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Introduction

Recently, there has been an increasing interest in the study of the asymptotic behavior
and other behaviors of the difference equations with continuous variables in which the
unknown function is a function of a continuous variable. In particular, delay effects on
the asymptotic behavior and other behaviors of this kind of equations have widely
been studied in the literature [1-7].

However, besides delay effects, impulsive effects likewise exist in a wide variety of
evolutionary process, in which states are changed abruptly at certain moments of time.
Recently, impulsive delay difference equations have extensively been studied by many
authors. For example, the reader is referred to [8-13]. Unfortunately, impulsive delay
difference equations with continuous variables are not well developed due to some the-
oretical and technical difficulties. Some sufficient conditions for the existence of the
invariant and attracting sets of impulsive delay difference equations with continuous
variables are obtained in [14,15]. To the best of the authors’ knowledge, there are no
results on the corresponding problems for impulsive non-autonomous delay difference
equations with continuous variables. With motivation from the above discussions, this
article is devoted to the discussion of this problem. By establishing a delay difference
inequality with impulsive initial conditions and using the decomposition approach, we
obtain the attracting and invariant sets of the equations.

Preliminaries
Let R*(RY) be the space of n-dimensional (non-negative) real column vectors,
R™>?(R™*") be the set of mxn (non-negative) real matrices, E be the n-dimensional

unit matrix, and |-| be the Euclidean norm of R”. For A, Be R™" or A, Be R”,
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A > B(A < B, A >B, A <B) means that each pair of corresponding elements of A and
B satisfies the inequality “ > (<, >, <)”. Especially, A is called a non-negative matrix if
A >0, and z is called a positive vector if z > 0. A"£ (1,2, ... n} and p(4) denotes
the spectral radius of A.

C[X, Y] denotes the space of continuous mappings from the topological space X to
the topological space Y. Especially, let C £ C[[-1,, 0], R"], where 7, > 0.

¥ (s) is continuous for all but at most countable points s € J

PO Y] = {l/f J >R and at these points s € J, ¥(s*) and y(s™)exist, ¥ (s) = ¥ (s*) [’

where J ¢ R is an interval, and y(s*) and w(s) denote the right- and left-hand limits
of the the function w(s), respectively. Especially, let PC £ PC[[-1,, 0], R"].
In this article, we consider the following impulsive non-autonomous delay difference

equation with continuous variable

xi(t) = ai(Oxi(t — r1) + ﬁ;aij(t)ﬁ((xj(t -n)), tF4 =1, icN,
i=

xi(0) = Je(xi(t7)), t>to, t=tp k=1,2, ..., i€ N,
xi(to +0) = ¢i(0), ¢i € PC[[—72,0], R], 6 € [-72,0],

1

where a,(t) = a;h(t) and a;(t) = a;h(t), a; and a;; are real constants, /(t) < 1 is a positive
integral function and satisfies sup,., ., h(s)ds = Hy < 00 and limy— o ftz h(s)ds = co.
7, and 7, are positive real numbers such that 7; < 7,. fx(k = 1, 2,...) is an impulsive
sequence such that ¢; < t; <..., limy_,.. tx = o. f; and Jz: R =R are real-valued functions.
Moreover, we assume that f; (0) = 0 and J(0) = 0, then system (1) admits an equilibrium
solution x(¢) = 0.

By the solution of (1), we mean a piecewise continuous real-valued function x;(¢)
defined on the interval [f, - 7, o) which satisfies (1) for all ¢ > £,.

By the method of steps, one can easily see that, for any given initial function ¢, € PC
[[-72, 0], R], there exists a unique solution x,(£), i € A/, of (1).

For convenience, we rewrite the system (1) as the following vector form

x(t) = h()[Aox(t — 11) + Af (x(t — 2))], 17t L= to,
x(t) = (x(t7)), t=to, t=t, k=1,2, ..., 2)
(o +6) = $(8), 6 € [-12,0],

where x(£) = (%1(t),..., x,()", Ao = diag{ay,..., a,}, A = (@) s fix) = (FL (D) fule))
Jix) = ialx)senns ]nk(xn))T! and ¢ = (¢y,..., (Pn)T e PC.

Definition 2.1. The set S € PC is called a positive invariant set of (2), if for any
initial value @ € S, the solution x,(ty, @) € S, t > £y, where x,(¢y, ®) = x(¢t + s, Lo, @) €
PC, s e [-15, 0].

Definition 2.2. The set S € PC is called a global attracting set of (2), if for any initial
value ¢ € PC, the solution x(¢ t,, @) satisfies

dist(x(¢, to, ¢), S) = 0,ast — +00,

where dist(¢g, S) = inf,. s dist(¢, ), dist(q, ) = supge -72,0) |@(0) - w(0)|, for y € PC.
Definition 2.3. System (2) is said to be globally exponentially stable if for any solu-
tion x(¢, to, @), there exist constants A, > 0 and ko > 0 such that,
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Ix(t’ to, ¢)| =< K0||¢||eiko([7[0)l L= to,

where [|9]] = supge|_q, o)19(s)I.

Following [16], we split the matrices A, A into two parts, respectively,

Ao =Ab—Ay, A=A"—A"

with a; = max{a;, 0}, a; = max{—a;, 0}, aj; = max{ay, 0}, a;; = max{—aj;, 0}.

ij
Set y = -x, g(u) = -fl-u). Then, by a similar argument with [15], we can get the fol-
lowing equations from the first equation of (2)

v(t) = h(D)[Aov(t — 1) + A§(v(t — w2))], ®)

where
_ x(t)} :{f(x(t))} Z{ABAo} Z{A+A_}
OB R R DR 1 R FEO) FRR P
Set [i(11) = -Ji(-u); in view of the impulsive part of (2), we have
v(te) = we(v(t, ) k=1,2,..., (4)

where w;(v) = ()", Ly(©)"".

Lemma 2.1. [17,18]If M € R™"and (M) < 1, then (E - M) " = 0.

Lemma 2.2. [18]Suppose that M € R""and p(M) < 1, then there exists a positive
vector z such that (E - M) z > 0.

For M € R™" and p(M) < 1, we denote

Q,(M) ={ze R"|(E—M)z> 0, z> 0}.

In order to discuss the asymptotic behavior of (2), and for the brevity of later discus-
sion, we list all our conditions as follows.
(A;) For any x, y € R”, there exists a non-negative diagonal matrix p and vector

= (Uryes )" = 0 such that
@) ~ () < Ple—7) + . )
(A,) For any , y € R”, there exist nonnegative matrices R; such that
Je(®) = T(y) <Re(x—7y), k=1,2,.... ©)

(A3) Let o(Ao + AP) < 1, where P = diag(P, P}.

(A4) There exists a constant ¥ such that

In y
<y<A k=1,2,...,
S h(syds ~ 7 @)

where the scalar A satisfies 0 <A and is determined by the following inequality

(ApeM + AP —E)z <0, (8)
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where z = (z1,...,221)" € Q(Ao + AP), and

v > 1land vz > Ryz, Ry, = diag{Re, Rr}, k=1,2,.... 9)
(As) Let
oo
a:Zlnak<oo, k=1,2,..., (10)
k=1

where oy > 1 satisty
Rk(E — Ao — Ap)il.AA < (Tk(E — .Ao — Ap)il.AA, (11)
where A = (u”, u™)”.

Main results
In this section, we will give the main results of this article. The proofs of these results
are placed in the following section for the sake of brevity.

Theorem 3.1. Let P = (p)uw W = (Wy)uen € RV, I= (I, ..., 1,)" € R", and u(?)
€ R” be a solution of the following delay difference inequality with the initial condi-
tion u(ty + 0) = (), 0 € [-15, 0] p € PC,

u(t) <h(®)[Pu(t — 1) + Wu(t — 1) +1], t=to, (12)

where 1, > 1, h(t) < 1 is a positive integral function and
lim, oo f, B(s)ds = coand lim o [, h(s)ds = oo.

If o(P + W) < 1, then there exists a positive vector z = (zy, Zoys z,)" such that
u(t) < kze o "OF L (E_p W), £ =1, (13)

provided that the initial condition satisfies

s)ds

u(t) < kze o "OE (B p W), k> 0,t€[to— 12 fos (14)

where the positive number A > 0 is determined by the following inequality

(P + Wet: —E)z <0, (15)

where Hysup,.,, ftt_n h(s)ds. Clearly, H; <H < .

Theorem 3.2. If (A,)-(As) hold, then S ={¢ € PC| — e’ Ny < ¢ < e’ N1}is a global
attracting set of (2), where N1, N, € R" and (NT, NJ)T = N = (E— Ay — AP) 1 AA .

Theorem 3.3. If (A1)-(A3) with Ry < E hold, then S={¢ € PC| — N> < ¢ < N1} is
a positive invariant set and also a global attracting set of (2), where N1, N, € R" and
W M) =N = (B— Ay — AP) 1 AA

For the case I = 0, we easily observe x(¢) = 0 is a solution of (2) from (4;) and (A4,).
In the following, we give the attractivity of the zero solution and the proof is similar to
that of Theorem 3.2.

Corollary 3.1. If (A1)-(A4) hold with I = 0, then the zero solution of (2) is globally
exponentially stable.
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Proofs of main results

Proof of Theorem 3.1. Since P, W € R™" and (P + W) < 1, by Lemma 2.2, there
exists a positive vector z € Qg (P + W) such that (E - P - W)) z > 0. By continuity, we
know that (15) has at least one positive solution 4, i.e.,

n
Z [Pije)"Hl + wije)‘H2 ]Zj <z, ieN. (16)
j=1
Set
u(t) = v()e OB LN, 1>ty -1, 17)

where N = (E - P - W)"'I; substituting (17) into (12), we have

o(6)e o "B LN < h(O)[P(u(t—11)e o TOB N W (u(t—12)e Mo OB N) 41y (18)
Then, by (18) and A(¢) < 1, we obtain

u(t) < h(O)[Pu(t — 11)e o "OB L Wi — 1) I M%), (19)
By (14) and (17), we get that

v(0) <«kz, 0 € [to — 12, o] (20)
Next, we will prove for any ¢ > ¢,

u(t) < kz. (21)
To prove (21), we first prove that for any positive constant ¢,

v(t) < (1 +¢&)kz, t > to. (22)
If (22) is not true, then there must be a t* >f, and some integer r such that

v(t) < (1 +¢&)kz, for t e [to, t¥), v (") = (1 +¢)kz,. (23)
By using (16) and (19), we obtain that

(1 + &)z, = 0, (%) < h(t") Z [0 (£ — 1) e MOy g (g7 ) ey S

j=1

n £ [*
< h(t) ) [pye" R e G
j=1

<h(t*) Y [pge™ +wye " ](1+ e)iz;
j=1

< (1+¢&)kz,

which is a contradiction. Hence, (22) holds for all numbers ¢ > 0; it follows immedi-
ately that (21) is always satisfied, which can easily be led to (13). This completes the
proof. D

Proof of Theorem 3.2. Since o(Ao +.AP) < 1, by Lemma 2.2, there exists a posi-
tive vector z € 2,(Ao + AP) such that (E — (A + AP))z > 0. Using continuity, we

obtain that inequality (8) has at least one positive solution A.

Page 5 of 10
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From (5) and Condition (6), we can claim that for any v € R*,

E(w) <Pv+A, (24)
and

w(v) < Rev(t, ), k=1,2,..., (25)
where A = (u”, u")".
So by using (3) and (4) and taking into account (24) and (25), we get

v(t) < h(t)[Aov(t — 1) + APv(t — 12) + AA], (26)
and

() < Rev(ty, ) k=1,2,..., (27)
respectively.

Noting o(Ag+ AP) <1 and Ay, AP € R”", then, by Lemma 2.1, we can get

(E—Ay—AP)'>0and N £ (E— Ay — AP)"'AA > 0.
For the initial conditions: x(¢y + 0) = @(0), 0 € [-75, 0], where ¢ € PC, we have

u(t) < koze L L L L N A= [to — T2, to], (28)
where
ko= . 121 , z€ QAo+ AP).
ming <j<on{zi}

Then, all the conditions of Theorem 3.1 are satisfied by (26), (28), and Condition
(A3), we derive that

(1) < koze "B LKt e [to, 1) (29)

Suppose for all ¢ = 1,...,, k, the inequalities

v(t) <yo--- )’z—lKOZ(fU‘O "OE L 60N, te [t—1, ), (30)

hold, where ¥, = 0y = 1. Then, from (9), (11), (30), and (A,), the impulsive part of (2)
satisfies that
v(t) < Rkv(t,;)
<Relyo--- )/k_1K0ze7}‘ f’zz hsds op - -crk_IN] (31)
2 flge h(s)ds o0

< Y0 Ve—1ViKoze -+ op_10%N.

This, together with (30) and 9, 0y > 1, leads to
v(t) <vo--- yk,lyk/cozef'\j;o WO L oo onN, e [tr — T2, ). (32)

On the other hand,
v(t) < h(t)[Aov(t — 1) + APv(t — 72) + 00, -+ oRAA] L # 1. (33)
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It follows from (32)-(33) and Theorem 3.1 that

v(t) < 0 Ve akoze " Loy oulL Ce [t ) (34)

By the mathematical induction, we can conclude that

v(t) <yo--- yk_lkoze_'\f‘o heyds 000N, te [te—1, &), k=1,2,.... (35)
From (7) and (10),

y fl;e’il h(s)ds

Ve e 0001 < €%,

we can use (35) to conclude that
t L— t ~
u(t) < e o ML gy I M 2 Iy HOE G N
't t N
< icgze” o MMM I MO | o

= koze PO Lo Gy e o1, ), k=1,2, ...

This implies that the conclusion of the theorem holds and the proof is complete. O
Proof of Theorem 3.3. Similarly, the inequality (8) holds by (A3). For the initial con-
ditions: x(ty + s) = @(s), s € [-15, 0], where ¢ € S, we have

v(t) < (E— Ao — AP)LAA, te[to— 12, bo] (36)
By (36) and Theorem 3.1 with x = 0, we have
v(t) < (E— Ao — AP) TAA, te [to, ). (37)

Then, from (27) and Ry < E,

v(t1) < Rav(ty) < Ev(t;) < (E— Ao — AP)1AA. (38)
Thus,
v(t) < (E— Ao — AP) TAA, te [t — 1, t1]. (39)

Using Theorem 3.1 again, we obtain

v(t) < (E— Ao — AP)YAA Lt € [11, 1). (40)
By introduction, we have

v(t) < (E—Ag— AP)YAA t € (-1, ), k=1,2,.... (41)
Therefore, S = {¢ € PC| — N, < ¢ < Ni}is a positive invariant set. Since 92 < E, a

direct calculation shows that 9, = 64 = 1 and ¢ = 0 in Theorem 3.2. It follows from

Theorem 3.2 that the set S is also a global attracting set of (2). The proof is complete.
o

lllustrative example
The following illustrative example will demonstrate the effectiveness of our results.

Page 7 of 10
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Example 4.1 Consider the following impulsive delay difference equation:

x1(t) = (1 +cos?t)[ Lxy(t — 1) + Lxp(t — 2) + 2]
{le(t) =(1+ coszt)[—‘l}lolcz(t -1) +3é32€1(t —2)+2] 7 b (42)

with

x1(te) = awxi(t, ) — Buxa(t, )
XQ(tk) = BorX1 (t}:) + Olszz(t}:) !
where o and B are non-negative constants, and the impulsive sequence #;(k = 1,
2,...) satisfy: t; <ty <« -, limg o0 fg = 0.
The parameters of (A;)-(A3) are as follows:

1 1
0 0 5_(10 2 a Bk
—( ¢ (7 - - -
Ao (O_i)’A (;0>'P (01)"“ (2)1Rk (ﬁzkazk '

4000 0100 a ik 0 0
000!} Looo Bak o 0 0

_ 4 S =
Ao 00}0 A 000! » Ri 0 0 auBu
0,00 00.0 0 0 Ao

and P = diag{ 1,1,1,1}.
It is easy to prove that o(Ap + AP) = 0.5082 < 1 and

3 1
21— 322> 0

1 1

T —Z21+20 — ;24 >0
Qo(Ao+ AP) = { (21, 22, 23, 24) > 0| 13> K
4%3 T 3%4 > 0

1 1
— 4% — %3 +24 >0

Let z=(1,1,1,1)" € Q,(Ao + AP) and A = 0.05 which satisfies the inequality

(ApeMh + APHME: —E)z <0,

t

t
where, 1 < H; = / (1+cos’t)ds<2,2<H,= / (1 +cos’t)ds < 4.
t—1 =2

Let =3 max{o; + ﬂlk’ Oy + ﬁgk }, then Y satisfy Yz = Rz, k=1,2,.

1 1
Case 4.1. Let o = Qo = ;ezye, ﬂ1k=ﬁzk=§€25k and f; - t;.; = 2k, then

1
Vi = e25" > 1 and
1
In y In In e25* 1
flk h(S)dS - ftk (1 +C052t)d§ = 2k = 25k % 2%k <002=y <A
b1 li—1
By simple computation, we know that o) = ezé" - 1

1 1
Ri(E — Ao — AP) L AA = €25 (0.3361, 0.3810,0.3361,0.3810)7» Ry (E — Ao — AP) ' AA = 25" (0.3361, 0.3810, 0.3361, 0.3810)7»

1

on(E — Ay — AP) ' AA = e25"(1.2773,0.8739,1.2773,0.8739)"
Clearly, all conditions of Theorem 3.2  are satisfied. So

1 1 1 1

is a global
S = {¢ € PC| — (1.2773¢24,0.8739¢24 )T < ¢ < (1.2773e24,0.8739¢24)T 8

attracting set of (42).

Page 8 of 10
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Case 4.2. Let o), = ay, = ;e;_lk and Bix = Pox = 0, then R, - éezlkE < E - Therefore,

by Theorem 3.3, S = {p € PC| - (1.2773, 0.8739)" < ¢ < (1.2773, 0.8739)” is a positive
invariant set and also a global attracting set of (42).

Case 4.3. If y = 0 and let ay, = ayy, = ;eo'o‘lk and By, = Bor = §e°‘04k , then ¥, = P |

and

Iny, In y;, _n 004k

le T e 5 = k =0.02=y <A
fzk,l h(s)ds ft}H (1 + cos?t)ds 2

Clearly, all conditions of Corollary 3.1 are satisfied. Therefore, by Corollary 3.1, the
zero solution of (42) is globally exponentially stable.
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