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Abstract

In this article, by using Razumikhin-type technique, we investigate pth moment
exponential stability of stochastic functional differential equations with Markovian
switching and delayed impulses. Several stability theorems of impulsive hybrid
stochastic functional differential equations are derived. It is assumed that the state
variables on the impulses can relate to the finite delay. These new results are
employed to a class of n-dimensional linear impulsive hybrid stochastic systems with
bounded time-varying delay. Moreover, an effective M-matrix method is introduced
to study the exponential stability of these hybrid systems. Meanwhile, some
examples and simulations are given to show our results.

Keywords: Razumikhin theorem, stochastic functional differential equations, impulse,
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1 Introduction

Stochastic differential equation is an emerging field drawing attention from both theo-
retical and applied disciplines, which has been successfully applied to problems in
mechanical, electrical, economics, physics and several fields in engineering. For details,
see [1-6] and the references therein. Recently, stability of stochastic differential equa-
tions with Markovian switching has received a lot of attention [7-12]. For example, Ji
and Chizeck [7] and Mariton [8] studied the stability of a jump linear equation

dx(t) = A(r(t))x(t)dt,

where x(¢) takes values in R”, r(¢) is a Markovian chain taking values in S = {1, 2, ...,
Nj}. Mao [9] discussed the stability of nonlinear stochastic differential equation with
Markovian switching of the form

dx(t) = f(x(¢), t, r(t))dt + g(x(t), t, r(t))dw(t).

In [10], Mao studied the stability of stochastic functional differential equation with
Markovian switching of the form

dx(t) = f(x;, t, r(t))dt + g(xe, t, r(t))dw(t).

Impulsive effects are common phenomena due to instantaneous perturbations at cer-
tain moment, such phenomena are described by impulsive differential equation which
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have been used effciently in modelling many practical problems that arise in the fields
of engineering, physics, and science as well. So the theory of impulsive differential
equations is also attracting much attention in recent years [13-19]. Correspondingly, a
lot of stability results of impulsive stochastic functional differential equations have
been obtained [20-26]. However, there are few results on the stability of impulsive sto-
chastic differential equation with Markovian switching. In [27], Wu and Sun estab-
lished some stability criteria of p-moment stability for stochastic differential equations
with impulsive jump and Markovian switching.

In this article, we shall extend Razumikhin method [10,12] to investigate the pth
moment exponential stability of the following stochastic functional differential equa-
tions with Markovian switching and delayed impulse

dx(t) = f(x, t,r(t))dt + g(x, t,7())dw(t) >0, t#t,
Ax(tk) = Ik(x(tk),xtk, t, T(tk)) Jk=1,2,...,
x(t) =&, te|-7,0]

The state variables on the impulses relate to the finite delay, which implies that the
impulsive effects are more general than those given in [20,22,23]. Some Theorems on
the pth moment exponential stability are derived in the case that the impulsive gain
di, +dy, < 108 dy +dyg, > 1. These new results are employed to the n-dimensional
impulsive hybrid stochastic systems with bounded time-varying delay. Useful criteria in
terms of an M-matrix (see Berman and Plemmons [28]) which can be verified much
more easily are established. Meanwhile, examples and simulations are provided to
show the impulsive effects play an important role in the stability for hybrid stochastic
systems. The rest of this article is organized as follows. In Section 2, stochastic func-
tional differential equations with Markovian switching and delayed impulses together
with some definitions of pth moment exponential stability are presented. In Section 3,
the Razumikhin-type theorems on pth moment exponential stability for stochastic
functional differential equations with Markovian switching and delayed impulses are
established. In Section 4, these results will then be applied to the » dimensional hybrid
stochastic delay systems and M-matrix method is introduced to verify the stability
easily. Finally, examples are given to demonstrate our effective results in Section 5.

2 Preliminaries
Let R = (=co, +0), R* = [0, +0), R"” denote the n-dimensional Euclidean space with the

Euclidean norm | - |. If A is a vector or matrix, its transpose is denoted by A7, and its
norm is denoted by [|A|| = /Amax(ATA), Where Aya(’) is the maximum eigenvalue of a
matrix. o(t) = (o1(t), @2(t), ..., on(t))" is an m-dimensional Brownian motion on a

complete probability space (€2, .%, P) with a natural filtration {%;};>¢ satisfying the
usual conditions, (i.e.%#; = o{w(s): 0 <s <t}).
Let 7 > 0 and PC([-t, 0], R") ={y : [—7,0] — R*"|¢¥(t*), ¥(t) exist, and

Y (t7) = ¥ (t)} with the norm il = 71326}10 1¥(0)l: where w(t") and y(t") denote the
right-hand and left-hand limits of function () at ¢
Denoted by PCb%([—r, 0]; R") the family of all bounded, .%, - measurable, PC([-7,

0]; R")-valued random variables. For p > 0, denoted by PC?%([—I, 0], R") the family of
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all Z,-measurable PC([—t, 0], R")-valued random variables w such that

0
/ E|y(0)Pd9 < oo. Let r(¢)(t > 0) be a right-continuous Markovian chain on the

probability space taking values in a finite state space S = {1, 2, ..., N} with generator
I' = (vij)nxn given by

)/i]'A + O(A), if i 7—‘],

P{r(t+ A) =jlr(r) =i} = 1+yA +o0(A),ifi=j

where A > 0. Here y; 2 0 is the transition rate from i to j while
Yii = — Z Vij-
i#]

We assume that the Markovian chain r(¢) is independent of the Brownian motion
o(t). It is known that almost every sample path of r(¢) is a right-continuous step func-
tion with a finite number of simple jumps in any finite subinterval of R".

Consider the following impulsive hybrid stochastic functional differential equation of

the form
dx(t) = f(xi, t, r())dt + g(xe, t, (8))do(t), t=0, t#t,
Ax(ty) = I(x(t), x4, e (%)), k=12, ..., (2.1)

x(t) = £ te[-t, 0],

where &€ PC’L’%([—I, 0f; R™), x(t) = (x1(t), x2(t), ..., xa(£))" and

x(t;) = lim x(t, +h), x(t) = lim x(t + h), t, > 0,

h—0+ h—0—
x(t;) = hlij& x(t. + h), x(1) = hli%‘,x(tk +h), t = 0 are impulsive moments satisfying
<tr,1 and kl_i)fPoo te = +00, Ax(t) = x(t;;) — x(t) represents the jump in the state x at
with [; determining the size of the jump, f: PC([-7, 0]; R”) x R"x S — R", g : PC(-z, 0];
R"xR*xS — R™", I : R"xPC([-7, 0]; R") x R* x § — R".

Throughout this article, we assume that f, g and I; satisfy the necessary conditions
for the global existence and uniqueness of solutions for all £ > 0. For any
S PC?@n([—r, 0]; R"), there exists a unique stochastic process satisfying Equation
(2.1) denoted by x(t; &), which is continuous on the left-hand side and limitable on the
right-hand side. Also we assume that fl0, ¢, i) =0, (0, £, )) = 0 and [(0, 0, ¢, i) = 0, k =
1, 2, .., which implies that x(¢) = 0 is an equilibrium solution.

Let €2(R" x [—7, 00) x S;R*) be the family of all nonnegative functions V (x, ¢, i)
on R"x[-1, =) x S which are continuous on R"x (f;_1, ] x S, V,, V,, V., are continu-
ous on R"x (fx_1, &z] x S. For each V € €2(R" x [—1, 00) x S; R*), we define an opera-
tor LV PC{’%([—r, 0];R") X (tk—1, tr] x S — R associated with Equation (2.1) as

follows:

LV(¢,4,1) = Vi(¢(0), 1, i) + Va(¢(0), £, )f (¢, 1, 1)

N
+ ) trace[g" (¢, 1, i) Viu(#(0), 1, 1)g(¢, . 1)] + Y _ 75V (#(0), 1,),

j=1
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where
Vix, t i) = aV(axt,t,i), Vi(x, t, i) = (Bvégﬁltli)’ o BV;g,i))[ Vie(x, 1, i) =
(BZV(x,t,i))
9x;x; nxn.

Definition 2.1. The zero solution of Equation (2.1) are said to be pth moment expo-
nentially stable if there exists 7 > 0 such that for any initial values

£ e PC% ([-7,0;R") and £ > 0
lim sup ; log(Elx(5; §)IP) < —n.
t—00

Remark 2.1. When p = 2, it is often called to be exponentially stable in mean

square.

3 Stability analysis
In the following, we shall establish some criteria on pth moment exponential stability
for Equation (2.1).
Theorem 3.1. Assume that V € ¢2(R" x [—7,00) x S;R*) and constants p > 0, ¢; >
0,¢ >0,dy > 0,dy, > O,dizkﬂ_iﬁz #0,8 >0,A>0,1n>0,i€S,k=1,2,...such that
@) alxlP < V(x, t, i) < cylx|f for all (¢ x) € R" x [-7, ) x §;
(ii) for all t € (tx1, ti] and i€ S EZLV(p,t,i) < nEV(4(0),t i) whenever

. . A.T . .
E [1ré1ilsr[1\]V(¢(9), t+0, 1)} < ¢qe’"E I:lréliz;)ﬁ]EVM)(O), t l)] ;

(iii) for all ie S,
EV(¢(0)+I(¢(0), ¢(0), t, i), t;, i) < dEV(6(0), t, i)+c_iik suepoEV(¢)(9), tr, 1);
oy sup {ty — t—1} < 6;
(lV) 1<k<+oo
(v) foranyie S, A+n; < 1’;‘7,

then the zero solution of Equation (2.1) is pth moment exponentially stable with pth

moment exponent A, where

¢ =(0(0) — <6 <0} e PCy([-7,0LR),q= | b - . >1
i€S,1<sk<+00

Proof. For any & € Pbeo([—r,O];R”), we denote the solution x(t)= x(t; ¢) of (2.1)
and extend r(¢) = r(0) = ro for all £ € [-7, 0]. Let ¢ be small enough such that ¢ + ¢ €
(tx_1, tr). By generalized Ité formula, we have

EV(x(t+e), t+e,r(t+e))=EV(x(t) tr(t)) + /HS EZV(x(s), s, r(s))ds. (3.1)
Let ¢ — 0, it follows that for t € (fx.1, ti]
D*EV(x(t),t,1(t)) = EZLV(x(t), t, 1(¢)). (3.2)

Let W(t) = €"EV (x(¢), t, i), we have for t € (1, &)

D*W(t) = AEV(x(t), t,i) + e'D*ELV (x(1), t, 1). (3.3)
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From (iii), we have

W(t) = “EV(x(t)), 1) < diW (1) + dne’™ sup W(t, +6).

—7<6=<0
Taking M > 0 such that

sup W(0) < [:;,

—7<0<0

we can claim that for t > -7
W (1) < M.

It is easy to see that W(t) <M for t € [-7, 0]. Now, we shall prove that
W(t) <M, t e (0, t1].

Otherwise, there exists a t* € (0, t;] such that
W) =M W(t) <M, —1t <t <t

In view of the continuity of W(¢) in [0, ¢;], there exists a £** € (0, t*) such that
w(e™) = W) >, te (0, .

For t € [£** t*], 8 € [-7, 0], we have
qw(t) > W(t+90).

Then we obtain

qe' |:1mla)ﬁ] EV(x(t), t, i)] > ge " TIW(t) > e M TIW(L +6)
<i<
> min EV(x(t+0),t+06,1).
1<i<N

Together with (3.3) and (ii), for t € [t , £], we have
D*W(t) < xe"EV(x(t), t, i) + nie EV (x(t), t, i)
= (A +n)eEV(x(t), t,i) = (A + n))W(1).
Thus

M = W(r*) < W(£")elr+mE=t7) - ft:e(fwm)(t*—t**) < ft:e()“‘”]i)[l <M.

This is a contradiction. Hence (3.7) holds. From (iii), we obtain

W(t) <daW(t)) +dne’™ sup W(t +6) < A; < M.

—7<6<0
Next, we shall show that
W(t) <M, te(ty,t]
If it does not hold, there exists a t € (t1, t2] such that

W(E) =M W) <M, te[-t,t].

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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In view of the continuity of W() in (¢, t,], there exists a ti* € (1, t]) such that
W(tF) = ’;4 W(t) > A; te (& t]. (3.17)
Fort € [t}*, t]],6 € [—7, 0], we have gW(t) >W(t + 0). It follows from (3.3) and (ii)
that for t € [*, t]]
D*W(t) < (A +ni)W(t). (3.18)
Then, we have

M = W(t) < W(L)el i) - Mlom)(i-67) o MoGem)omn) < pf, (3.19)

which is a contradiction. Thus, (3.15) holds. By induction, we can prove that for k =
1,2, ..

W(t) <M, te (tr-1,t]- (3.20)
Therefore, we have for ¢ > -7

W) < M. (3.:21)
From (i) and the above inequality, we have

c1Elx(t)|P < EV(t) < Me™™, (3.22)
which implies that

Elx(0))P < Me ™. (3.23)

The proof of Theorem 3.1 is complete.

Remark 3.1. In Theorem 3.1, the zero solution of hybrid stochastic functional differ-
ential equations without impulses is allowed to be unstable. In this case, the delayed
impulses are key in stabilizing the hybrid stochastic equations. It requires the nearest

impulse time interval must be sufficiently small and the maximal impulsive gain

max {dy + Eiik} <1
i€S,1<k<+00

Theorem 3.2. Assume that V e ‘@”12 (R" x [-7,00) x S;R*) and constants p > 0, ¢; >
0, ¢ >0, dy, > 0, di ZO,dizkH_iﬁz #0,%>0,u>0,1>0,ie S, k=1,2,..such that

(@) a1|xP < V(t, x) < calx|P for all (¢ x) € [-7, ) x R

(ii) for all t € (tx.1, tz] and i€ S, > 0 EZLV(¢,t,i) < —y;EV(4(0),t, i) whenever
E[ min V(¢(6), t+6,i)] < qe“E[erii)ﬁlEV(qb(O), t, ));

(iii) for all i € S,
EV(¢(0) + I(¢(0), (8), tr, i), £, i) < dEV(¢(0), te, i) +dn. sup EV(¢(8), tr, i);
—-1<6=<0
(iv) 15};1500{@ — b1} >
(v) foranyie S, yi— A > h;q,
then the zero solution of Equation (2.1) is pth moment exponentially stable, where

1

- >
max  {dy + die’*)}
i€S, 1<k<+oo

¢ ={¢(6) —7 <6 <0} € PC, ([-7,0];R"), q = 1

Page 6 of 18



Pan and Cao Advances in Difference Equations 2012, 2012:61
http://www.advancesindifferenceequations.com/content/2012/1/61

Proof. Since (v) holds, we can choose sufficiently small ¢ > 0 such that

1
—A> n(q+e) forall i e S. Let W(¢) = €' EV (x(d), ¢, i), we have for t € (t;_;, t2]
m

D*W(t) = A*EV(x(1),t,i) + €*D*ELV (x(t), t, 7). (3.24)
From (iii), we have

W(t)) = e EV(x(t)), tf, i) < daW(tx) + dne’™ sup W(t +6). (3.25)

—7<0<0

Taking M > 0 such that

sup W(0) < .. (3.26)

—7<6<0
we shall show that for t > -7

W () < M. (3.27)
It is easy to see that W(t) <M for ¢t € [-7, 0]. Now, we shall prove that

W(t) <M, t e (0, t1]. (3.28)
If it does not hold, there exists a t* € (0, ¢;] such that

W([t*) =M, W(t) <M, —t <t <t (3.29)
In view of the continuity of W(¢) in [0, ¢;], there exists a £** € [0, t*) such that

W)y =M we)> M, e tf]. (3.30)

q+e’ q+e’

Fort e [£*, t*],0 € [-7, O]

(g+e)W(r) > W(t+0). (3.31)
Then
(q+6)e* [lmva)ﬁlEV(x(t), t, 1)] > 121L1}\JEV(x(t+ 0), t+6, i). (3.32)

Together with (3.24) and (ii), for t € [t**, t*], we have

D*W(t) < AeMEV(x(t), t,i) + ELV(x(t), t,i) < (A — yi))W(t) < 0. (3.33)
Thus
M= W(t*) < W(t™) = qus <M. (3.34)

This is a contradiction. Next, we shall show that
W(n) < Y (3.35)
If it does not hold, we have

W(t) > M (3.36)

q+e’

Page 7 of 18
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Since the continuity of W((¢) in [0, #;], there exists a t € [0, t1) such that

Wt)=M wi)> M, te(t t] (3.37)

q+e’ q+e’
Fort e [t, t1],0 € [—t, 0], we have
(g+ e)W(t) > W(t+9). (3.38)

By (3.24) and (ii), for t € [t, t;],0 € [—7, 0], we have

D*W(t) = (A —y)W(1) < 0. (3.39)
Thus
W(t) = W(D) = . (3.40)

which is a contradiction. It follows from (3.25), (3.35) and (3.28) that

W(t;) <daW(t) +dne™ sup W(t +6) < ‘d“*‘f,'ijh)M <M. (3.41)

—7<6<0
Furthermore, we can prove that
W(t) <M, te(t,tz] (3.42)

Indeed, there exists a f; € (1, tp] such that

W(t) =M W(t) <M, te[-1, {). (3.43)

If W(t) > qug fort € (t1, t1). Then (g + &) W(¢) >W(t + 0) for t € (t1, 11),0 € [-7, O].

Thus by (3.24) and (ii), for t € (1, t1), we have D" W (¢) < (A — YW(¢) < 0. It follows
that

W (1) < W(1}) < M. (3.44)

This is a contradiction. If there exists a f, ¢ (t1, ;) such that

w(h) < M. (3.45)

+&

In view of the continuity of W(¢) in (¢, t,], there exists a %1’ c [%1, 0) such that

WE) =M W) > M te bl (3.46)

q+e’ q+e’

Then for te[a/,fl]’ 6 e [-7, 0], (g + ¢ W() >W(t + 6). Thus for

W(t) < W(?/l) = qus <M, D'W (t) < (A-y)W(z) < 0. It follows that
W(h) < W(h )= M <M, (3.47)

which leads to a contradiction. Moreover, we can conclude that W(tz) < quE. If this
does not hold, we haveW(;) > quE. To prove the conclusion, two cases are to be
considered.

Case (i). For t e (£, t], W(t) > ™. From (3.26), (3.28) and (3.43), we have for ¢ €

q+e*
(tl’ tz], 9 S [—T, 0]

Page 8 of 18
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(q+e)W(t) > W(t+0). (3.48)

Then by (3.24) and (ii), for t € (t1, ]

D'W(@) <= (A=) WQO. (3.49)
Thus
W () < W(t{) e—m)(a—t) o pgph—w)(—t) < qli'ig, (3.50)

which leads to a contradiction.

M M
< gee Since Wit) > 0

Case (ii). There exists a t;, € (1, t] such that W(fl)

and in view of the continuity of W(¢) in (1, t,] there exists a ] € [21 , tz] such that

wWE) =M. wwon>M, te(dnl (3.51)

= q+e’ q+e’
Fort € (&}, ], 6 € [—7, 0], we have
(G+e)W@®) > W(t+06). (3.52)

It follows from (3.24) and (ii) that for t € (i}, 2]

D'W@) < —ywW(@® < 0. (3.53)
Thus
W) < W(§) = ’:j (3.54)

This is a contradiction. By induction, we can prove that for k = 1, 2, ...

W@ <M, t e (-1, t] (3.55)
Therefore, we have for ¢ > -

W (1) < M. (3.56)

The proof of Theorem 3.1 is complete.
Remark 3.2. In Theorem 3.2, it is permitted that the maximal impulsive gain

max [dik + f_iik] > 1. This means that the hybrid stochastic equation not only

ieS, 1<k<+oo

can achieve exponential stability but also is exponential stability with delayed impulses.
In this case, it requires that the minimal impulse time interval must be sufficiently
large such that the hybrid stochastic differential equations with delayed impulses can
make keep its stability property.

4 Some consequences
In the following, we shall apply the above new results to a class of linear impulsive
hybrid stochastic systems by using Lyapunov function and M-matrix method.

Consider the following n-dimensional impulsive hybrid stochastic delay differential
equation
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dx (t) = [A(r () x (t) + B(r () x (¢t — T (1)) dt
+HCTr@x@+DE@)x(t—t@)]do®), =0, t#u,

Ax (te) = T (x (t) , x (e — T (1), b T (1)), K =1,2, ...,
x(t)=§&, te[-1,0],

(4.1)

where 0 < 7 (£) < 7 is continuous, 7 is a positive constant. For convenience, we denote
A(r(®)) = A, B(r(2)) = B, C(r(2)) = C;, D(r(2)) = D;, where A; = (a,(0)) nxm Bi = (b1 (D))
s Ci = (€l Di = (@) e

Theorem 4.1. Assume that there exist symmetric positive definite matrices Q; and
constants dy > 0, dy > 0, d2 +d>,
such that

(i) forallie S

#0,8>0,1>0,p >00,>04>0n,iecS k=12, ...

N
QiAi + Al Qi + piQ} + C[QCi + 0iC{Ci + Y yiQ —mQ <0, (4.2)
j=1

I;

and
I = p,'BIB; + 0, 'D]Q?D; + D] QiD;i — 7:Q; < 0, (4.3)

where I, I7 < 0, 0 < i < N mean that matrices [}, I are negative semi-definite;
(i) forallie S

E [(x(tk + 1 (0 (t) , x (e — T () s s i))TQi (e (b + I (x (B) X (G — T (@) / T i))}
< dgE [x" (t) Qix (1) ] + daeE [x" (5 — T (1)) Qix (4 — T (8))];

(4.4)

Giiy Sup At — 1} =4,
1<k<+00 ’
Sy 2 ph T
(iv) foralli € S, n; + A + "lqgge < 11;4,

1

then the zero solution of Equation (4.1) is exponentially stable in the mean square,

: 1
] = MIN Apj i), ¢p = max A i = _ > 1.
where 1 1<i<N min (Ql) s X2 1<i<N max (Ql) ’ q g mk [d1k+dik2“]
i€S, 1 <k<+o0

Proof. We define V € €%! (R" x [-1, 00) x S; R*) by V (x, t, i) = x (1) Qix (1) .
Clearly

arlx? < Vx b i) < aolxl (4.5)
Then for t € (f_q, ti]

LV (t,¢) = 2¢" (0) Qi [Aigp (0) + Bigp (= (£))] + [Ci¢p (0)

N
+Dip (—7 ()]7 x Qi [Cigp (0) + Digp (=7 (D] + Y " (0) Qb (0)

j=1
=¢' (0) (QiAi + A Qi) ¢ (0) + 29" (0) QiBigp (— (1)) (4.6)
+¢" (0) C[QiCi¢p (0) + " (0) C[ QiDigp (—7 (1)) + ¢" (=7 (1)) D] QiCi¢p (0)

N
+¢" (=7 (1) D] QiDigp (=7 (1)) + > _ v3¢p" (0) Qjp (0).

j=1
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In view of for any vectors x, y € R”, scalar € > 0, the following inequality holds

2Ty < exTu + e7yly, (4.7)
then it follows that

26" (0) QiBip (—7 (1) = pid" (0)Q}p(0) + p; "¢ (~T () B{Bip (=7 (1)) ~ (4.8)
and

¢" (0) CIQiDig (=7 (1)) + ¢" (=7 (1)) D{ QiCi¢p (0)

4.9
< 0i¢" (0)CICip (0) + 0, '¢" (=7 (1)) D] Q7 Digp (—7 (1)) 9
Substituting (4.8) and (4.9) into (4.6) we can derive that
LV (¢, 1,0) < ¢" (0) (QiA; + AT Qi + piQ* + C! QiC; + 0;C! C;
N
£ ¥ Q—niQi) ¢ (0)+¢" (=t (1) (o "B Bi + 0, ' D] Q} D; @.10)
j=1 '

+D{ QiD; — 71iQi) ¢ (—7 (1) + nip" (0) Qi (0) + 7ip” (—7 (1)) Qigp (—7 (1))
< nip" (0) Qi (0) + Mip” (—7 (1)) Qigp (—7 (1)) .
Then

ELV (¢, t, )] < niEV (¢ (0), t, i) + fiezElp (—7 (0)I%. (4.11)

Next, if for V6 € [—z7, 0], E |:rr1ir11V Vp®),t, i)] < q¢"E [1111;1)[5] Vg@®),t i)] p
< <i<

1<i
we have
El @)1 < " Elg (0)1%, Y0 € [, 0]. (4.12)
Thus

E[ZV@ 6 0] = mEV@©), 1 i)+ ™ Elp OF = (m+ ™37 ) EV@(©), t,0). (4.13)

For t = t, it follows from (i) that

EV (¢ (0) + I (¢, ¢ (=7 (W), te ©), L, )

, , (4.14)
< diEV (¢ (0), t, i) + ditEV (¢ (—7 (&), tx — T (), 9)

Consequently, the conclusions follow from Theorem 3.1. This completes the proof.
Theorem 4.2. Assume that exist symmetric positive definite matrices Q; and con-

di > 0,dy > 0,d3 +d #0,6 > 0,k >0, >0, >0, >0 >

stants . such
0,ieS k=1,2, ...
that (4.4) holds and the following conditions hold:
(i) forallie S
N
O = QiAi + AT Qi +£iQ} + CIQiCi + kiCl Ci + Y v Qi+ 6iQi < 0 (4.15)
j=1

and

O; = ¢ 'B{B; + k7 'D/Q!D; + D! QiD; — ¢;Q; < 0; (4.16)
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5 inf {t, — 1} > u.
(ll) 1§k<+oo{ k k l} st M,
. 2 0T
(iii) for all i € S, g; — “157" — 3 > I,
1
then the zero solution of Equation (4.1) is exponentially stable in the mean square,

where ¢ = max {dik + l_iike“} > 1L
i€S, 1<k<+00
Proof. By (iii), we choose sufficiently small & > 0 such that
& — Ef("*j}“%e“ — A > h;”. We define
1

Vix, t, i) = x"(t) Qu(t). Similar to the proof of Theorem 4.1, we get for t € (t_1, t]

ELV (§, 1) < GEV (¢ (0),1,i) + GiaaElg (= (1)1, (4.17)
For V8 € [-1,0], E [lrgiiﬁr[l\] V(g (), t, i)] < (q+¢) e“E[lrgg] V(g (0),t, i)] we
have
Elp @)1 = 0 Elg o) (4.18)
Thus
E[2V @] < (=o+ 0T V@0 0,0 (4.19)

Therefore, the conclusions follow from Theorem 3.2.
In the following, we shall establish tractable exponential stability conditions. To this
end, we take
o N
Qi=ril,pi=¢= Hl:,’”,tfi =Ki= 1‘”‘%‘);‘”, ni = ,1‘ [)»max (fox +1A] + ijl )’ijrj1> +1 |1Bill + rllCill2 + 7 1Cill ||Di||i| ,
N -

Gi= —,lx |:)‘max (TiAi +Al + Z}.Zl }’z‘jfjl) +1i |Bill + il Cill> + i [1Cill ”Di”i| (i = & = |1Bill + IGill 1D;]l + 1Ds]1%.

Corollary 4.1. Assume that there exist constants

dg > 0,dg > 0, dy +dpp #0,8 >0,L >0,1>0,ieS k=12 ... suchthat
(i) forallie S

E (e (@) + T (e (1) 5 (G — T (1)) 1 e D) (2 (1) + T (2 (1), % (G — T (8)) 1 s 1)) ]

_ (4.20)
< dgE [x" (t) x (t) ] + dieE [x" (6 — 7 ) x (e — T (4)];
o sup (e — e} <5

(”) 1<k<+o0

(iii) forallie S
N

0| dmax | A+ AT+ Yyl |+ Bl + il Gil? + 7 Gl 1D

P (4.21)

ZEAI 2 1
+A+ qa;% (IBill + ICill IDill + IDill*] < 737,

then the zero solution of Equation (4.1) is exponentially stable in the mean square,

: 1
o] = MIN 15,09 = Maxry, 4 = . > 1.
Where 1 1<i<N ! 2 1<i<N ! q 'Srln%x {dik“'dike)‘t}
Corollary 4.2. Assume that there exist constants
die > 0,dge > 0,dy +dyp #0, 0 > 0,2 > 0,13 >0ieS k=12 ... such that

(4.20) holds and the following conditions are satisfied:
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G) inf {t — 1} >

1<k<+o0

(ii) for all i e S

N
homas | TiAi + AT + Yyl | + 7 Bill + mllGill? + 7 IGill 1Dl
j=1 (4.22)

1

i

azekt 2 In
+A+ q;% [IBill + G IDill + IDi11*] + 57 < 0,

then the zero solution of Equation (4.1) is exponentially stable in the mean square,

where ¢ =  max {dik + dikeM} > 1
i€S, 1 <k<+o0

Next, we apply Corollaries 4.1 and 4.2 to establish some very useful criteria in terms
of M matrix which can be verified much more easily. If A is a vector or matrix, by A
>> (0 we mean all elements of A are positive. If A; and A, are vectors or matrices with
same dimensions we write A; > A, if and only if A; — A, > 0. Moreover, we also
adopt here the traditional natation by letting

ZNXN _ {A = (ag)gun lag < O, i ?gj}, (4.23)

Definition 4.1. (see [12,28]) A square matrix A =(a;;)nxn is called a nonsingular M
matrix if A can be expressed in the form A = s/ - B with s >p(B) while all the elements
of B are nonnegative, where [ is the identity matrix and p(B) the spectral radius of B.

Remark 4.1. If A is a nonsingular M-matrix, then A has nonpositive off-diagonal and

positive diagonal entries, that is
ai > 0, while aij < 0, [} 7—‘]
Corollary 4.3. There exist constants

dix = 0,dg > 0, dy + dy. #0,i €S, k=1,2, ... such that (4.20) holds. If there
exists A > 0 such that & - I"is a nonsingular and for any i € S

20T
[ T (B + G ID + D)) < 1 (4.24)

then the zero solution of Equation (4.1) is exponentially stable in the mean square,
where = is the diagonal matrix
5 = diag[—Amax (A1 +A]) = [B1] = 1C1 11> = IC [ D]
+1%9, ., —Amax (An + AL) — IBnll — ICNII? = ICN Il IDN| + ]“;’],

r,utN) = (E =T)1'13>0,1=(1,..,1)",¢; = min 15,0, = max rj,q = 1o > 1.
( 1 N) ( ) > ( ) 1 I<i<N ir &2 1<i<N i 11 max {d,;,+dme'”}

ieS,1<k<+o0

Proof. We conclude that all the elements of (£ - I)™! are nonnegative. So we have
(4.24) holds, namely all r; are positive. Note

(=& + Mr = -1, (4.25)

that is

N
Amax (i + AT) 1+ vy + (UBl+ IGI7 + G ID = 3) i = —1. (4.26)
j=1
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Then we have forie S

N

2

hmax | Tii + 1A + Yyl | + 7 Bl + 1l Gl
j=1

1 X T 5
s IGHIDA = "5+ 22 (B + G 1D + 1D4]1]

N (4.27)
= 1| Amax (A + 1iAir) + Y vyt + 7 |Bill + 1| Gill?

1

ll AT
+1i [Cill 1Dyl — " ;q] + 2+ P20 (IBill + G 1Dl + 1Dil1?)

a2

AT
= =1+ a+ P20 (IBill + G D]+ 1Dill?) < .

o2

The required conclusion follows from Corollary 4.1.

Corollary 4.4. There exist constants
dig > 0, dij, > 0,dy +dip #0,i€ S, k=1,2, ...such that (4.17) holds. If there
exists A > 0 such that § — " is a nonsingular and for any i € S

2 AT
n[ao+ ST (B NG D+ D) ] < 1, (4.28)

then the zero solution of Equation (4.1) is exponentially stable in the mean square,
where 7 is the diagonal matrix denoted by

& = diag[—Amax (A1 +A]) = IBill = 111> = IC1 ]l 1Dy )

=19, s =max (An + AL) = [Bxll = ICn 12 = ICx Il DN T = ]

= -1 . 5
(, .. W) =(E—T) 1> 0,0y = min rj,ap = max 7;,4=_ max {dik +d,»ke“} > 1.
1<i<N i€S, 1<i<N 1<k<+o00

5 Examples and numerical simulations
In this section, two examples are provided to illustrate our results.

Example 5.1. Let w(£) be a scalar Brownian motion. Let r(£), £ > 0 be a right-contin-
uous Markov chain taking values in S = {1, 2} with the generator

-3 3
1 -1)°
Consider the following scalar hybrid impulsive stochastic delay system

[dx(t) = [Ax @) + Byyx (t — D]dt + [Cyx(®) + Dyyx(t — D]do(®), t>0, t#1, (5.1)

0) >
Ax(t) = —0.6x(tp) + 0.4x(t — 1), k=1,2, ...,

where £, = 0.003k, (£) = 1, Ay = -1, Ay = -2, By = 1, By =2, C; = 1, Cy = 2, Dy = 2,
Dy =3, dyx = dor = 032, dy;, = doj, = 0.32. Taking r; = r, = 1, we see that there exists
A > 0 such that

0.32+0.32¢" < 1,

2
T
hmax | AL +T1AT + )yl |+ 1Byl
j=1

n

ekr

2
+r Il + 11 [ICLI D] + 4+ qa,j% [IB1ll + IC1 I ID1 ]l + D1 117]

7¢* In(0.32+0.32¢%)
= < —
24+ A+ 03000320 = 0.003
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and

2

1 T

r | Amax | 1242 + 12A; + E vai1il | + 12 B2l
1

2,0t
+12ColI? + 12 Gl D] + & + qaéfe [IB2ll + IC21l D21 + ID211%]

- 17¢* _ In(0.32+032¢")
=8+ A+ 1300320 = 0003 :

By Corollary 4.1, the zero solution of Equation (5.1) is exponentially stable in the
mean square. Figure 1 depicts x(¢) of Equation (5.1) is exponentially stable in the mean
square. Figure 2 depicts x(f) of Equation (5.1) without delayed impulses.

Remark 5.1. From Figures 1 and 2, although hybrid stochastic delay system without
impulses may be exponentially unstable in the mean square, adding delayed impulses
may lead to exponentially stable in the mean square, which implies that impulses may
change the stable behavior of an system.

Example 5.2. Let (), £ = 0 be a right-continuous Markov chain taking values in S =
{1, 2, 3} with the generator

(V2)

Consider the following the 3-D hybrid impulsive stochastic delay system

{dx(t) = [Ax ® + Biox t — 0.5)]dt + [Crgx (®) + Dygyx (¢ — 0.5)]dw (®), t = 0, t # 1,

Ax(ty) = —0.6x () + 0.4x(t — 0.5), k=1,2, ...., (5.2)

where
-1 -1 ~0.30.4 0.6 0.8 ~-1 06
Ar = (—0.5 0.4)’ Az = ( 0.2 0.1)' B = (—1 0.6)' Bz = <0.7 —0.2)’
02 0 10 0.70 10
€ = ( 0 0.8)’ €2 =(00.6>’ Dy - ( 0 1)' bz - (o 1)'

t = 0.02k 1(£) = 0.5, [|By]| = 11817, ||By]| = 1.3650, ||Cy|| = 0.8, [|Cal| = 1, [|Dy]] =

[|1D2|| = 1. It is easy to see that dy, = dy, = 0.20, di = dop = dsp = 0.20. By
1.2
‘ =
1 B
I
0.8~ -
0.6L -
|
oalr ]
I
0.2”‘ 1 il
“M\‘u )
OQ\“‘“\‘]‘“ " h,f\‘///v"'v« e
PR AT !
[T
-0.2 Iy —
i
-04+ ! i
~0.6 L L L L L L L L L
1 2 3 4 5 6 7 8 9 10
t
Figure 1 Trajectory of the states x(t) of Equation (5.1).
A\
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35 T
30F o
-
20 ‘\“ ‘w"“‘\v“—
15 | | s ‘\T'
10} Mo e g
\ I I\ " ’w'l \("‘ ! \r“ ‘
5 1 RV s \“u B
ok \ r‘\/“‘ ‘ “\' " 1 i
_5 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
t
Figure 2 Trajectory of the states x(t) of Equation (5.1) without delay impulses.
J
computation, we have
1.4518,i = 1
T ’ ’
Amax (Ai + A7) = {0.5211, i=2
Taking 4 = 0.5, we have
Z = diag[35.1065, 35.2939].
Hence
g _ - 16.0354 -2
= - -1 36.2939 )"
£ - I' is a nonsingular M-matrix. Then
T _ o 17 _ T
(ry, 2, 73)" = (& — I')"" 1 = (0.0285, 0.0284)".
N
1 T
- —xi
X2
0.8 -
-0.4 1 1 1 | | | 1 1 1
1 2 3 4 5 6 7 8 9 10
t
Figure 3 Trajectory of the states x(t) of Equation (5.2).
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Compute

1

2,4 .
1| 0.5 + azj% (IBill + Gl IDill + IDil1%) | < 1, i =1, 2.

By Corollary 4.3, the zero solution of Equation (5.2) is exponentially stable in the
mean square. Figure 3 depicts x;(£), xo(¢) of Equation (5.2) is exponentially stable in
the mean square.
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