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Abstract

In this paper, we study the strongly damped quasilinear wave equation. By using
spatial sequence techniques and energy estimate methods, we obtain the existence
theorem of the solution to abstract a strongly damped wave equation and to a class
of strongly damped quasilinear wave equations.
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1 Introduction
This paper is concerned with the following initial-boundary problem of strongly damped

quasilinear wave equations:

‘3275‘ - k"’% =— Z‘alfm(—l)“’”D"‘Aa(x, u,...,D"u) +g(x,u,...,D"u),

ulsg =---=D""ulo =0, @D
u(x, 0) =@, L{[(.?C, 0) = w;

where k > 0, m > 1, A is the Laplacian operator, 2 denotes an open bounded set of R” with
smooth boundary 92, and u denotes vertical displacement at (x, £).

Equation (1.1) is a quasilinear wave equation with strong damping, which has many ap-
plications. The existence and asymptotic behavior for the strongly damped wave equations
have been extensively studied by many authors [1-15]. Local well-posedness for strongly
damped wave equations with critical nonlinearities is studied in [2]. The existence and
asymptotic behavior for a strongly damped nonlinear wave equation have been concerned
in [1, 3-9, 12-15]. Fan [10] investigated the existence and the continuity of the inflated
attractors for a class of nonautonomous strongly damped wave equations through differ-
ential inclusion. Li [11] obtained the existence of a global periodic attractor attracting any
bounded set exponentially in the phase space by introducing a new norm, which is equiv-
alent to the usual norm.

The quasilinear wave equation has been investigated by many authors in the last years
[16-28]. In [16-20], it is considered the boundary value problem for the quasilinear wave
equation. Under certain assumptions, the global smooth solvability is obtained. It has been
shown by Alinhac [21, 22] that the null condition implies global existence of smooth so-
lutions in two space dimensions. Zhang [23] studies the global existence, singularities,
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and life span of smooth solutions of the Cauchy problem for a class of quasilinear hyper-
bolic systems with higher order dissipative terms and gives their applications to nonlinear
wave equations with higher order dissipative terms. Metcalfe and Sogge [24] give a simple
proof of global existence for quadratic quasilinear Dirichlet-wave equations outside of a
wide class of compact obstacles in the critical case where the spatial dimension is three.
Yin [25] gives the lower bound of a lifespan of classical solutions and discusses the long
time asymptotic behavior of solutions away from the blowup time. Weidemaier [26] estab-
lishes local (in time) existence of classical solutions to the initial-boundary value problem
for a quasilinear wave equation. In [27], the existence and uniqueness of the classical solu-
tions for the initial value problems and the first boundary problems of a quasilinear wave
equation are proved by the Galerkin method. In [28], the numerical solution for a type
of quasilinear wave equation is studied. The three-level difference scheme for quasilinear
waver equation with strong dissipative term is constructed and the convergence is proved.

The strongly damped wave equations and the quasilinear wave equation have a lot
of results. But up to now, we find several results on the strongly damped quasilinear
wave equation. Chen [29] shows that the initial boundary value problem for the strongly
damped quasilinear wave equation has a global solution and that there exists a com-
pact global attractor with finite dimension. Comparing Eq. (1.1) and [29], we find that
Agu,...,D"u) = 0 (Uy)y, g, u,...,D"u) = —f(u) + g(x), and x € Q = [0,1]. In this arti-
cle, our interest is to study that Eq. (1.1) has a solution under which condition of A and g.
This article uses the spatial sequence techniques, each side of the equation to be treated in
different spaces, which is an important way to get more extensive and wonderful results.

The outline of the paper is as follows. In Section 2, we provide essential preliminaries,
which include definitions and lemmas from [30]. In Section 3, we give existence of so-
lutions to abstract strongly damped wave equations. In Section 4, we present the main
results and their proof. Existence of solutions to a class of strongly damped quasilinear

wave equations is given.

2 Preliminaries

We introduce two spatial sequences:

XCH3;CX, CX, CH,
X, CHy, CH CH,

2.1)

where H, Hy, H,, H; are Hilbert spaces, X is a linear space, and Xj, X, are Banach spaces.
All imbeddings of (2.1) are dense. Let

L:X — X; isone-one dense linear operator,

(2.2)
(Lu,vg = (U, V)1, Yu,veX.
Furthermore, L has eigenvectors {e;} satisfying
Ley = ager (k=1,2,...), (2.3)

and {ex} constitutes a common orthogonal basis of H and H3.
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We consider the following abstract equation:

% + k%[,u =Gu), k>0,
u(0) = ¢, u(0) =y,

(2.4)
where G : X3 x Rt — X1 isamap, R* = [0,00) and L : X, — Xj isabounded linear operator
satisfying

(Lo, L) g = (16, V) pys Y, v € X (2.5)

Definition 2.1 We say u € W>°((0, T), H;) N L>®((0, T), X3) is a global weak solution of
Eq. (2.4) provided that (¢, V) € X5 x H;

t
(e, V) + k(Lu, V) = / (Gu),v)dt + (Y, V)i + kK{Lp,V)h, (2.6)
0

forallveXjand 0 <t <T <oo.

Definition 2.2 Let u,,u, € L?((0, T), X3). We say u,, — ug in LP((0, T), X3) is uniformly
weakly convergent if {u,} C L?((0, T'), H) is bounded, and

Uy — Uop in LP((O, T)rXZ);

. : 2.7)
lim, oo fy Uy —uo,v)u|*dt =0, VveH.

Definition 2.3 We say thatamap G : X, x (0, 00) — X] is T-coercive weakly continuous if
forall {u,} C Lfoc(((), 00), X3)NLX ((0,00), H), u,, — uo in L#((0, T), X5) is uniformly weakly

loc
convergent, and

n—00

t

limf |(Gun—Gu0,Lun—Luo)|dt=O, 0<T<oo,
0

then

t T
lim/ |(Guy,v)| dt = 1im/ |(Guo,v)|dt, ¥veX;,0<t<o0.
0 0

n—00 n—00

Lemma 2.4 ([30]) Let {u,} € LP((0, T), W"™?(R2)) (m > 1) be bounded sequences, and {u,}
uniformly weakly convergent to {ug} € L#((0, T), W"P(Q2)). Then, for all |«| < m -1, it fol-
lows that

D*u, — D*uy  inL*((0,T) x Q). (2.8)

Lemma 2.5 ([30]) Let 2 C R" be a open set, and f : Q@ x RN — R satisfy the Caratheodory
condition and

N .
[fw6)]<CY &7 +bl). (2.9)

i=1
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If {u;} C LPi(Q2) (1 < i < N) is bounded and u;, convergent to u; in Q2 for all bounded
Qo C K, then for all v € L¥, the following equality holds:

k—o00

lim /f(x,ulk,...,uNk)vdx:/f(x,ul,...,uN)vdx.
Q Q

3 Existence of solutions to abstract equations
Let G=A+B:X; x R* — X,. Assume:
(A1) Thereisa C! functional F : X, — R! such that
(Au,Lv) = (-DF(u),v), Vu,veX. (3.1)
(A2) Functional F: X, — R! is coercive, i.e.,
Flu) > o0 <& |lullx, = oo. (3.2)
(A3) B satisfies
k. =5
|(Bu, Lv)| < C1F(u) + 3 Iz, +g(@), VYuveX, (3.3)
for g € L} (0,00).

Theorem 3.1 If G: X, x R* — X is T-coercively weakly continuous, and

t
lim / |(Gun — Guo, Luy, — Luo)| dt + 1im ||lu, — uoll},, =0,
0 n— 00

n—00

then for all (¢, V) € Xy X H,, then the following assertions hold:
(1) If G = A satisfies (A1) and (A2), then Eq. (2.4) has a global weak solution

u € W*((0,00), Hy) N W*2((0,00), H) N L((0, 00), X3). (3.4)
(2) If G = A + B satisfies (A1)-(A3), then Eq. (2.4) has a global weak solution
u € Wiu>((0,00), Hi) N W;i2((0, 00), Ha) N L% ((0,00), X3). (3.5)

loc loc

(3) Eurthermore, if L : Xy — X is a symmetric sectorial operator, i.e., (Lu,v) = (u, Lv),
and G = A + B satisfies

1
[(Gu,v)| < CF(u) + EIIVH?{ +g(), (3.6)

for g € LNO, T), then u € W;2>((0,00); H).

Proof Let {ex} C X be a common orthogonal basis of H and Hj, satisfying (2.3). Set

X = {21, ieilo; € R,
5(;4 = {Z;l:l ﬁ](t)ejlﬂj(t) € C2 [0¢ OO)}

(3.7)
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Clearly, LX,, = X,,, LX,, = X,,.
By using the Galerkin method, there exists u,, € C*([0, 00), X,,) satisfying

(%2, 0) 1 + K (Lt Vo1 = [o(Gutn), V) At + (Y, V)iz + k(L V)1, 3.8)
u,(0) = Dn> I/ln(()) =Y,
for Vv € X,,, and
t d2 " d " t
/ [<T”v> +k<£i,v> }dt:/ (G, v) e (39)
0 a’t’ |y dt’ |y 0
for Vv e X,,.
Firstly, we consider G = A. Let v = %Lun in (3.9). Taking into account (2.2) and (3.1), it
follows that
0 /t 1d/du, du, P du, du, DF(w,) du, gt
= ——(—, +k{—,—) + Uy), ——
o L2dt\ dt  dt [y dt " dt [y, dt
1 du,||* 1 ) 7
== =1V dt + F(u,) — F(p,).
H dt |, o 1Vl + F(un) = Fpn)
We get
dun Uy 1
dt + Fly) = F@@) + S 1Yl (3.10)

Let ¢ € Hs. From (2.1) and (2.2), it is known that {e,} is an orthogonal basis of H;. We
find that ¢, — ¢ in Hs, and ¥, — v in H;. From that H3 C X, is an imbedding, it follows

that

n i X ’
O S (3.11)
VY, — ¥ inH,.

From (3.2), (3.10), and (3.11), we obtain

{un} C WH((0,00), Hy) N WH*((0,00), H3) NL®((0,00),X>)  is bounded.

Let
" in Wb°°((0, 00), H;) N L*®((0, 00), X>),
u up in ((0,00), Hy) ((0,00),X2) (3.12)

Uy —ug  in WH((0,00), H,),

which implies that u,, — uy in W2((0, c0), H) is uniformly weakly convergent from that
H, C H is a compact imbedding.
If we have the following equality,

g k
lim [—f |(Guy, — Guo, Luy, — Luo)| dt + E(Ilu,, - u0||H2] =0, (3.13)
0

n—00
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then u, is a weak solution of Eq. (2.4) in view of (3.8), (3.12), and T-coercively weakly
continuous of G.
We will show (3.13) as follows. It follows that from (2.5)

d d 1 td
A(aﬁun—ﬁﬁuo,Lun—LuOLdt: 5/0 E(un—uo,un—uo)p{zdt

1 1
= 5 ln(®) = o @), = Sllen = 013,

Taking into account (2.2), (2.5) and (3.9), we get that
t k
—f (Guy — Guo, Luy, — Lug) dt + 3 lun — to |,
0
t
= / [(Guo - Guy, Lu,, — Lug)
0
d d k
+ k<%£un - Eﬁuo,Lun - Lu0>H] dt + 5 lon — <,0||?{2

£ d d
= f [(Guo,Lun — Luo) + {Guy, Lug) - /<<ﬂ, Mo> - /<<—uo, Uy — M0>
0 dt H, dt H,

B e e ¥ o, + Slon - l2
dt, dr " dt:un " n» Pn) Hy 2 On — @ Hy*

From (2.1) and (3.12), we have

lim g, - ¢llm, =0,
n— o0

t
lim (Gug,Lu, — Lugy) dt = 0,

n— 00 0
d
lim/<—u0,un—uo> dt=0.
n—o0 Jo dt Hy
Then we get
. ! k. 2
lim - | (Gu, — Guo, Lu, — Lug) dt + — lim |lu, — uo||7;
n—00 0 2 n—oo 2
t du, du, ||
= lim Gu,, L —k{—, + dt
jim [t (G >H at HJ
duy,
- um<i,un> (W0 (3.14)
n—oo\ dt H

In view of (3.9), (3.12), we obtain for all v € | J2%, X,,

! T ld duy d
lim (Gun,Lv)dt:/ [k<ﬂ,v> _<ﬂ,_‘”> }dt
n—=o0 Jo 0 dt Hy dt dt Hy

d
+ <% V>H1 ~ (¥, 0),,.- (3.15)
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Since U;i1 5(” is dense in W"((0, T), Hz) N L*((0, T), X2), Vp < 00, (3.15) holds for all
ve WH2((0,T), H,) N 1P((0, T), X,). Thus, we have

2
}dt
H

duo
dt

t t d
lim / (Gun,Luo)dt:/ |:k<ﬂ,u0> -
n— o0 0 0 H2

dt

d
¥ <§,uo>m — (V). (3.16)

From (3.12) and H, C H, is compact imbedding, it follows that

t 2

2
dt,

t
dt - /
H 0 H
(), = ()
lim , Uy, ={—,ug) , aet=>0.
n—oo\ dt " dt H
Clearly,
t1d ., tid
lim <_> ar= [ <_> d.
n—o0 fo dt Hy 0 dt Hy

Then (3.13) follows from (3.14)-(3.16), which imply assertion (1).
Secondly, we consider G=A + B. Let v = %Lun in (3.9). In view of (2.2) and (3.1), it

. du,
lim
n—0o0

0

dito

follows that

1| du, |? N duy, ||* t d 1
== k "N dt+F(u,) = | (Buy), —Luy, ) dt + Flg,) + = | Wall%.
)G [ G] aere= [ (e G g S,
From (3.3), we have
1 du, |? ‘| du, ||* t 1 du, |?
- F(u,) + k dt<C | |Fu)+= dt +£(t), (317
o Hf(”“/o HIRE [ [rwn 3| % ] L0, 617)

H
t 1012
where f(t) = [, g(r)dt + 31V |17, + sup, F(g,).

By using the Gronwall inequality, it follows that
du, ||*

dt

1
2

H

t
+ F(u,) <f(0)e + / (1)) dr, (3.18)
0
which implies that for all 0 < T' < 0o,

{u,} C Wb ((0,7),H;) NL>®((0,T),X;) isbounded

From (3.17) and (3.18), it follows that

{un} C W*((0,T),H,) is bounded.

Let

Uy — *I/l() in WI,OO((O, T)rHl) N LOO((O’ T)rXZ);

(3.19)
Uy — Uop in WLZ((O: T);HZ),
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which implies that u, — uo in WY2((0, T), H) is uniformly weakly convergent from that
H, C H is an compact imbedding.

The left proof is same as assertion (1).

Lastly, assume (3.6) holds. Let v = Lun iy (3.9). It follows that

d’t

Hd’u, d? k

[ ) v

o \ de2  dt* |, 2
k ) 1| d2u, ||

< _ _
<gitie [ 3]0
From (3.18), the above inequality implies
t
/

We see that forall 0 < T < 00, {u,,} C W>2((0, T), H) is bounded. Thus, u € W?>2((0, T), H).
O

2
du,

dt

Hy

+ CF(u,) +g(t)] dr.

d*u,

2
P dt <C (C>0is constant). (3.20)

H

4 Main result

We consider the strongly damped quasilinear wave equations (1.1). We give the follow-
ing assumption for (1.1). There exists an C* function F(x,¢), where ¢ = {¢,||a| < m}, &,
corresponds to D*u such that

0
Aa (x’ ;) = ﬁp(‘xr C)r (41)
Fx0)=C Yy gl -Gy p=2, (4.2)
\Bl=m
Z [Ap(x,&,m) — A, &, 12) | (m1p — m2p) = Al — 1o, (4.3)
|Bl=m

where A >0, n = {ng||B| =m}, & = {&||la| <m -1},

|Aa(x,0)| < C( Dl 1>, (4.4)
l|<m
Ig(x,C)ISC(Z |Cﬁ|§+1)- (4.5)
|Bl<m

Definition4.1 Wesayu W2((0, 00), L2(£2)) N L2.((0, 00), W7 (2)) is the weak solution

loc loc

of (1.1), if u(0) = ¢, and for Vv € C{°(2), the following equality holds:

/8—uvdx+k/ VuVvdx
o 0t Q

t
=—/ / ZD"‘Aa(x,u,...,D’"u)D“vdxdr
0 Ja

lee|<m

t
+/ /g(x,u,...,Dmu)vdxdt+/1/fvdx+k/ VoVvdx. (4.6)
o Ja Q Q
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Theorem 4.2 Under conditions (4.1)-(4.5), for (¢, V) € Wy ¥ (Q) x LP(R), there exists a
global weak solution for (1.1)

u € Ly ((0,00), Wy 7 (),

up € L ((0,00), L*(2)) N L, (0, 00), Hy(R)).
Proof We introduce spatial sequences

X=CP(Q), Xi=X=W;"(Q),

H=H =1*Q),  H,=H)Q),

L=id: X — X, L=-Au.

Define map G=A + B: X — X; by

(Au,v) = —/ Z Ao (x%u,...,D"u)Dv dx,
Q

la|<m

(Bu,v):/g(x,u,...,Dmu)vdx.
Q

We show that G = A + B: X, — X, is T-coercively weakly continuous. Let {u,} C
L(0, T, W*P(Q) N Wy?(R)) satisfying (2.7) and

T
lir&/ / |:( Z Ao (%, 1y ..., D" uiy) — Z Aa(x, uo,...,Dmuo)) (D*un — D" uy)
n— 0 Q

loe|<m la|<m

+ (g(x, Uy, . ..,D’”u,,) —g(x, uo,...,D’"uo))(u,, - uo)] dxdt =0. (4.7)

We need prove that

T
lin;o/ / |: Z A, (x, un,...,D”’un) +g(x, un,...,Dmun):|vdxdt
n— 0 Q

lee|<m

T
:/ / |: Z Ao(%,10, ..., D" ug) + g(, uo,...,D’”uo)i|vdxdt. (4.8)
0o Ja

loe|<m

From (2.7) and Lemma 2.4, we obtain
un— o,  Duy—> Dug,..., D" 'u,— D" uy, inL*((0,T)x Q).  (4.9)

We have the deformation

/OT/;Z[< Z Aq (%, 1y ..., D" uty) — Z Ao (, uo,...,Dmuo)>(D°‘un —D"‘uo)} dx dt

lae|<m la|<m

T
+/ /[g(x,un,...,Dmun) —g(%, 05 .., D) | (e — o) dx dlt
0o Jo
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T
:/ /[(Z Ag (% s .., D" 11, D" 1)
0o Ja

|| <m

- Z Au(x, 10, ,Dmluo,Dmuo)) (D% u, - D“‘uo)i| dxdt

loe|<m
T
+/ /[(ZAa(x,un,...,Dmlu,,,Dmun)
0 L Ngj<m
- Z Aa(x, un,...,D’”_lun,Dmuo)>(D“u,, —D"‘uo):| dxdt
lee] <m
T
+/ /[g(x,un,...,Dmu,,) —g(x,uo,...,Dmuo)](u,,—uo)dxdt. (4.10)
0o Jae

From (4.9), (4.4), (4.5), and Lemma 2.5, we have

T
lim / / [g(x, Uy, - ..,D”’u,,) —g(x, uo,...,Dmuo)](un —ug)dxdt =0, (4.11)
T
/ fl:Z Aa(x,u,,,...,Dm’lun,Dmuo)
0 @ le|<m
- Z Ay (x, U, . ..,Dm_luo,Dmuo)i| (Daun - D"‘uo) dxdt =0. (4.12)
|| <m
From (4.7), (4.3), (4.10)-(4.12), it follows that
T
0 :/ /[(Z Aa(x,u,,,...,D’”_lu,,,D’”u,,)
0 J2L Naj<m
_ Z Ag (%4, ..,Dmlun,Dmuo)> (D uy —D"‘uo):| dxdt
la|<m
T 2
ZA/ /|D”’un—Dmu0| dxdt.
0o Ja
Since A > 0, we have
(4.13)

n—00

T
lim f /|Dmun—Dmuo|2dxdt=0.
0 Ja

From (4.9), (4.13), (4.4), (4.5), and Lemma 2.5, we get (4.8). Hence, G= A + B: X, — X

is T-coercively weakly continuous.
From (4.1) and (4.2), we get

(Au, Lu) = ~(DF(x,¢),v),

F(xl I/l) — 0 < ||M||X2 — 00,

which imply conditions (A1), (A2) of Theorem 3.1.


http://www.advancesindifferenceequations.com/content/2012/1/139

Luo et al. Advances in Difference Equations 2012, 2012:139
http://www.advancesindifferenceequations.com/content/2012/1/139

We will show (3.3) as follows. It follows that

{(Bu,Lv)} / |g(x, u,,..,Dmu)||v|dx
Q

/i/ |V|2dx+g/|g(x,u,...,Dmu)|2dx
2 Jg k Ja

k 2
st@+C/[Z]u€n]m
Q

loe|<m

IA

=

N | X

IvIl3, + CF(u) + C,

which implies condition (A3) of Lemma 2.4. From Lemma 2.4, Eq. (1.1) has a solution

u € L ((0,00), Wy (),

u, € L. ((0,00), L*(22)) N L (0, 00), H (),

satisfying

/8—uvdx+k/ VuVvdx
o 0t Q

t
:_/ / ZD"‘A‘,(x,u,...,D'"u)Davdxdr
0 Ja

lee|<m

t
+/ /g(x,u,...,Dmu)vdxdt+f1//vdx+kf VoVvdx. 0
0 Ja Q Q
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