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Introduction

Difference equations usually appear in the investigation of systems with discrete time
or in the numerical solution of systems with continuous time [1]. A lot of difference
systems have variable structures subject to stochastic abrupt changes, which may result
from abrupt phenomena such as stochastic failures and repairs of the components,
changes in the interconnections of subsystems, sudden environment changes, etc. In
recent years, the stability investigation of stochastic difference equations has been
interesting to many investigators, and various advanced results on this problem have
been reported [2-5].

However, besides the stochastic effect, an impulsive effect likewise exists in a wide
variety of evolutionary processes in which states are changed abruptly at certain
moments of time, involving such fields as medicine and biology, economics, mechanics,
electronics and telecommunications. Recently, the asymptotic behaviors of impulsive
difference equations have attracted considerable attention. Many interesting results on
impulsive effect have been obtained [6-8]. In [9], some stability conditions on impul-
sive stochastic difference equations are given. As is well known, stability is one of the
major problems encountered in applications, and has attracted considerable attention
due to its important role in applications. However, under impulsive perturbation, an
equilibrium point sometimes does not exist in many physical systems, especially, in
non-linear and nonautonomous dynamical systems. Therefore, an interesting subject is
to discuss the invariant sets and the attracting sets of impulsive systems. Some signifi-
cant progress has been made in the techniques and methods of determining the invar-
iant sets and attracting sets for delay difference equations, delay differential equations,
and impulsive functional differential equations [10-12]. Unfortunately, the correspond-
ing problems for impulsive stochastic difference equations have not been considered.
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Motivated by the above discussion, we here make a first attempt to arrive at results
on the invariant sets and attracting sets of impulsive stochastic difference equations.

Model description and preliminaries

Let R” be the space of n-dimensional real column vectors and R, = [0, +). N[a, b] {a,
a + 1,.., b}, where a < b and a, b are integral numbers. C denotes the set of all func-
tions @ : N[-h, 0] —> R”, h is a nonnegative integer. For any ¢ € C, we define

llell = SE;‘F}Z 0] 19()| Z denotes the integer set. Let {Q), P, X} be a basic probability

space, X, € X, € %, i € Z be a sequence of X-algebras E be the mathematical expecta-
tion, &, &;,... be a sequence of mutually independent random variables, &; € R, &; be X
adapted and independent on. X, ,, E¢; = 0, E§? = 1, i € Z. Let Cq, denote the family of
C-valued random variables on {Q, P, X}.

In this article, we mainly consider the following impulsive stochastic difference equa-

tions

x(i+1)=F(i, x(i—h), ..., x(i)) + G(i, x(i—h), ..., x({))eim1, iFix i€Z,

. ) o (1)
x(i+ 1) = Hi(x(i)), i=ip

with initial condition
x(i) = ¢(i), i€ N[-h, 0],

where F, G: Z x R"' > R, H,: R —> R. ¢ (i) € Cqo. The fixed moments of time i, €
Z, and satisfy 0 < i1 <12 < ',}L“Jo Ik = 00, x; is an element of Cg, defined by x; = x (i
+58),se N [-h, 0].

Throughout this article, we assume that for any ¢ (i) € Cq, there exists at least one
solution of (1), which is denoted by x(i, 0, ¢) or x,(0, ¢) (simply x(i) and x; if no confu-
sion should occur).

Definition 2.1. The set S © Cq, is called a quasi-invariant set of (1), if there exists a
constant k such that for any initial value ¢ € S, the solution kx,(0, ¢) € S, i € Z. Espe-
cially, if k = 1, S is called a invariant set.

Dedinition 2.2. The set S € Cq, is called a global attracting set of (1), if for any
initial value ¢ € Cgq, the solution x;(0, ¢) satisfies

dist(x;, S) > 0, as i— oo,
where

dist(¢, 8) = inf p((s), ¥(5)) for ¢ € Co,

where p(--) is any distance in Cq.

Definition 2.3. The zero solution of Equation (1) is called mean square exponential
stable if there are positive constants A and M such that for any initial condition ¢ €
Ca,

Ex*(i) < ME||p|]?e”", ieZ

Here A is called the exponential convergence rate. Of course, conditions are needed
to ensure that the zero function is a solution of (1).
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Based on discrete Halanay inequality [13] and its extension [9], we develop the fol-
lowing difference in-equality with the impulsive initial condition.

h
Lemma 2.1. Suppose ¢;(i) € R,, i € Z, j € N[0,k], sup =ch(i)} =np<landb > 0.
ieZ |j=0

Let u(i) be a sequence of real numbers satistying the following difference inequality:

h
u(i+1) <Y g(iu(i—j)+b, i=i, iez 2)
j=0
(a) Then
u(iy<de ™+ —=n)"'y, ixi, iez 3)

provided that the initial condition satisfies
u(i)<de ™™+ —n)""p, ieN[i—h {] (4)

where i’e Z, d € R, and A satisfies

11
A In .
O<as h+1 nn )
(b) Then
u@)<y(l—-n)'b, ixi, ieZ )

provided the initial condition
u@) <y(1—n)"'b, ieNI[i'—h {] )
where i’e Zand y > 1.
Proof. (a) Since 1 <1, there exists a constant A4 satistying the inequality (5). Then,
PACSIMEY @)
If (3) is not true, then there must be a positive integral number i* > i’ such that
u(+1) > de (1 — )70 and u(i) <de M +(1—n)"'b, ieN[i—h, i*]. (9)

By (2), (8), and (9), we have

h

u(i* + 1) <Y g(i*)u(i* —j) +b

j=0
h

<> (") [de—k(i*—f) f(1- n)’lb] b
j=0

< ek(h+l)"def)\(i*+l) + 77(1 _ n)flb +b
_ ek(h”)nde*k(i**l) " (1 _ n)*lb
< de—k(i*+l) 4 (1 _ ﬂ)_lb,
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which contradicts the first inequality of (9). So (3) holds. The proof of part (a) is

complete. (b) If (6) is not true, then there must be a positive integral number i* > i’

such that
u(i*+1)>y(1—-n)"'v and u(i)<y(1-n)"'b, ieN][i—h i (10)

By (2), (10), we have

h

u(i®+1) <Y g )u(i* —j)+b

j=0
<yn(1—n)""b+b
< 7 (n(1=m""b+b)
=y(1=m)7"b,
which contradicts the first inequality of (10). So (6) holds. The proof of part (b) is

complete.

Main results
To establish the main results of system (1), we will employ the following assumptions.
(A;) For any i € Z, there exist positive constants a,(i), b;(i), /1 and J, such that

h
IF (i, x(i = h), ..., x())| <> a(i)x(i — )| + ],

j=0

h
|G (i, x(i—h), ..., x(D)] <D _b()lx(i —j)| +]a.
j=0
(Ao) SUP 2{a*()) + b* (i)} = 1 < 1, where a(i) = Yo ai(i) and b(i) = Y1, by(i).
(A3) There exist constants d; > 1 such that

[Hi, (x(ir))| < dilx(ir)l, k=1,2, ....

(A4) There exists constant o > 0 such that

2Ind,,

. a* <\, k=1,2, ...,
U — le—1

where i, = 0 and A* satisfies

.1 1
0< A= In ,
h+1

and
o0
0=2) Ind,<oo, k=12, ...
k=1
(As) There exist nonnegative constants d; < 1 such that

[H;, (x(ir))| < dielx(in)|.
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(Ag) For any i € Z, there exist positive constants a;(i) and b,(i) such that

h
IF (i, x(i = h), ..., x())| < a;(i)lx(i —j)l,

j=0

h
|G (i, x(i—h), ..., x(D))] <Y bi(i)x(i —j)I.
j=0
(A7) Supla’()) + b*(D)} = 1 <1, where a(i) = . (i) and b(i) = YIL, bi(i)
Theorem 3.1. If (A)- (A4) hold, then S = {p € Cq|E||@||* <e°(1-u)"J} is a global
attracting set of (1), where J =2 (J? +J3).
Proof. From (1), Condition (A;), (a + b)? <2 (a* + b?) and the Holder inequality, we
have

Ex?(i+1) = EF*(i, x(i — h), ..., x(i)) + EG*(i, x(i — h), ..., x(i))

h ? h ?
< E(Zaj(i)lx(i —j)l +h) + E(Z bj (1) x(i — j)I +]2)

=0 0

j=0 j=0

h 2 h 2
szE(Zaj(i)ix(i—m) +2E(ij(i)|x(i—j)|) #2014 )

h h h h
<2 (i)Y a()E(i— > +2 ) bi(i) Y bi())Elx(i — j)I* +7

j=0 j=0 j=0 j=0

h
= 2" a(i)ai(i) + b(i)b () EXC(i —j) +], i A ik, k=1,2, ...

j=0

From condition (A,), we obtain

h
sup 2y " [a(i)a;(i) + b(i)bs(i)] = sup 2{a?(i) + (i)} = pu < 1. (12)
i€ =0 i€

For the initial conditions x(s) = ¢(s), s € N[-k, 0], where ¢ € Cq, we have a positive
constant K such that

Ex’(i) < Ke™™'+(1—p)"'J, ieN[-h, 0] (13)

Then, all the conditions of the part (a) of Lemma 2.1 are satisfied by (11)-(13). So,
we can obtain

Ex*(i) <Ke™'+ (1 —u)7Y, ieNIJ0, i].
Suppose for all g = 1, 2,..., k, the inequalities

Ex*(i) < djdi - dj \Ke ™™+ djdi - -d; (1 —p)7 "], i€ Nlig-1,igl, (14)
hold, where dy = 1 and i, = 0. Then from condition (A3) and (14), we have

Ex?(ip + 1) = E[H;, (x(ir))|?
< | dyEx*(ir,)
<& & BKe ' +ddd A A1 —p)7V
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This, together with (14) and d; > 1, k = 1, 2,..., leads to

ExX*(i) < d}d} - di_ diKe ™ ' +ddd}- - di_d}(1 — )7V, ieNlig+1—hig+1]. (15)
It follows from (11), (12), (15), and the part (a) of Lemma 2.1 that

Ex?(i) < d2d? ---d}_ B Ke ™"+ B> - &> (1 — )Y, ieNip+1, il
yielding, together with (14) that

EX*(i) < d3d2 - - &} diKe™* + d2d? - -2 d2(1— )Y, i€ Nlipip+1].
By mathematical induction, we can conclude that

Ex*(i) <djd? ---df_\Ke ™™ ' +d3d}---di_ (1 —p)™"), ieNl[ir—1, i) k=1,2,.... (16)

Noticing that d? < ¢* (i=i-1) and e = [];2, d} < oo, by condition (A,), we can use

(16) to conclude that

Ex*(i)

IA

e =io) "l =i o™ L 22 @2 (1 — )Y
Kea*ie—k*i +ea(1 _ M)_lj

ke TN L e (1 — )Y, i€ Nig—y,it], k=1,2,....

IA

This implies that the conclusion holds and the proof is complete.

Theorem 3.2. If (A;)-(A4) hold, then S = {p € Co |E||@||> <y (1-u)' J, y = 1}is a
quasi-invariant set of (1).

Proof. For the initial conditions x(s) = ¢(s), s € N [-h, 0], where ¢ € S we have

Ex*(i) < y(1—u)"Y, ieN[-hO0] (17)
By (17) and the part (b) of Lemma 2.1, we have
Ex*(i) <y(1—u)"Y, ieNIJO0,i].
Suppose for all g = 1, 2,..., k, the inequalities
ER() < a2y (L= ) T, i€ N, 18)
hold, where d, = 1 and iy = 0. Then from condition (A3) and (18), we have
Ex?(if + 1) = E|H;, (x(ir)) I
< dyEx* (it
<dodi - dp ydyy(1— ).
This, together with (18) and dj = 1, k = 1, 2,..,, leads to
Ex*(i) <ddd?---di_diy(1—p) '], ieN[ip+1—hi.+1]. (19)
It follows from (19) and the part (b) of Lemma 2.1 that
Ex*(i) < dydi -~ dy_ydjy(1— )7, i€ Nlig+ 1ikal],
yielding, together with (18), that
EX(i) < dydy - - - dy_ydiy(1— )], i € Nigy i |-
By mathematical induction, we can conclude that

Ex*(i)y<d}di---dp_,y(1 — )Y, ieNi1 i) k=1,2,.... (20)
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Noticing that ¢’ = [];; di < oo,by condition (A4), we can use (20) to conclude that

Ex*(i)

IA

dydt - - dg_yy(1— )Y
Ey(1—n)"Y, ieNlip1, i) k=1,2,....

IA

This implies that the conclusion holds and the proof is complete.

Theorem 3.3. If (A;)-(A,) and (As) hold, then S = {p e Cq |E||o||> <y (1-w) " J} is a
invariant set and also a global attracting set of (1).

Proof. Since d; < 1, a direct calculation shows that ¢* = 0 and ¢ = 0 in Theorems 3.1
and 3.2. It follows from Theorem 3.1 the set S is a global attracting set of (1). It fol-
lows from Theorem 3.2 the set S is a invariant set of (1).

If Hj,(x(ir)) = x(ir), k = 1,2,..., the system (1) reduce to the following system without
impulses

x(i+1) =F(i,x(i —h),...,x(0)) + G(i, x(i — h), ..., x())é,1, i€2Z, (21)
with initial condition
x(i) = (i), i€ N[=h,0].

By Theorem 3.3, we can obtain the following result.

Corollary 3.1. If (A;) and (A2) hold, then S = {p € CQ|E||(p||2 < (1-,1,1)’1 J} is a invar-
iant set and also a global attracting set of (21).

We easily observe x(i) = 0 is a solution of (1) from (A3) and (Ag). In the following,
we give the attractivity of the zero solution and the proof is similar to that of Theorem
3.1

Theorem 3.4. If (A3), (Ag), (Ag), and (A;) hold, then the zero solution of Equation
(1) is mean square exponential stable and the exponential convergence rate is equal to
A* - ot

Example
In this section, we shall discuss an example in order to illustrate the effectiveness of
our results. Example 4.1. Consider the following impulsive stochastic difference equa-

tion:

x(i+1) = Allsin(x(i)) — ;x(l —1)+1+ ;x(i)§i+1, i, 1€Z (22)

(i + 1) = e x(ir), =ik
where iy = i, + 5k. Thus,
1 1

h=1, F(i,x(i — h),...,x(i)) = 4sin(x(i)) — 3x(i —1)+1,

G(i, x(i—h),...,x(i)) = ;x(i), H;, (x(i)) = €2 x(ir),
yielding

. . 1 . 1 .
|[F(i,x(i —h),...,x(0)] < 4|x(1)| *g lx(i— 1) +1

|G(i, x(i — h), ..., x(i)] < ;lx(i)l, |H;, (x(ix))| = e1/25k|x(ik)|.
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So, the parameters of conditions (A;), (A,), and (Aj3) are as follows:

1 1 . 1 . .
aO(i)=4r al(i)= 3r bO(l)= 31 bl(l)=07 ]1=1, IZ=07 IGZ,

85
m= g <l do=eV" 51, k=1,2,....
1/25"
Since 2Ind, = 2Ine = 2 <0.016 we can get a* = 0.016 and

i — -1 5k 25" x 5k
1
A*=0.52In 18454' Moreover, g =232 Ind, =235, Ine'/?" = 12 Then the condi-

tion (Ay) is satisfied. So, by Theorem 3.1, we can get that

144

el2
59

S=1¢ecCqlElpl? <e’(1—p) =

is a global attracting set of (22). By Theorem 3.2, we can get that S is a quasi-invar-
iant set of (22).

Conclusion

The aim of this article is to study the attracting and quasi-invariant sets for a class of
impulsive stochastic difference equations. By establishing a difference inequality, we
obtain the attracting and quasi-invariant sets of systems under consideration. As
pointed out by the reviewer, when F and G do not depend on i, the solutions of (1)
are time-homogeneous Markovian in character except that there is an impulse at pre-
determined times iy, iy, i3.... For time-homogeneous Markov chains there is a well-
established stability theory most eloquently summarized by Meyn and Tweedie [14].
We will explore the relationship between our work and the established theory of sto-
chastic stability for Markov chains in the next article.
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