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Abstract

We establish the Rofe-Beketov formula for symplectic systems on time scales. This
result generalizes the well-known d’Alembert formula (or the Reduction of Order
Theorem) and the Rofe-Beketov formula published for the second order
Sturm-Liouville equations on time scales. Moreover, this result is new even in the
discrete time case.
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1 Introduction

In this article, we solve the open problem presented in [1, Remark 1(iv)] concerning the
Rofe-Beketov formula for symplectic systems on time scales (see Theorem 3), i.e., for the
first order dynamic system

z% =S(t)z (S)

on a time scale T. We unify the Rofe-Beketov formulas published recently in the literature
for the second order Sturm-Liouville differential, difference, and dynamic equations and
also for the linear Hamiltonian differential systems and we generalize them by establishing
its dynamic counterpart for system (S). We point out that this result is new even in the
discrete time case (see Remark 4(v)) and, moreover, it can be viewed as an improvement of
the corresponding Reduction of Order Theorem, see [2, Remark 6] and [3, Theorem 3.32],
respectively.
Let us consider the second order Sturm-Liouville differential equation

~(p)x) +qt)x=0, te], (1)

wherep>0onjandp™, g€ Llloc(]). Let x be a solution of (1) without zeros in 7 C J and
to €. Then the second linearly independent solution y of (1) on 7 can be expressed with

using the so-called dAlembert formula (or the Reduction of Order Theorem) as

t d »
3(0) = #() f }Ts) teT, @)

$)a2(s)’
see, e.g. [4, Theorem 5.56], and these solutions are normalized, i.e.,

wlx, y1(8) = x(Op(t)y (t) - pOX Oy =1, te].
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The Rofe-Beketov formula improves identity (2) and it gives a similar result without the
assumption x() # 0 for ¢ € 7. More precisely, if x is a nontrivial solution of (1) then the
function

t 1V (x2() — /()2 ,
26) = x(0) / (g(s) + 55)(x"(s) — (p(s)x'(s)) )d p)x (t) wel @)

. (x%(s) + (p(s)x'(5))?)? - x2(8) + ()’ (£)?

represents the second linearly independent solution of equation (1) on J and it holds
wlx, y] = 1. This statement was established in [5, Lemma 2] and it is a generalization of the
original Rofe-Beketov formula presented for equation (1) with p(-) =1 in [6, Lemma 2].
An application of identity (3) can be found in the study of the relative oscillation theory
and spectral properties of differential operators associated with (1), see [5, 7].

In the year 2005, identity (3) was generalized for the linear Hamiltonian differential
system

x' = A(t)x + B(t)u, u=Ct)x—A @, te], (H)

where A, B, C are n x n matrix-valued locally integrable complex functions and B = B,
C = C', see [8, Theorem 6.5). This result is recalled in the following proposition, where we
denote the Hermitian component of the matrix A by Re A, i.e., ReA := (A + A")/2, see e.g.
[9, pp.268-269] or [10, Facts 3.7.27-3.7.29].

Proposition 1 (Rofe-Beketov formula for (H)) If ( 5) is a 2n x n matrix solution of (H)
such that X' U = U X and det(X' X + U"U) #0, then the pair

X=XF-UG, U=UF+XG,
where we put
G:=(Xx+Uu'u)’,

t
F::/ G{X B+ C)X-U (B+C)U-4Re[X ReA)U]}Gds, to€],
7

0

forms the second linearly independent 2n x n matrix-valued solution of (H) satisfying the
condition X'U - U'X =1, i.e, the solutions (5) and (g) are normalized. Moreover, the
conditions X U = U'X and det(X'X + U'U) # 0 hold also true.

The Rofe-Beketov formula was also established for the second order Sturm-Liouville
dynamic equation

—(p(t)xA)A +qt)x° =0, teT, (4)
where T denotes a time scale, see [1, Theorem 1]. In addition, since this result was new in

the discrete time case, i.e., T = Z, the Rofe-Beketov formula for the second order Sturm-
Liouville difference equation

—A(prAxy) + qrxrs1 = 0 (5)


http://www.advancesindifferenceequations.com/content/2012/1/104

Zemanek Advances in Difference Equations 2012,2012:104 Page 3 of 9
http://www.advancesindifferenceequations.com/content/2012/1/104

was presented in [1, Remark 1(ii)]. In this article we complete this treatment by proving the

Rofe-Beketov formula for symplectic dynamic (and consequently for difference) systems.

2 Preliminaries on time scales and symplectic systems
The time scale calculus was originally published by Hilger in his dissertation [11], see also
[12]. It is well known that this theory provides suitable tools for a study of differential
and difference (among others) equations under the unified framework. The time scale
theory has been developed in the last 20 years intensively and we refer to [13, 14] for the
fundamental results achieved in this field.

A time scale T is any nonempty closed subset of real numbers R. With respect to the
standard terminology, the forward jump operator o : T — T and the backward jump op-
erator p : T — T are introduced as

o(t):=inf{seT|s>¢t} and p(t):=sup{se T|s<t},

respectively, and simultaneously we put inf@ := sup T and sup ¥ := inf T. The graininess
Sfunction p: T — [0,00) is defined as u(t) := o (£) — ¢.

Let t € T be a point such that ¢ > infT. It is said to be left-dense and left-scattered if
p(t) =t and p(t) < ¢, respectively. On the other hand, a point ¢ € T satisfying ¢t < sup T is
called right-dense and right-scattered if o (¢) = t and o (¢) > ¢, respectively. In addition, for
a =minT we put p(a) = a and for b = max T we have o (b) = b. We also use the following
notation

T T\ {b}, ifthe pointb €T is a left-scattered maximum of T,
‘ T, otherwise.

For a complex-valued function f and ¢ € T* we define f A(t), i.e., the A-derivative of f att,
as the number (provided it exists) with the property that for any given ¢ > 0 there is a
neighborhood U of t (i.e., U = (¢ - 3, ¢ + §) for some § > 0) such that

’

[Fo(&) =f(s) =f2 @) (o (8) = s)| <elo(®) s

where we used the notation f° (¢) := f(c (t)). We note that f2(b) is not well defined if b =
max T exists and is left-scattered.
The rule for the differentiation of a product fg has the well-known form

()2 (6) =f2(D)g(0) + 7 (g™ (1) = f2(£)g” () + f(£)g™ () (6)
and it also holds
FOe) =£() + n@)f 2(2) (7)

whenever f2(t) exists.
A complex function f is called regressive on J € T if

I+ u(t)f(¢) is invertible for all £ € J,
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where I denotes an appropriate identity matrix. A function f is called regulated if its right-
hand limit f(¢*) exists (finite) at all right-dense points ¢ € T and the left-hand limit f(¢7)
exists (finite) at all left-dense points ¢ € T. Provided a function f is regulated and it is
continuous at each right-dense point ¢ € T, it is called rd-continuous (we write f € C.q)
on T. A function f is said to be piecewise rd-continuous (f € Cyq) on T if it is regulated and
if f is rd-continuous at all but possibly finitely many right-dense points ¢ € T. A function
f is said to be rd-continuously A-differentiable (f € C;) on T if f* exists for all £ € T* and
f2 € Cq on T*. Finally, a function f is said to be piecewise rd-continuously A-differentiable
(f e Cér 2 on [a,b]r if f is continuous on T and f (¢) exists at all except of possibly finitely
many points ¢ € T, and f* € Cp,q on T*.

It is also well known that for any rd-continuous function on T there exists an antideriva-
tive F, i.e., a function satisfying F2(t) = f(¢) for all £ € T*. A time scale integral of a function
f over a time scale interval [¢,d] N T, where ¢,d € T, is defined as

d
/ F(t)At = F(d) - F(c)

for any antiderivative F of f.
In this article, we are interested in the symplectic system on time scales

2% =Sz, teT~, (S)

where the 21 x 21 matrix-valued complex function S(-) satisfies

ST + TS@) + n(&)S (6)JS(t) =0 forall £ € T with J := (_O[ é) . (8)

With using the block notation Z = ( i[( ) and S(¢) := (28 gég), system (S) can be written in
the form

X2 = A@®)X +B@)U, u® =CXx + DU,

where X, U € C;rd are n X m, 1 < m < n, matrix-valued complex functions and the coeffi-
cients are # x n matrix-valued complex functions such that A, B, C,ID € C,,;,q on T. Identity
(8) can be also written in this block notation as (we omit the argument £)

B -B+u(BD-D'B) =0,
C'-C+u(CA-AC)=0, )
A"+D+u(AD-CB) =0.

Moreover, we note that identity (8) implies the symplecticity of the matrix (/ + uS) on T*,
ie, (I +uS) J(+puS)=J.Since every symplectic matrix is invertible, it follows that the
matrix-valued function S(-) is regressive on T*. Hence the existence of a unique solution
for any (vector or matrix) initial value problem is a consequence of [12, Theorem 5.7] or
[13, Theorem 5.8], see also [2, Remark 1].

The theory of symplectic difference systems was initiated in [15] as the discrete coun-
terpart of system (H), while the study of system (S) originates in [2]. It is a well-known
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fact that system (S) includes many special cases, e.g., equations (1), (4) and (5), system (H),
discrete symplectic systems, and any even order Sturm-Liouville equation, see [16].
We associate with system (S) the Wronskian matrix given by

WIZ,Z)(0) = X U - U (OX(@) = (ig) J (g((?))

where Z = (il() and Z = (g) are any 2n X m, 1 < m < n, solutions of (S). It is a direct
consequence of W [Z, Z] = 0 that the Wronskian matrix takes a constant value on T.

A solution Z = (5) of (S) is said to be a conjoined solution if W[Z,Z] =0, i.e., X (t)U(t)
is a Hermitian matrix at one (and hence at any) ¢ € T. Two solutions Z, Z are called nor-
malized if W[Z, 2] = . A solution Z = (5) is said to be a basis if rank Z = n on T. It was
shown in [17, Proposition 2.2] that the value of rank Z(¢) is also constant on T.

3 Main result
The Reduction of Order Theorem for system (S) was published in [2, Remark 6] and it is
recalled in the following proposition.

Proposition 2 (Reduction of Order Theorem for (S)) Let Z = (zl( ) be a conjoined basis of
(S) such that X is invertible on the time scale interval I .= [a,b)N'T, a,b € T. Then Z= (g),

where

Fomxo [ {0) B9
a , teT,
0 o= () / [(X°) "BX () As + X @),

is also a conjoined basis of (S). Moreover, Z and Z are linearly independent (even normal-
ized), i.e., they form a basis of the solution space for (S).

Now, we improve this proposition in the main result by dropping the invertibility of X,
i.e., we state and prove the Rofe-Beketov formula for system (S).

Theorem 3 (Rofe-Beketov formula for (S)) Let Z = (5) be a conjoined basis of (S). Then
the pair 7 = (g) given by

X = XF - UG, U = XG + UF, (10)
where
G==(X'x+u'u)’, (11)

F:= /t{G"[X"*(IB%+<C)X+X"*(]D>—A)L[ 12)

+ U7 (D-A)X - U (B +C)U|G}(s)As

for a fixed ty € T chosen without any restriction, solves also system (S). Moreover, Zisa
basis of (S) and it holds W[Z, Z] = (i.e., they are linearly independent and normalized).
In addition, Z constitutes also a conjoined basis ifF" =F.
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Proof The proof is based on the variation of parameters method. By differentiating iden-
tity (10)(i), and from (6), we get

X2 =XAF+ X°FA — UG - U° G2, (13)

Since Z = ( 5) solves system (S) and Z = ( g ) has to solve the same system, it follows from
(13) that

X°FA* - U°G* =X* - X*F+ UG = [(B+C)X + (D - A)U]G. (14)
Similarly, we obtain
UF® + X°G* =U* —UPF - X*G = -[(A-D)X + (B + O)U]G. (15)

Since Z is a conjoined basis, the multiplication of identity (14) by X°" from the left and
identity (15) by U°" from the left yields in the sum

(X7 X7+ U U’)F*
=[X"B+C)X+ X" (D-A)U+ U (D-A)X-U"(B+C)U|G. (16)

Analogously, multiplying identity (14) by —U/°" from the left and identity (15) by X°" from

the left, we get the dynamic equation

(XX + U U’)G*
=—[X"(A-D)X+ X" B+C)U + U B+C)X + U’ (D -AU]G.
Nevertheless, we can get the form of G explicitly. If we multiply identity (10)(i) from the

left by —UI" and identity (10)(ii) from the left by X , we obtain by adding these equa-
tions

XU-UX=(XU-UX)F+(X'X+UU)G.
Since Z is a conjoined basis and it has to be satisfied W[Z, 7] =1, it follows
[=XT-UX=(XX+UU)G, ie,G=(XX+UU)",
i.e., G is determined by (11). Consequently, identity (16) yields that the matrix-valued func-
tion F is given by (12) for a fixed ¢y € T chosen without any restriction at the outset of the
proof.

Now, from the facts that the value of rank Z is constant and the matrix G has a full rank,

and since it holds

(K ) = (st xuoe) = (xerwe) (5, )
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it follows that the solution Z forms a basis of (S), i.e., rank Z = n (see also Remark (4)(i)).
Moreover, from (10), (11), identity X U = U X, and by the direct calculation, we obtain

XU-UX=FXU-UX)F+F(X'X+UU)G

-G(XX+UU)F+G(XU-UX)G=F -F,

ie,Zisalsoa conjoined solution if F* = F on T, and the proof is complete. d

Remark 4

(i)

(i)

(i)

The fact that Z represents a basis of (S), follows also from the calculation

XX+UU=FG'F+G
since the condition rank Z = 7 is equivalent with det(X'X + U'U) # 0. This
condition is obviously satisfied at ¢ = £y and hence it holds true for any ¢ € T.
With using the block identities in (9) and identity (7), the function F can be also
given in the form

t
F- / (G’[X'(C +B+u(AB+CD))X
£

0

-X (A +A+p(AA+CO)U
+U (D" + D+ pu(B'B+D'D))X
—U (B +C+p(B'A+D'C))U]G)(s)As.

On the other hand, with using identity (7) for system (S), i.e., Z% = (I + uS)Z, and
without the block notation (i.e., only with Z, Z,and S) the coefficient matrices in
(11)-(12) can be written as G = (Z°Z)~! and

P [ H[Z (14 u(S +S +uS'S)) 2] -

x [Z* (S +S + ,uS*S) JZ] (Z*Z)fl}(s)As.

It follows from identities (17) and (8) that it is satisfied F’(¢) = F(t) for a point t € T
and, consequently, the pair Z formsa conjoined basis if it holds w(£) = 0. Especially
if T = R, we have o (¢) = ¢, u(£) = 0, and f2(¢) = f'(¢). In this setting, system (S) has

the form of (H) and the statement of Theorem 3 corresponds to Proposition 1, i.e.,

[8, Theorem 6.5].

Equation (4), where 1/p, g € C,q, can be written as the symplectic dynamic system

A
x (0 1/p x
px® q nqlp) \px*)’

Theorem 3 yields for a nontrivial solution x of (4) that the second linearly
independent solution y such that p(xy® —x®y) =1, can be expressed as

y(t) =f @)x(t) — g(O)p(£)x™(2),
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where we put

1
g(t) = ’W’

[ rge7x® + (px®) xlp) + 27 (Up + @)x — (px")° (Up + q)px*
f= / 2 + ()22 + (pad)2]0 as

This result corresponds to [1, Theorem 1] by a direct calculation using identity (7)
and reduces to [5, Lemma 2] in the special case T = R.

(v) As mentioned in the introduction, Theorem 3 is new even in the discrete time case,
i.e., for T = Z. In this case, system (S) can be written as the discrete symplectic

system
X1 = DXy + Brly, U1 = Ci Xy + DUy, (Sz)

where we put Ay := A(k) + I, By := B(k), Cy := C(k), and Dy := D(k) + I. Hence, if

Z= (5) is a conjoined basis of (Sz), then the pair Z = (g) given by (10), where

Gri= (XX + U L) ' = (ZeZe) ™

and

k-1
Fy .= Z{Gm [X: (B + CX; + X, (D — AU,

i=ko

+ Uy, (D; = A)X; - Uy, (B; + C)U; Gy

= - g{(z;* Siizi) " [Z(SiSi - 1) T Zi)(z:2:) )

i=ko

with Sy = (é’k( gl’: ), represents a solution of (Sz) such that W[Z, Z] = I, compare
with [3, Theorem 3.32].
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