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Abstract

The main goal of this paper is to study the Hyers-Ulam-Rassias stability of the
following Euler-Lagrange type additive functional equation:

m m m
Z f(frjxj + Z r,x,) +2 Z rf(x;) = mf(Z r,-x,),
J=1 1<i<m,i% i=1 i=1
wherer,...,Im € R, ngrk #0,and r;,r; #0forsome 1 <i<j<m,in

non-Archimedean Banach spaces.
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1 Introduction and preliminaries

A valuation is a function | - | from a field K into [0,00) such that 0 is the unique ele-
ment having the 0 valuation, |rs| = |r||s| and the triangle inequality is replaced by |r + s| <
max{|r|, |s|}.

The field K is called a valued field if K carries a valuation. The usual absolute values of
R and C are the examples of valuations.

Let us consider the valuation which satisfies a stronger condition than the triangle in-
equality. If the triangle inequality is replaced by |r + s| < max{|r|, |s|} for all 7,s € K, then
the function | - | is called a non-Archimedean valuation and the field is called a non-
Archimedean field. Clearly, |1| = | — 1| =1 and |n| <1 for all integers n > 1. A trivial ex-
ample of a non-Archimedean valuation is the function | - | taking everything except for 0
into 1 and |0| = 0.

Definition 1.1 Let X be a vector space over a field K with a non-Archimedean valua-
tion | - |. A function || - || : X — [0, 00) is called a non-Archimedean norm if the following
conditions hold:

(a) ||l =0ifand onlyifx =0 for all x € X;

(b) llzx|l = |7]|lx]| for all r € K and x € X;
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(c) the strong triangle inequality holds:

I + Il < max{|lx[l, Ily]}

forallx,y € X.

Then (X, || - ||) is called a non-Archimedean normed space.

Definition 1.2 Let {x,} be a sequence in a non-Archimedean normed space X.

(a) A sequence {x,};°; in a non-Archimedean space is a Cauchy sequence iff the
sequence {x,.1 — %y}, converges to zero;

(b) The sequence {x,} is said to be convergent if, for any € > 0, there is a positive integer
N and x € X such that ||x, — x| <e¢, for all » > N. Then the point x € X is called the
limit of the sequence {x,}, which is denoted by lim,,_, o %, = x;

(c) If every Cauchy sequence in X converges, then the non-Archimedean normed space
X is called a non-Archimedean Banach space.

Example 1.1 Fix a prime number p. For any nonzero rational number x, there exists a
unique integer #, € Z such that x = 7p", where a and b are integers not divisible by p.
Then |x|, := p~ defines a non-Archimedean norm on Q. The completion of Q with re-
spect to the metric d(x,y) = |x — y|, is denoted by Q, which is called the p-adic number
field. In fact, Q, is the set of all formal series x = Z,‘énx arp* where |a;| < p —1 are inte-
gers. The addition and multiplication between any two elements of Q, are defined natu-
rally. The norm | Z,f;nx ol » = p~** is a non-Archimedean norm on Q, and it makes Q,
a locally compact field.

Theorem 1.1 Let (X,d) be a complete generalized metric space and ] : X — X be a strictly
contractive mapping with Lipschitz constant L < 1. Then, for all x € X, either d(J"x,]"*1x) =
oo for all nonnegative integers n or there exists a positive integer ng such that:

(@) d(J"x,]™ x) < oo for all ny > no;

(b) the sequence {J"x} converges to a fixed point y" of J;

(c) ¥ is the unique fixed point of ] in the set Y = {y € X : d(J"0x,y) < oo};

(d) d(y,y") < {zd(y,Jy) forally e Y.

In this paper, we prove the generalized Hyers-Ulam stability of the following functional

equation:
Zf(—rjx, oy rixi) +2) rif () = mf (Z rixl), 1.1)
j1 L<iz=mij i-1 i-1

wherery,...,r, €R, Z,T:l ry #0,and r,7; # 0 for some 1 < i <j < m, in non-Archimedean
Banach spaces. A classical question in the theory of functional equations is the following:
“When is it true that a function which approximately satisfies a functional equation D must
be close to an exact solution of D?.

If the problem accepts a solution, we say that the equation D is stable. The first stability
problem concerning group homomorphisms was raised by Ulam [34] in 1940.
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In the next year D. H. Hyres [17], gave a positive answer to the above question for additive
groups under the assumption that the groups are Banach spaces. In 1978, Th. M. Rassias
[24] proved a generalization of Hyres’ theorem for additive mappings.

The result of Th. M. Rassias has influenced the development of what is now called the
Hyers-Ulam-Rassias stability theory for functional equations. In 1994, a generalization of
Rassias’ theorem was obtained by Gavruta [15] by replacing the bound €(||x||” + ||y||?) by
a general control function ¢(x, y).

The stability problems of several functional equations have been extensively investigated
by a number of authors and there are many interesting results concerning this problem
(see [1-33]).

2 Non-Archimedean stability of the functional equation (1.1): a fixed point
approach

In this section, using a fixed point alternative approach, we prove the generalized Hyers-

Ulam stability of the functional equation (1.1) in non-Archimedean normed spaces.

Throughout this section, let X be a non-Archimedean normed space and Y be a non-

Archimedean Banach space. Also |2| #1.

Lemma2.1 Let X and ) belinear spaces andletr,...,r, bereal numbers with ZZ:I e 0
and ri,r; # 0 for some 1 < i <j < n. Assume that a mapping f : X — Y satisfies the func-
tional equation (1.1) for all x,,...,x, € X. Then the mapping f is Cauchy additive. More-
over, f(rix) =rif(x) forallx € X and all1 <k <n.

Proof Since Y y_ 1 #0, putting x; = - -~ =x,, = 0 in (L.1), we get £(0) = 0. Without loss of
generality, we may assume that 1,7, # 0. Letting x3 = - - - = x,, = 0 in (1.1), we get
F(=rxy + rax2) + f(r1oep — roxa) + 2r1f (201) + 2r9f (202) = 2f (r1201 + o) (2.1)

for all x1,x, € X. Letting x; = 0 in (2.1), we get

2rif (x1) = f (rixn) — f (=r1x1) (2.2)
for all x; € X. Similarly, by putting x; = 0 in (2.1), we get

2ryf (02) = f (raxa) — f (=r22) (2.3)
for all x; € X. It follows from (2.1), (2.2) and (2.3) that

S(=rix + rox0) + f(rxy — raxa) + f (nx) + f (rax2)

—f(=rix1) = f (=rax2) = 2f (r1x1 + rax2) (2.4)
for all x,x, € X. Replacing x; and x;, by rx—l and % in (2.4), we get
Slxty) +fx =) +f @) +f () = f (=) = f (=) = 2f (x + y) (2.5)

for all x,y € X. Letting y = —x in (2.5), we get that f(-2x) + f(2x) = 0 for all x € X. So the
mapping L is odd. Therefore, it follows from (2.5) that the mapping f is additive. Moreover,
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letx e X and 1 <k <n. Setting x; =x and x; =0 for all1 </ <n, [ #k, in (1.1) and using
the oddness of f, we get that f(rx) = rif (x). O

Using the same method as in the proof of Lemma 2.1, we have an alternative result of
Lemma 2.1 when ) ;_; rx = 0.

Lemma 2.2 Let X and Y be linear spaces and let ry,...,r, be real numbers with r;,r; #
0 for some 1 < i < j < n. Assume that a mapping f : X — Y with f(0) = 0 satisfying the
functional equation (1.1) for all x1,...,x, € X. Then the mapping f is Cauchy additive.
Moreover, f(rix) = rif(x) forallx € X and all1 <k <n.

Remark 2.1 Throughout this paper, ri,...,,, will be real numbers such that r;,7; # 0 for
fixed1 <i<j<mand g,y :=¢0,...,0, x ,0,...,0, y ,0,...,0) forallx,y € X and
~— ——
ith jth
all<i<j<m.

Theorem 2.1 Let ¢ : X" — [0, 00) be a function such that there exists an L <1 with

o2, ) < LX) (2.6)
2 )T

for all x1,...,%,4 € X. Let f : X — Y be a mapping with f(0) = 0 satisfying the following

inequality:
m m m
E f (—rjxj + Z rix,-) +2 Z rif (x;) — mf (Z rm) ‘
j=1 1<i<m,ifj i=1 i=1
<@L xm) 2.7)

for all xy,...,%, € X. Then there is a unique Euler-Lagrange type additive mapping EL :
X — Y such that

L
|V(x)—EL(x) || < —————— max{maxj ¢;; > ,——x ) Qi d 0 ), 0 O,——x ,
2] = |2|L 2r; 2r 2r; 27;

1 X X X 0 0 X (2.8)
—maxdoiil =, 2 ), 00 =,0),0::(0,= )
2| Vi o Qi " @i Vj

forallx € X.

Proof For each 1 < k < m with k #i,j, let % = 0 in (2.7). Then we get the following in-
equality:

|Lf(—rixi + rjx/) +f(rixi - rjxj) - 2f(r,~x,~ + r,x,) + ZrJ(xi) + 2r,f(x,») ||

< @i(xi,%7) (2.9)
for all x;, x; € X. Letting x; = 0 in (2.9), we get

f (=r) = (i) + 21 ()| < (0, %)) (2.10)


http://www.advancesindifferenceequations.com/content/2012/1/111

Azadi Kenary et al. Advances in Difference Equations 2012,2012:111 Page 5 of 17
http://www.advancesindifferenceequations.com/content/2012/1/111

for all x; € X. Similarly, letting x; = 0 in (2.9), we get
f (=rizs) = f (rizs) + 2rf (x3) | < 013, 0) (2.11)
for all x; € X. It follows from (2.9), (2.10) and (2.11) that for all x;,x; € X

Hf(—rixi +1%65) + f (rioi — ) — 2f (rix; + 1) + 2rf (1) + 2rf (%)
= (F(=ris) = f (rixs) + 2rif (%)) = (F (=r37) = f (rj) + 27/ () |

< maX{%,j(xi,x/), ©i(0,%7), 0;; (%, 0)}~ (2.12)

Replacing x; and x; by * and f—] in (2.12), we get that
[f o+ 9) 4 f (= 9) = 2f (2 + 9) + £ (@) + 1) = f (=) = f (=)

x x
5max{go,»,j<;,%),(pg,-(;,O),%;(O,%)} (2.13)
i1y i ]

for all x,y € X. Putting y = x in (2.13), we get

£ ) - f () 20| < Ii_l max{(piJ G x>,¢iJ<x 0)) o (0, rf) } (2.14)

- ]
Tj Ti j

for all x € X. Replacing x and y by 7 and —7 in (2.13) respectively, we get

1) +f(—2)| < maX{%‘,j(zin:—%)Mz‘,/(zin:())»%/ (0; —21’7) } (2.15)

for all x € X. It follows from (2.14) and (2.15) that

f(2x) = 2f () |
= ) +f(=x) + f(%) = f(=x) = f (2) |

_ x x x 0 0 x

maximax{g; il —, — },0iil —,0 ),0;il 0,—— ) ¢,

- ¥ij 2r; 21 Yij 2r; Yij 2r;

L ma 2 x 0 0 x (2.16)
—max{oi =, 2 ), 0 Z,0),0,:(0,2 .
2| @i, P @i, 7 Pij »

for all x € X. Replacing x by 3 in (2.16), we obtain

X

x)—=2f| =

‘P( ) f<2> H
< X X X 0 0 X
max ) max i\ 5= »— 5, ¥\ > yij T T )
= Dij 4r, 4rj Vi 4r, Dij 47/‘
1 X X X 0 0 X (2.17)
—— max i\~ »~_ P¥%j\ 7 y¥ij P . .
21 NN 2 2 ) 2 ) I
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Consider the set S := {g: X — Y;g(0) = 0} and the generalized metric d in S defined
by

d(f,g) = inf {”g(x)—h(x)” §,umax{max{<pi,j< * i),

— =
HeR* 27’,‘ 27‘/‘

X 0 0 X
Vij 2, AV FLZ¥1 B 2, ’
! xz *o 0, 2 ) wvrex
— max i\ —»— PpW¥ij\ > y Wi T ) VX )
2] Vi T Qi 7 Vi ;

where inf ) = +00. It is easy to show that (S, d) is complete (see [18], Lemma 2.1). Now, we
consider a linear mapping J : S — S such that

x
h(x) :=2h( =
) (2)
forallx € X. Let g, i € S be such that d(g, k) = €. Then
x x x x
lg@) - hx)| < emax{max{%,;(2—”,—z—rj>,goi,;<2—n,0),<pi,,»(0,—2—0)},
1 max (x x (* 0 (o X
|2| (pl,j 7’1"}"]‘ ,90;,} ri) 1(01,/ ,}"l‘
for all x € X, and so

x x
[Vg@) —Jnx)| = | 2¢( 5 ) -2h( 5
2 2
<12 x x x 0 0 x
emaxymaxy¢;i| ——-—— },¢ijl —,0},9ij[ 0,— ) {,
- Yij dr; A4r; Yij 4r; Yij 4r;
1 X X X 0 0 X
— max i\ = > DV¥ij\ = yWij y
21 NN 2 2 ) O 2 ) I
<|2|Le X x X 0 0 X
— max{maxj ;| —,—— ), @i =—>0 },0:;;{ 0,— ) ¢,
-2 Y\ ar, 2r; AT L 2r;
1 A X X X 0 0 x
—— mnax i\ —»— ¥\ —» y Wij y
12| P\ y P\t ) o 7
for all x € X. Thus d(g, h) = € implies that d(Jg, Jh) < Le. This means that

d(Jg,Jh) < Ld(g, h)

for all g, 1 € S. It follows from (2.17) that

L
<

da(f.Jf) < ol

By Theorem 1.1, there exists a mapping EL : X — Y satisfying the following:
(1) EL is a fixed point of /, that is,

X 1
EL(§> = EEL(x) (2.18)
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for all x € X. The mapping EL is a unique fixed point of / in the set
Q={heS:dgh) <oo).

This implies that EL is a unique mapping satisfying (2.18) such that there exists u € (0, 00)
satisfying

X X X X
Hf(x)—EL(x) ” < pumaxymax goz,] z—n,—z—ri ,(/Jl’,]‘ 2—,/'1,0 ,(pi,]‘ O,—2—rj y
1 X X X 0 0 X (2.19)
— max ij\ —»— PP\ > »¥ij » ‘
2| Qi ' Qi 7o Vij 7
forallx € X.

(2) d(J"f,EL) — 0 as n — oo. This implies the equality

nlgglo 2”f< ) = EL(x)

forallx € X.
(3)d(f,EL) < de with f € ©, which implies the inequality

L
d(f,EL) < ————.
v T 211210

This implies that the inequality (2.8) holds.
By (2.6) and (2.7), we obtain

M§

m
ZEL (—rjxj + Z rlxl> +2 Z riEL(x;) — mEL( rlxi)
j=1 i=1

1<i<m,i#j i=1
“ r rix “ x 2
T n —Ijvy v ) _z _ i
m e S 3 S () - (S|
j=1 1<i<m,i%j i=1 i=1

I A

X1 X,
11m 12| (p(zn . ,2—21)

n

IA

lim |2/ -

Jim |2|n<p(x1,...,xm)

for all xy,...,x, € X and n € N. So EL satisfies (1.1). Thus, the mapping EL : X — Y is
Euler-Lagrange type additive, as desired. O

Corollary 2.1 Let 6 > 0 and r be a real number with 0 <r <1. Letf : X — Y be a mapping
with f(0) = 0 satisfying the inequality

<0 (Z ||xl-||') (2.20)
i=1

Xm:f(—rjxj + Z rix,') +2 i rif (x;) — mf (i rixi>
i=1 i=1

j=1 1<i<m,i
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Jor all xy,...,x € X. Then, the limit EL(x) = lim,_, 2"f(55) exists for all x € X and EL :
X — Y is a unique Euler-Lagrange additive mapping such that

If () = EL@x) | <

2] { {|2|’9llx||’(|ri|’+lrjl’) Ol Ollxl” }
max{ max ,

Tl 1mio ) )

1217+t =122 4" |rir;]" [2[" il 121151
1 aX{GIIxII’(Inl’+IrjI’) Ollxll” 9||x||’”

Tl ) ’

2] |rir;|” ril™ ~ Irl”

Ol (lrl” + 17517
= A2 - 1217)

forallx € X.

Proof The proof follows from Theorem 2.1 by taking ¢(x1,...,%,,) = 0(3 1, [lx:]|") for all

X1,...,%m € X. In fact, if we choose L = |2|'", then we get the desired result. a

Theorem 2.2 Let ¢ : X" — [0, 00) be a function such that there exists an L <1 with

X1 X,
go(xl,...,xm)g|2|L¢(E,...,7’”> (2.21)

forall xy,...,x, € X. Let f : X — Y be a mapping with f(0) = 0 satisfying the inequality
(2.7). Then, there is a unique Euler-Lagrange additive mapping EL : X — Y such that

1 x x X X
- EL < ij y Wi ) 0 yWij 0: - )
£ () @)] < 2L max{max{%,,(%i 2,7) (p”’(Zri ) %,;( 2rj>}
1 X X X 0 0 X (2.22)
— maxi¢iil —— )il —0),0:i(0,— . .
2| Qi o Vi 7 Dij r
Proof By (2.16), we have
f(2x) 1 x X x x
— - < —maxim il — — Lol —,0 ), 0.1 0,— ) ¢,
” 2 f(x) =2 X axy @i 2 27']’ Dij 2 Yij 2rj

L r *o 0, (2.23)
—_— max ') _, — 5 ') _’ 5 s ,_ .
2| Qi " Qi r Vij »

forallx € X . Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1.
Now, we consider a linear mapping / : S — S such that

Jh(x) := %h(2x)

forallx € X. Let g, 1 € S be such that d(g, %) = €. Then

x X X X
lg(x) = h(x)| < € max{maxg;, 2 o )Y 309 0’_2_r, ,
1 X X X 0 0 X
— max i\ —»— Wi\ —» » Wi y
2] i it iy r; i rj
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for all x € X, and so

2x)  h(2x)
2

1 x X

_emax{max{gol,<— ——) w,,(—,O),g&,,(O,—f>},

2] " r

1 2x 2x 2x

e (5 5 )l 0) (05}
<|2|L—max{max:<pl,< ,— ) ( ,O),(p,,(O i)},

|2| }"l' 27’1‘
1 X x X X
Loz}l

for all x € X . Thus d(g, ) = € implies that d(Jg, /i) < Le. This means that

lg() - Jh(x)| = Hg

d(Jg,Jh) < Ld(g,h)

for all g, 1 € S. It follows from (2.23) that

W = |2|

By Theorem 1.1, there exists a mapping EL : X — Y satisfying the following:
(1) EL is a fixed point of /, that is,

EL(2x) = 2EL(x) (2.24)
for all x € X. The mapping EL is a unique fixed point of / in the set
Q={heS:dgh)<oo}.

This implies that EL is a unique mapping satisfying (2.24) such that there exists u € (0, 00)
satisfying

”g(x)—h(x)H < | max{max{;; i,—i s Qi 1,0 s Qi 0,—i ,
- ’ 27’,‘ 27‘j ’ 27‘,‘ ’ 27’1‘
1 X X X 0 0 X
—— max ij\ —»— p¥i,jl —> »Wij y
2 Pij T Pij " Pij »
for allx € X.

(2) d(J"f,EL) — 0 as n — oo. This implies the equality

lim

n—00

1) gy

forall x € X.
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(3)d(f,EL) < % with f € @, which implies the inequality

1
d(f,EL) < ———.
12| - 12IL
This implies that the inequality (2.22) holds. The rest of the proof is similar to the proof
of Theorem 2.1. O

Corollary 2.2 Let 0 > 0 and r be a real number with r > 1. Let f : X — Y be a mapping

with f(0) = 0 satisfying (2.20). Then, the limit EL(x) = lim,_, f%:,x) exists for all x € X and

EL:X — Y is a unique cubic mapping such that

1 210 "(Ir)" 1m e o9 r
1)~ ELI <~ max] max | 2P0 150D Ol Ol
2= 2

|4 rir;|" 20l 20yl

1 Ollxll"(ril” + 111" Ollxll” Ellxll” Ollxll"(ril” + 1r;1")
— max <

12| Irirgl" (12071 = [2]7+2)

7 b
|| [ril” " |rl”
forallxeX.

Proof The proof follows from Theorem 2.2 by taking ¢(xi, ..., %) = 0(3 i llx:]|") for all

X1,...,%m € X. In fact, if we choose L = |2|""}, then we get the desired result. O

3 Non-Archimedean stability of the functional equation (1.1): a direct method

In this section, using a direct method, we prove the generalized Hyers-Ulam stability of
the cubic functional equation (1.1) in non-Archimedean normed spaces. Throughout this
section, we assume that G is an additive semigroup and X is a non-Archimedean Banach

space.

Theorem 3.1 Let ¢ : G" — [0, +00) be a function such that

: np( ¥ Em) _
nlin;o|2| ¢<2n,...,2n>_o (3.1)

forall x1,...,%, € G and let for each x € G the limit

O@) = i 2k X X * 0
(x)—ningomax |2]" max { max{ ¢;; 263, gk, S Qi 220 )
X 1 X X X
(pi,j 0’—2T2}"/ ’Emax (/’i,j 2k+1}"i’2k+1}"]' 7(pi,j 2k+1}"l',0 ’
X
Qij 0, —Zk"'lrj ‘0§k<7l (32)

exist. Suppose that f : G — X is a mapping with f(0) = 0 satisfying the following inequality:

m m m
E f (—rjxj + Z r,»xi) +2 Z rif (x;) — mf (Z rm) ‘
j=1 1<i<m,i#j i=1 i=1

< Q&1 %) (3.3)
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Jorallxi,...,x, € X. Then, the limit EL(x) := lim,,_, o 2"f (55) exists for all x € G and defines
an Euler-Lagrange type additive mapping EL : G — X such that

If () — EL(x) | < ©(x). (3.4)

Moreover, if

lim lim max{|2|kmax{max{g0i,,»< kfz ,—%),(pi’j(%ﬁ),
p—>00 n—>00 2 r; 2 T 2 ri
X 1 X X x
¥ij (0’ —ZT%) }’ 12| max{‘#’w‘(zmri ) 2k+1rj)’ ‘pi’i(zkurl. ’ O)’
oo =sens]
25+

then EL is the unique mapping satisfying (3.4).

Proof By (2.17), we know

() - 2f x\| - x x x 0 X
x) — - maximax{¢;il —,— },o:;l —,0),0:;( 0,—— ) §,
2 - Yij dr; A4r; ¢ij 4r; Yij 4r;
1 X X X 0 0 X (3.5)
—max{ o =, = ), 0 =,0), 00, = .
21 NN 2 2 ) O 2 ) T
for all x € G. Replacing x by 5 in (3.5), we obtain
x 1 x
21(5) 2155
< |2|" max { max{ ¢;; x ’— * ) Qi ad 0 ), i 0,—L ,
2n+2ri 2n+27j 2n+2n 2n+2rj
1 x x x X
m maxj ¢;; —2”+1ri’ _2"“;"}- » Qi —2"+1r,-' 0),¢i(0, —2%1’7 . (3.6)

It follows from (3.1) and (3.6) that the sequence {2"f(55)},>1 is a Cauchy sequence. Since

X is complete, so {2"f(55)}4=1 is convergent. Set
EL(x):= lim 2"f >
9= Jim 27( 5 )

Using induction on #, one can show that

x
2”f(27) —f)
- ok x x x 0 0 x
< maxj |2|" max | maxq ¢;; 272’7’_2?2’7 ) Qi 2k ) Qij ’_ZTer )
1
—maxt gy ( = = ) ( 50 ) e 0 5 ) [0 sk <nt 32)
|2| 2k+1ri 2k+1rj 2]”1” 2k+1rl,
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for all » € N and all x € G. By taking # to approach infinity in (3.7) and using (3.2), one
obtains (3.4). By (3.1) and (3.3), we get

(525 (E2)

1<i<m,ij
X X
< lim |2| go( L. ,—m>
n—00 on’’ i

0

(—r,x, + Z er1> +2 Z riEL(x;) — mEL (i rixi>

1<i<m,i#j i=1

= lim |2]"
n—00

for all xy,...,x,, € X. Therefore the function EL : G — X satisfies (1.1).
To prove the uniqueness property of EL, let A : G — X be another function satisfying
(3.4). Then

”EL(x) —A(x) H

a(5)-4(5)|
=(5)~(5)| ( )Gl
2 2

< lim 1i 2k il )

,—lglonim maxj |2|" max | max ¢;; 2k+2r,~ szrj Qi 2k+—2n, ,
X x X

®ij| 0,— 2/”2}" |2| X\ Pij lerlszlrl » Pij ZTIIQ’O )

%‘,,( Y )H;<k<n+}}

=0

= lim |2}
j—>o00

< lim |2|jmax{
Jj—00

for all x € G. Therefore A = EL, and the proof is complete. O

Corollary 3.1 Let & : [0,00) — [0,00) be a function satisfying

YL 1 .
$<E>_E<|2|)é(t) (t>0) §<|2|)<|2| (3.8)

Let k >0 and f : G — X be a mapping with f(0) = 0 satisfying the following inequality:

< K<i5(|xk|)> (3.9)

Xm:f(—rjx, oy rlx,) +2 Z rf () — mf (Z rm)

j=1 1<i<m,i#j i=1
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for all x1,...,%, € G. Then there exists a unique Euler-Lagrange type additive mapping
EL:G — X such that
)} (3.10)

Proof Defining ¢ : G” — [0,00) by @(x1,..., %) := k(3_r-; E(|xk])), then we have

. o (¥ Xm . 1Y _
n11>n;0|2| §0<2n""; 2n> Sngnc‘)lo<|2lg<|2|)) ¢(x1,...,xm)—0
for all x1,...,%,, € G. On the other hand,
. k X X X
@(x):nlin;omax |2]" max { max{ ¢;; 2’<+2ri’_2"+2rj S Qi 2k*2ri’0 ,
X 1 X x X
Pij 0’_2T2V1' ’Emax bij 2k+1rl,’2n+1rj ' Pij 2/<+1ri’0 ’
x
ool loesed
X x x 0 0 x
=maxymaxy¢;i\ —,—— },0iil —,0),0:;;{ 0,— ) ¢,
Yij 4r; A4r; Yij 4r; Yij 4r;
1 X X X 0 0 X
— max{oi| —, = ), 0 =,0),0:(0 =—
21 NN 2 2 ) O 2T ) I
SRR
=— +
|4
for all x € G, exists. Also
lim lim max]|2[¥ max{m LA i L0
pi)ooni)oo ax ax ax (ﬂw 2’<+2ri’_2’<+2rj ;901,1 2k+2ri’ )
X 1 X X X
®ij 0,—272’7 ,mmax Pij W,W » Pij leri,O ’
(0.5 )} o no]
(05 W=k ne
2k+1rj
= lim 2 x ad * o 0,——~
_pl)rgo| |¥ max { max @;; m,—m » Qi 2p+—2ri’ » Qij ,_FZ’"/ ’

1 x x x x
Emax ©ij W’W ) Qij W,O ) Pij O,W

=0.

X X

)<(

J

ri

If @) - EL@)| < — {s(

|4]

X X

Tj

ri

Applying Theorem 3.1, we get the desired result. O

Theorem 3.2 Let ¢ : G™ — [0, +00) be a function such that

2"%1,...,2"
lim P20, 2"%) -0 (3.11)
n—00 |2|V’
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forall x1,...,%, € G and let for each x € G the limit

1 2kl 2k-ly
O(x) = lim max max | maxj @;; ,— ,
n—00 |2 |k r ry

2k-1x 2k-1x
520) o2
ri rj
1 2kx 2Ky 2kx 2kx
— maxy@ij{ —,— ), @ij{ —0 ), 0,— ‘0 <k<n (3.12)
|2| ri Vj ri Tj

exist. Suppose that f : G — X is a mapping with f(0) = 0 satisfying (3.3). Then, the limit
EL(%) 1= 1imy_, o0 L (2 = exists forall x € G and defines an Euler-Lagrange type additive map-
pingEL:G — X, such that

If (%) - EL@x) | < —®(x) (3.13)

~ 2]
Moreover, if

o 1 2kl gk-ly
lim lim max Wmax max | @;; ,— 5

P—> 00 n—>00 ri rj

2k=1y 2k-1x
o 20}
ri rj
1 2kx 2kx 2kx 2kx
— max | ;| —,— ), 0| —0 ), 0| 0, — ‘p§k<n+p =0
2] T ri rj

then EL is the unique Euler-Lagrange type additive mapping satisfying (3.13).

Proof 1t follows from (2.16) that

e

- 1 X X X 0 0 X
—max{maxi ;i —,— ), iil —,0 ),0:;{ 0,— ) ¢,
=12 i\ o "2 ) P\ " )OI\ T 2
1 X X x 0 0 X (3.14)
— max i\ — — ¥\ —> y Wi y T .
2] Vij ' Qi 7 Vi 7

for all x € G. Replacing x by 2"x in (3.14), we obtain

2n+1 on

- 2n—1x 2n—1x zn—lx 0 O 2n—1x
maxJ{ maxj @; ; ,— O _ )
= |2|"+1 AR A U A N
1 2"x 2"x 2"x 2"x
— max{ @i\ —,— ), 9| —0 ), 9|0, . (3.15)
|2| ri I"]' ri ’"j

Hf(zmlx) f
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%)

It follows from (3.11) and (3.15) that the sequence {f (in }u>1 is convergent. Set

EL) = tim L),

n—oo N

On the other hand, it follows from (3.15) that

[ fQ%)
[

@) f2R)

2k+1 - 2k
k=p
f@kx)  f(2kx)
§maxH ST T ok ip<k<qg-1

- 1 2kl ok-ly 2k-1y 0 0 2k-1y
max4 ——— max4{max ii y— y Qi ) y Qi y— )
- | 2 | k+1 Pij r; i Qij ¥ Pij 7
1 2k 2kx 2kx 2kx
— max{@;ii| —,— )il —0 ), 0,— ’p§k<q
2] rior ri r

for all x € G and all nonnegative integers p, g with ¢ > p > 0. Letting p = 0 and passing the
limit ¢ — oo in the last inequality and using (3.12), we obtain (3.13). The rest of the proof
is similar to the proof of Theorem 3.1. O

Corollary 3.2 Let & : [0,00) — [0, 00) be a function satisfying

g(12t]) <&(121)&() (£=0)  £(12]) < [2I. (3.16)

Letk >0andf : G — X bea mapping with f(0) = 0 satisfying the following inequality (3.9).
Then there exists a unique Euler-Lagrange type additive mapping EL : G — X such that

o) () () )]
SERE

Proof Defining ¢ : G" — [0,00) by ¢(x1,..., %) := k(3 _j=; £ (|%k])), then, we have

X

21y

X

r

|l @) - EL)|

IA

X
2VL'

X
er

lim
n—00 |2|”‘

PR 2) e (5“2')
n—0o0

= yer X)) =0
2] ><p(x1 Xm)

for all xy,...,%,, € G. On the other hand,

1 2kl 2k-ly
O(x) = lim max| —- max{max; ¢;; ,— s
n—00 |2|% ri rj

2/(—1x 2/(—1x
En(e-2)
r; V]
1 2kx 2Ky 2kx 2kx
—maxy @i\ —,— ), 0ij| —>0 |, 9i;{ 0,— ‘O§k<n
|2| ri I”]' ri rj
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= max{max{¢;i| —,—— ), ¢ijl =—,0 ), 9ij{ 0,—— | ¢,
Dij 2 2, Pij 2 Vi 27,
1 X X X 0 0 X
— max i\ —> — ¥\ —> yWij )y
2] Qi T Vi 0 Vij "

for all x € G, exists. Also

o 1 2k=ly  ok-ly
lim lim max Wmax max ¢;; » )

pP—>00 n—>00 ri rj

251y 2Ky
901‘,]'(—; O),(Pi,j<0; _—> }1
ri l"]
1 2kx 2kx 2kx 2kx
— maxy @i\ —>— |, %ij —,0 » Qi 0, — ‘p§k<l’l+p =0.
|2| 14 tj 147 rj

Applying Theorem 3.2, we get the desired result. O

Remark 3.1 We remark that if £(|2]) = 0, then & = 0 identically, and so f is itself additive.
Thus, for the nontrivial &, we observe that £(]2]) # 0 and

1<&(1) < E(IZI)E(%) = '2|§<%)

implies that ﬁ < S(ﬁ).
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