR 0<k<2n-1, (3.11)
k=0

satisfying (3.8). A control function v(¢) for the function ¢(¢) given by (3.11) is

-1 0 for0O<k<n-—1,
v(t) = Z “k(CDa+(t - ts) )(®) = k! (t—t )k’“ forn<k<2n-—1
k=0 F(k +1—a) * - '
and thus,
2n—1 k
k—a
t t—t . 3.12
O Z Up 1 — o)) (3.12)

Example 6. Consider control system (3.3), for 0 <o < 1, where n = [@] + 1 = 1. We
want to find a control function v(t), which steers (3.3) from the given start point
z(ts) = zy to the given final point z(t; ) = zp.

To this end, take @(¢) of the form

@(t) = a1(t — t5) + ao, (3.13)
where ay and a; are such that conditions (3.8) are met, i.e.,

¢’(ts) =do = 20,
(p(tf) = (tf - ts) + dg = Zfo.

A solution of the above system of equations, for £ >t,, is

ap = Zs0,
Zfo — Zs0
a, = .
f—1s

Therefore, polynomial (3.13) is of the form

zfo — Zso
o(t) = (= t5) + 250,
tr—1s

Page 11 of 17
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and the control given by (3.12) is as follows

v(t) = (°Df,e)(1) = “io T &0 (t—t)' . (3.14)

tr—ts I'(2—a)

So, system (3.3), with calculated control, is of the form

Zf0 — Z 1
(CDz+z)(t)=ft°f % (t— 1), (3.15)

-t T(2—0a)
To be sure that such a control is correct, let us integrate (3.15) by means of IZ+
obtaining

2(1) — (1) = Zf0 — Zs0

a0

Since
(E(t =)0 =T - a)(t - &),

we get

Zf0 — Zs0 (

t—1s).
_— s) (3.16)

z(t) — zg0 =
Evaluating (3.16) at t = ¢, gives z(t;) = z5o and for ¢ = t; yields z(¢; ) = zg, which
means that control (3.14) correctly steers the system from zy to zg.
Remark 7. For 0 <o < 1, the problem of steering system (3.3) from start point (initial
condition) (3.5) to final point (3.6) can be also solved using the known relation
between Caputo and Riemanna-Liouville derivative, i.e.,

(“Diz.2)(¢) = (Df, (1) — 2(t)])(1).

Therefore, system (3.3) together with terminal points (3.5) and (3.6) can be trans-
formed to the following form

(D)@ =v(0),  y(ts+) =0, y(t) =z — zs, (3.17)
where
Y@ =z() — z. (3.18)

Indeed, control v(¢) steering system (3.17) from the given point y(¢,+) to the given
point y(z; ), steers system (3.3) from the given point z(£) to the given final point z( ),
which follows from the inverse transformation of (3.18), i.e.,

Z(t) = y(t) + Zs, z(ts) = )’(ts"') + 25 = Zs, Z(tf) = y(tf) +Zs = Zf.

3.2 Linear control system in the form of na-integrator
Consider a control system of order nc, where oo € R, 0 <o < 1, and n € N, such that
na < 1, given by

(Dis=)() = v(t) (3.19)
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with initial conditions
(DF2)(ts) =we, wr€R, k=0, ..., n —1,
where z(¢) is a scalar solution, v(t) is a scalar control function, and Dz‘l‘rz is defined

like in (2.18), but for the Caputo derivative.

The aim of the control is to steer system (3.19) from the start point
. Do ID(”*UD‘ T _ T _. (3 20)
Z(ts) = (2(ts), (D ,2)(ts), - - -, (D 7 2)(15))" = (250, Zs1/ - - - Zsn—1)" =1 Zs, (3.
to the final point
. Do D(”*UU‘ T _ T _. (3 21)
Z(te) := (2(te), (D ,2)(te), - - (Dys " 2)(t6))" = (260,201, - - - 1 20—1)" =2 Zs, .
in a finite time interval ¢ - £;. Obviously, we have
wp=2zg, O0<k<n —1

Proposition 8. A control v(t) that steers system (3.19) from start point (3.20) to final
point (3.21) is of the form

v(t) = (Dele)(0), (3.22)
where @(t) is an arbitrary C"-function satisfying

(D) (ts) = 26 (D%0) (k) =200, O <k<n—1, (3.23)
ie.,

(6(t5), ., (DL Q)(0))" = Zo and (p(tr), .., (D 0) ()" = 2.
Proof. Apply to (3.19) control (3.22) obtaining

(Pria)(0) = (Do) (®). (3.24)
Next, integrating both sides of (3.24) by means of If ,, i.e.,

(12,2, DI 2) (1) = (12,°D2, D 0) (1),

tor Dt Pt e Dis
we get
(DD () — (DL D)) = (DL 0)(0) - (DL 0) (1),
Since, system (3.19) starts from (3.20), and (3.23) holds, that is
(DY 2) (1) = (DU 0) (1), we get
(DL )0 = (O )0, (3.25)

Analogously, consecutive integrations of (3.25) by means of I7 ,, yields (for all # inte-

grations)

(Dl2)(1) = (D) (1), k=0, ...,n —1,

+ ts+

and then

(Di2)(t) = (Di%)(tr) =z, k=0, ..., n — 1.

ts+
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0O

A possible choice of function ¢(t) is

o(0)= 3 a0,

where (Ii‘s’ﬁrl)(t) is given by (2.28), and satistying (3.23). Since, for a function of type (¢

-t )% is
(“D(t — t)™)(1) = (“Df,---“DE, (¢ — )*) () =0, for i=0, ..., n—1,
—— —
n - times

it follows that for (Ii‘sﬂl)(t) we have

1 )
(t — )R for k < i,

P o i r'((i—k 1
(°DE,--ODg, (1 1) (1) = (CDIre 1)(r) = | 1 (=R for o = 1(3:26
k—times 0 fork > i.

Therefore, it follows that (Dj%¢)(t) = (“D}%¢)(t), and after applying (3.26), we get

2n—1 e 2n—1 1 )
v(0) = (DiZe)(O) = 2wl DO = Y a0 6)TE27)

3.3 Linear control system in the general state space form
Consider a controllable linear fractional control system of the form

A (“DYx)(1) =Ax+bu, O<a <1,

where x(£) = (x1(2), .., x,(t))T € R" is the state space vector, A € R, u(t)e R, be
2 and (“DY,x)(1) = ((°DE,x1)(t), ..., (°D¢,x,)(1))". The initial conditions are

D)=, 1<i<n
The aim of control is to bring the control system A from the start point
— T _ T _.
x(ts) == (x1(ts)s -+ %n(ts))" = (Xs1s - -+ Xsn) =t Xg
to the final point
. T T _.
x(te) = (x1(te), - - xn(te))" = (%p1, .-, X£n) =2 g,
in a finite time interval t; - £,. Then, obviously, the initial conditions have to be set to
(9, x0T = (e, X))

The consecutive proceeding is analogous to that already presented in Sect. 2.3, but
for Caputo derivative, arriving at a system of the form

(Pri2)(1) = v(1),

for which we apply the theory presented in Sect. 3.2.
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Example 9. For a linear control system in the form

1

C4
. Dts+x1 _ -1 1 X1 1
)G E) - () e

CDéerZ

calculate a control function u(f) taking system A from the start (initial) point (at time
ts=15)

x(ts) = x(1) = (1, —1)T = x
to the final point (at time & = 5 s)
x(tf) = x(5) = (=5, =2)" = xy,

in the finite time interval ¢ - £, = 4 s.
Transform A by means of x = Tx given by

1 -1
- (43)

to A in the form

1
() (5 ) E) - (0) s
Cin4 ~ —-1-2 X2 1
Dt5+x2
Apply to A control

U=hi=5% +2%) + v(t), where k= (1,2), (3.28)

resulting

1

[\ . CD;;_.;Cl _ 01 5C1 + 0 v

I P 00/ \ % 1)
Dts+x2

1

Denoting z = X; (and as a consequence CD;LJrZ _ 562), we get
1 1 1 329
D!, Dz = (D2,2)(1) = (1), (329)

Now, we want to find a control v(¢), which takes (3.29) from the start point
1
Z(ts) = Z(1) := (2(1), (“DL2) (1)) = (1, %2)" = (2, =3)" = (250, 201)" = Zs,
to the final point

2(tr) = 2(5) = (&(5), (°D32) (5)" = G, F)" = (=3, 1) = (a0, 2n)" =: Z.

As a control function, of the form (3.27), we take

v(t) = (CDéM)(t)f

Page 15 of 17



Dzielinski and Malesza Advances in Difference Equations 2011, 2011:13
http://www.advancesindifferenceequations.com/content/2011/1/13

where
3 1 1
e =) a | (=14,
=0 I'( i+1)
4
and the coefficients a; 0 < i < 3, are such that
o(l)=ap=2,

1
(‘Dliw)(1) = a1 = =3,

3 i
0(5) =) ai (1/2) = -3,

i=0 I'( i+1
FT(,i+ 1)

1
(‘Do) (5) =

1 =1
=1 [ i—1 1
AT(, -1+ 1)
or, in the matrix form
1 O 0 0
o1 0 0 a 5
1\/2 2 242 a -3
r;)re) r@) | |« -3
V22 as 1

rG;) ra)
The calculated coefficients are
ap =2,
a = _3r
3
1-36T(2)* + 157 T(3) + 8272
4 VAT (3) (=3 +2v2)
3
312 (3) +57 T(3) + 42
4 (=3 +2+2)

az

’

az = —

’

and according to (3.27), we have

3

_(C 2 _ , 1 =)
U(t)_( Dti(p)(t)_Zalr(}l(i_z)_'_l)(t—l)‘l .

i=2
Finally, complete control (3.28) applied to A, achieving the task, is

2 3 3 2 3
1-36T(3) +15nr(i)+8J2nz_3—12r(3) +57T(3) +4n2r(3)

1
4 VrT(3)(=3+2v2) 72/2(=3 +2/2) (=1

u(t) = —x1+3x2+

Conclusions

In the article, a method for steering a control system from one point to another in a
state space was presented. Both for the system described by Riemann-Liouville deriva-
tive and Caputo derivative three forms of control systems were studied. In both cases,
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the no-integrator form was introduced as a scalar representation equation of a control
system in a controllable state space form. Because of the specific nature of initial con-
ditions for systems defined by means of Riemann-Liouville derivative, numerical exam-
ple was given only for the systems with Caputo derivative. The choice of possible
candidates for control functions presented in the article is not the only one possible.
Other functions achieving the task can also be found. Since in our approach no restric-
tions are posed on the trajectory joining two given points, a family of such trajectories,
and thereby “base-functions,” can be relatively wide, and authors have proposed some
selected examples of such functions (e.g., (2.27), (3.11)). If one would wish, addition-
ally, to steer a system from a given point to another one in an optimal way, i.e., with
minimizing some cost function, this implies a specific trajectory. In such a case it is
still possible to look for the other type of functions (satisfying one of Propositions 1, 3,
5, and 8) restricted additionally by these optimality constraints. In other words, it can
be possible to find some other type of functions, perhaps different from these selected
by authors, achieving the desired task. Interesting results in optimal control of frac-
tional systems can be found, e.g., in [12-14].
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