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Abstract
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shadowable if and only if the homoclinic class is hyperbolic.
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1 Introduction
Let M be a closed C∞ n-dimensional manifold, and let Diff(M) be the space of diffeo-

morphisms of M endowed with the C1-topology. Denote by d the distance on M

induced from a Riemannian metric || · || on the tangent bundle TM. Let f Î Diff(M).

For δ > 0, a sequence of points {xi}bi=a(−∞ ≤ a < b ≤ ∞) in M is called a δ-pseudo

orbit of f if d(f(xi), xi+1) <δ for all a ≤ i ≤ b - 1. For given x, y Î M, we write x ⇝ y if

for any δ > 0, there is a δ-pseudo orbit {xi}bi=a(a < b) of f such that xa = x and xb = y.

Let Λ ⊂ M be a closed f-invariant set. We say that f has the shadowing property on Λ

if for every > 0 there is δ > 0 such that for any δ-pseudo orbit {xi}bi=a ⊂ � of f(-∞ ≤ a

<b ≤ ∞), there is a point y Î M such that d(fi(y), xi) <� for all a ≤ i ≤ b - 1. The notion

of pseudo orbits often appears in several methods of the modern theory of dynamical

system [1]. Moreover, the shadowing property usually plays an important role in the

investigation of stability theory and ergodic theory. Recently, Abdenur and Dìaz [2]

given a problem which C1-generically, a diffeomorphism has the shadowing property if

and only if it is hyperbolic. Therefore, we study the some kinds of the shadowing prop-

erty (usual limit shadowing property) and homoclinic classes. As to the research on the

usual limit shadowing property, there exist [1,3,4]. We say that f has the usual limit

shadowing property on Λ if for any sequence ξ = {xi}iÎN ⊂ Λ such that d(f(xi), xi+1) ®
0 as i ® ± ∞, there exists a point y Î M such that d(fi(y), xi) ® 0 as i ® ± ∞. In this

case, the sequence ξ is called a limit pseudo orbit of f. Note that the usual limit sha-

dowing property is not equivalent to the shadowing property (see, [1]). We say that Λ

is locally maximal if there is a compact neighborhood U of Λ such that
⋂
n∈Z

f n(U) = �.

We say that Λ is hyperbolic if the tangent bundle TΛM has a Df-invariant splitting Es

⊕ Eu and there exist constants C > 0 and 0 < l < 1 such that
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∥∥Dxf
n|Esx

∥∥ ≤ Cλnand
∥∥Dxf

−n|Eux
∥∥ ≤ Cλn

for all x Î Λ and n ≥ 0. Moreover, we say that Λ admits a dominated splitting if the

tangent bundle TΛM has a continuous Df-invariant splitting E ⊕ F and there exist con-

stants C > 0 and 0 < l < 1 such that

||Dxf n|E(x)|| · ||Dxf−n|F(f n(x))|| ≤ Cλn

for all x Î Λ and n ≥ 0.

Let p Î P (f) be a hyperbolic saddle with period π(p) > 0. Then there are the local

stable manifold Ws
ε(p) and the unstable manifold Wu

ε (p) of p for some � = � (p) > 0.

It is easily seen that if d(fn(x), fn(p)) ≤ �, for all n ≥ 0 then x ∈ Ws
ε(p) , and if d(fn(x), fn

(p)) ≤ � for all n ≤ 0 then x ∈ Wu
ε (p) . The stable manifold Ws(p) and the unstable

manifold Wu(p) defined as followings. It is well known that if p is a hyperbolic periodic

point of f with period k then the sets

Ws(p) = {x ∈ M : f kn(x) → p as n → ∞} and
Wu(p) = {x ∈ M : f−kn(x) → p as n → ∞}

are C1-injectively immersed submanifolds of M.

A point x Î Ws(p) ∩ Wu(p) is called a homoclinic point of f associated to p, and it is

said to be a transversal homoclinic point of f if the above intersection is transversal at

x; i.e., x Î Ws(p) ⋔ Wu(p). The closure of the transversal homoclinic points of f asso-

ciated to p is called the transversal homoclinic class of f associated to p, and it is

denoted by Hf (p). Let q be a hyperbolic periodic point of f. We say that p and q are

homoclinically related, and write p ~ q if

Ws(p) � Wu(q) �= ∅ and Wu(p) � Ws(q) �= ∅.

It is clear that if p ~ q then index(p) = index(q); i.e., dimWs(p) = dimWs(q). By the

Smale’s transverse homoclinic point theorem, Hf (p) coincides with the closure of the

set of hyperbolic periodic points q of f such that p ~ q. The homoclinic class is a tran-

sitive set, compact and f-invariant set. Homoclinic classes are the natural candidates to

replace hyperbolic basic sets, for instance, if f is Axiom A, then Smale’s spectral

decomposition theorem says that the non-wandering set can be decomposed into

finitely many basic sets, and each basic set is a homoclinic class.

We say that a subset G ⊂ Diff(M) is residual if G contains the intersection of a

countable family of open and dense subsets of Diff(M); in this case G is dense in Diff

(M). A property “P” is said to be (C1)-generic if “P” holds for all diffeomorphisms

which belong to some residual subset of Diff(M). We use the terminology “for C1 gen-

eric f“ to express “there is a residual subset G ⊂ Diff(M) such that for any f ∈ G ...”.

We prove that C1-generically, Λ is a locally maximal homoclinic class containing

hyperbolic periodic point p, and f has the usual limit shadowing property if and only if

the homoclinic class is hyperbolic.

Very recently, Lee and Wen [5] showed that C1 generically, a locally maximal chain

transitive sets is shadowable if and only if it is hyperbolic. From the above facts, we

study relations between the usual limit shadowing property and hyperbolic. From now,

we only consider the homoclinic class containing a hyperbolic periodic point p which
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is saddle because, if the point p is sinks or sources then they are one orbits. In this

article, the following is the main result.

Theorem 1.1 For C1 generic f, a locally maximal homoclinic class Hf (p) is usual

limit shadowable if and only if the homoclinic class Hf (p) is hyperbolic.

2 Proof of Theorem1.1
Let M be as before, and let f Î Diff(M). Denote by P (f) the set of periodic points of f.

Let p be a hyperbolic periodic point of f.

Proposition 2.1 There is a residual set G′ ⊂ Diff(M) such that for any f ∈ G′ , if a
locally maximal homoclinic class Hf (p) is usual limit shadowable then for any hyper-

bolic q Î Hf (p) ∩ P (f),

index(p) = index(q),

where index(p) = dimWs(p).

To prove Proposition 2.1, we need the following lemmas.

Lemma 2.2 Let Hf (p) be a homoclinic class of p. Suppose that f has the usual limit

shadowing property on Hf (p). Then for any q ⊂ Hf (p) ∩ Ph(f),

Ws(p) ∩ Wu(q) �= ∅, and Wu(p) ∩ Ws(q) �= ∅,

where Ph(f) is the set of hyperbolic periodic points of f.

Proof. Let q Î Hf (p) be a hyperbolic periodic point of f. Suppose that f has the usual

limit shadowing property on Hf (p). To simplify, assume that f(p) = p and f(q) = q.

Since q Î Hf (p) and Hf (p) = {q ∈ P(f ) : q ∼ p} , for any small h > 0, we can take x Î

Hf (p) and k > 0 such that x ~ p, d(f-k(x), q) <h and d(fk(x), p) <h.
Then we can construct a limit pseudo orbit ξ as follows.

Put f-k-i(q) = x-k-i, f
k+i(p) = xk+i for i ≥ 0 and fi(x) = xi, f

-i(x) = x-i for 0 ≤ i ≤ k - 1.

Then

ξ = {. . . , q, q, f−k+1(x), . . . , f−1(x), x, f (x), . . . , f k−1(x), p, p, . . .}
= {. . . , x−k−1, x−k, x−k+1, . . . , x−1, x0(= x), x1, . . . , xk−1, xk, . . .}.

It is clearly, ξ ⊂ Hf (p).

Since f has the usual limit shadowing property on Hf (p), we can find a point y Î M

such that d(fi(y), xi) ® 0 as i ® ± ∞.

Since x-k-i = q and xk+i = p for i ≥ 0, d(fi(y), p) <� for all i ≥ k, and d(fi(y), q) <� for

all i ≤ -k.

Therefore, Of (y) ∩ Ws(p) �= ∅ and Of (y) ∩ Wu(q) �= ∅ . Thus, one can get

Wu(p) ∩ Ws(q) �= ∅.

Other cases is similar.

To prove Proposition 2.1, we need the following fact which is well-known Kupka-

Smale Theorem.

Lemma 2.3 There is a residual set G1 ⊂ Diff(M)such that for any f ∈ G1 , every per-

iodic point of f is hyperbolic, and the stable manifolds and the unstable manifolds of

periodic points are all transverse.
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Proof of Proposition 2.1. Let f ∈ G′ = G1 , and let q be a hyperbolic periodic point

in Hf (p). Suppose that f has the usual limit shadowing property on Hf (p). Then by

Lemmas 2.2 and 2.3, Ws(p) � Wu(q) �= ∅ , and Wu(p) � Ws(q) �= ∅ . Thus index(p) =

index(q). Therefore, q ~ p.

Denote by F(M) the set of f Î Diff(M) such that there is a C1 neighborhood U(f )
of f such that for any g ∈ U(f ) and every p Î P (g) is hyperbolic. In [6], Hayashi

proved that f ∈ F(M) if and only if f satisfies both Axiom A and no-cycle condition.

From the above facts, we show the following.

Proposition 2.4 There exists a residual set G ′′ ⊂ Diff(M)such that for any f ∈ G′′ , if

f has the usual limit shadowing property on a locally maximal homoclinic class Hf (p)

then f ∈ F(M) .

The following lemma was proved by Lee [7], here we will give sketch of the proof.

Lemma 2.5 There exists a residual set G2 ⊂ Diff(M)such that for any f ∈ G2 , we

have the following property. For any C1-neighborhood U(f )of f there is g ∈ U(f )such
that g has two distinct hyperbolic periodic points pg, qg Î P(g) with different indices

then f has two distinct hyperbolic periodic points p, q Î P (f) with different indices.

Proof. Take a countable basis B = {Un}n∈N of M. For each Un ∈ B , we defined by

Hn the set of all diffeomorphisms f such that f has a C1-neighborhood U(f ) of f with

the following properties: for any g ∈ U(f ) , there are pg, qg Î Un, distinct periodic

hyperbolic points of g with different indices. Then it is clear that Hn is open in Diff

(M) for each n Î N. Let

Nn = Diff (M) − Hn.

Then Hn ∪ Nn is an open and dense subset of Diff(M). Put

Rn =
⋂
n∈N

Hn ∪ Nn,

is a residual subset of Diff(M). Then

G2 =
⋂
n∈N

Rn,

is also a residual subset of Diff(M). Let f ∈ G2 . Suppose that for any C1-neighbor-

hood U(f ) of f, there exist g ∈ U(f ) and Un ∈ B such that pg and qg distinct hyper-

bolic periodic points of g with Different indices which are elements in Un. Then

f ∈ Hn . Since f ∈ G2 we know that f ∈ Hn . Thus there are p, q distinct hyperbolic

periodic points of f with different indices.

Now, we introduce the notion of the weak eigenvalue (see [8]). Let p be a periodic

point of f. For 0 <δ < 1, we say p has a δ-weak eigenvalue if Dpf
π(p) has an eigenvalue l

such that (1 - δ)π(p) <|l| < (1 + δ)π(p). Note that if p is a hyperbolic periodic point of f

then p does not have the δ-weak eigenvalue. Because if p has a δ-weak eigenvalue then

by Franks’ Lemma, there exist a diffeomorpshism g C1-nearby f such that the periodic

point pg has an eigenvalue, say l, and |l| = 1. Thus this is a contradiction by the stabi-

lity theorem.

Remark 2.6 [8, Lemma 2.1(2)] There exists a residual set G3 ⊂ Diff(M)such that if

f ∈ G3then for any δ > 0, if for every neighborhood U(f ) of f there exist g ∈ U(f )
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which has a periodic point q ~ pg with δ-weak eigenvalue, then f has a periodic point g
~ p with 2δ-weak eigenvalue.

Lemma 2.7 [[9], Lemma 2.4] Let Λ be locally maximal in U, and let U(f )be a C1-

neighborhood of f. If for any g ∈ U(f ) , p Î Λg(U) ∩ P(g) is not hyperbolic, then there is

g1 ∈ U(f )possessing hyperbolic periodic points q1 and q2 in Λg1 (U) with different

indices, where �g1 (U) = ∩n∈Zgn1(U) .

Lemma 2.8 There exists a residual set G4 ⊂ Diff (M) such that if f ∈ G4 , and Hf (p)

is a locally maximal homoclinic class of p which satisfies the usual limit shadowing

property, then there exists δ >0 such that no point in Hf (p) has a δ-weak eigenvalue.

Proof. Let G4 = G1 ∩ G2 ∩ G3 . Suppose that f has the usual limit shadowing property

on a locally maximal homoclinic class Hf (p). We will derive a contradiction. Let

f ∈ G4 , and U(f ) be a C1-neighborhood of f. Suppose that for n Î N, there is qn Î Hf

(p) ∩ P(f) such that qn has a 1/n-weak eigenvalue. By Franks’ Lemma and Lemma 2.7,

there exists g ∈ U(f ) such that g has two distinct periodic orbits pg and

qg ∈ �g(U) = ∩n∈Zgn(U) with different indices. Since f ∈ G4 , f has two different peri-

odic orbit p and q in Hf (p) with different indices. Since f has the the usual limit sha-

dowing property on Hf (p) and f is a Kupka-Smale Diffeomorphism, this is a

contradiction.

Proof of Proposition 2.4. Let f ∈ G′′ = G4 and let U(f ) be a C1-neighborhood of f.

Suppose that f has the usual limit shadowing property on a locally maximal homoclinic

class Hf (p). The proof is by contradiction. Suppose that f /∈ F(M) . Then there exist

g ∈ U(f ) and δ > 0 such that non-hyperbolic periodic point pg Î P(g) and pg has a δ/

2-weak eigenvalue. By Remark 2.6, f has a δ-weak eigenvalue, which is a contradiction,

by Lemma 2.8.

From the above Proposition 2.4, we get the following results.

Proposition 2.9 Let f ∈ G′′ . If f has the usual limit shadowing property on a locally

maximal homoclinic class Hf (p) then there exist constants m >0 and 0 <l < 1 such

that for any periodic point q Î Hf (p),

π(q)−1∏
i=0

||Dfm|Es(f im(q))|| < λπ(q),

π(q)−1∏
i=0

||Df−m|Eu(f−im(q))|| < λπ(q)

and

||Dfm|Es(q)|| · ||Df−m|Eu(f−m(q))|| < λ2,

where π(q) denotes the period of q.

Let us recall Mañé’s ergodic closing lemma in [10]. For any � > 0, let B�(f, x) an

�-tubular neighborhood of f-orbit of x, i.e.,

Bε(f , x) = {y ∈ M : d(f n(x), y) < ε, for some n ∈ Z}.

Let ∑f be the set of points x Î M such that for any C1-neighborhood U(f ) of f and �

> 0, there are g ∈ U(f ) and y Î P(g) satisfying g = f on M \ B� (f, x) and d(fi(x), gi(y))
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≤ � for 0 ≤ i ≤ π(y). We say that a point x Î M is well closable for f Î Diff(M), if for

any � > 0 there are g Diff(M) with d1(f, g) <� such that d(fn(x), gn(p)) <� for any 0 ≤ n ≤

π(p), where π(p) is the period of p, and d1 is the C1-metric. Let ∑f denote the set of

well closable points of f. In [10], Mañé showed that for any f-invariant Borel probability

measure μ on M, μ(∑f) = 1. Let M be the space of all Borel measures μ on M with

the weak* topology. Then we know that for any ergodic measure μ ∈ M of f, μ is

supported on a periodic orbit Of (p) = {p, f (p), . . . , f π(p)−1(p)} if and only if

μ =
1

π(p)

π(p)−1∑
i=0

δf i(p),

where δx is the atomic measure respecting x. In this regards, we mention some invol-

ving results. In [11,12], Crovisier explained Mañé’s ergodic closing lemma which gives

the measure theoretical viewpoint on the approximation by periodic orbit, that is, any

ergodic invariant probability measure μ of C1-generic Diffeomorphism is the limit of a

sequence of invariant measures supported by periodic orbits Of (pn) . Moreover, the

orbits Of (pn) converge to the support of μ for the Hausdorff topology. From the

above facts, we get the following results.

Lemma 2.10 [11, Theorem 3.1] Let Hf (p) be the homoclinic class of p. Then there is

a measure μ ∈ Mf (Hf (p))which has supp(μ) = Hf (p), where Mf (�)= {μ: μ is an f-

invariant Borel probability on M such that supp(μ) ⊂ Λ}, endowed with the weak*

topology.

The following lemma is proved by Lee and Wen [5].

Lemma 2.11 [5, Lemma 2.3] There is a residual set G5 ⊂ Diff(M)such that for any

f ∈ G5 , f satisfies that any ergodic invariant measure μ of f is the limit of sequence of

ergodic invariant measure supported by periodic orbits Of (pn) in the weak topology.

Moreover, the orbit Of (pn)converges to the support of μ in the Hausdor topology.

End of the proof of Theorem 1.1. Let f ∈ G6 = G′′ ∩ G5 , and let q be a hyperbolic

periodic point of f. Suppose that f has the usual limit shadowing property on a locally

maximal homoclinic class Hf (p). From Propositions 2.1 and 2.4, we know that Hf (p)

admits a dominated splitting THf (p)M = E ⊕ F with dim(E) = index(p). To prove Theo-

rem 1.1, it is enough to show that Dfm is contracting on E and Dfm is expanding on F.

To simplify, we denoted fm by f. By contradiction, we may assume that Df is not con-

tracting on E. Then we can find a point x ÎHf (p) such that

n−1∏
i=0

||Df |E(f i(x))|| ≥ 1,

for n ≥ 0. Define a probability measure

μn =
1
n

n−1∑
i=0

δf i(x),

where δx is the atomic measure respecting x. Then there exists μnk → μ ∈ M as k

® ∞. We can see that μ is a f-invariant measure on M and supp(μ) ⊂ Hf (p).
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Then by Lemma 2.10, supp(μ) = Hf (p). Thus
∫

log||Df |E(x)||dμ = lim
k→∞

∫
log||Df |E(x)||dμnk

= lim
k→∞

∫
1
n

∑
i=0

log||Df |E(f i(x))|| ≥ 0.

By the ergodic decomposition theorem, there is an ergodic measure ν with supp(ν) =

Hf (p) such that
∫

log||Df |E(x)||dν ≥ 0.

Then by Lemma 2.11, we can choose a sequence of ergodic f-invariant measures νn
such that the support of each νn is a periodic orbit Of (pn) , {νn} converges ν and

Of (pn) converges to the support of ν. Since Hf (p) is locally maximal, we may assume

that every Of (pn) is contained in Hf (p) for sufficiently large n. By Proposition 2.4, we

have
∫
log||Df |E(x)||dνn< log λ < 0,

for sufficiently large n. Since νn ® ν in the weak* topology, we see that
∫

log||Df |E(x)||dνn →
∫

log||Df—E(x)||dν

as n ® ∞. Thus we know
∫

log||Df |E(x)||dν < 0.

This is a contradiction. Thus Dfm is contracting on E. Similarly we can see that Dfm

is expanding on F.

C1-generically, a locally maximal homoclinic class is locally maximal transitive set

which is the following facts.

Lemma 2.12 [11, Theorem 4.10] For C1-generic f, a locally maximal transitive set is

a locally maximal homoclinic class HV (p), where V is a compact neighborhood of Hf

(p), and HV (p) is a locally maximal in V.

Corollary 2.13 For C1-generic f, a locally maximal transitive set is hyperbolic.
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