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Abstract
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U={zeC:|z] <1}
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1 Introduction
Let A(p) denote the class of functions f(z) of the form

f@ =2+ ar,2", 11)

k=1

which are analytic in the open unit disc U = {z € C: |z| < 1}. Also, let A = A(1).
We begin by recalling that a general Hurwitz-Lerch Zeta function ®(z,s,b) defined by
(cf, e.g, [1, p.121 et seq.])

®(z,s,b) = - (1.2)
kX:o: (k + b)

(beC\Zy, Zy =7~ U{0} ={0,-1,-2,...}, s € C when z € U, Re(s) > 1 when |z| = 1), which
contains important functions of the Analytic Number Theory.

Several properties of ®(z, s, b) can be found in many papers, for example, Choi et al. [2],
Ferreira and Lépez [3], Gupta et al. [4] and Luo and Srivastava [5]. See, also Kutbi and
Attiya [6, 7], Srivastava and Attiya [8] and Owa and Attiya [9].

Srivastava and Attiya [8] introduced the operator J;;(f) (f € A), which makes a connec-
tion between Geometric Function Theory and Analytic Number Theory, defined by

]s,b(f)(z) = Gs,b(z) *f(Z)
(zeU;f € A;b e C\Zg;s € C), (1.3)
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where
Gsp(2) = (1 + b)’[@(2,5,b) - b°] (1.4)

and * denotes the Hadamard product (or convolution).
Furthermore, Srivastava and Attiya [8] showed that

X /1+b\*
Jsb(f)(z) =z + (—) apZ" (f e A). 1.5)
kg k+b

As special cases of J;,(f) (f € A), Srivastava and Attiya [8] introduced the following iden-
tities:

Jos(f)(2) = f(2),

Ji0()(@) = A(f)(2),

J11(F)(2) = L()(2),

Jiy ()@ =L, (f)(z) (y real;y >-1),

and

Jon()(2) =I°(f)(2) (o real; 0 >0),

where the operators A(f) and L(f) are the integral operators introduced earlier by Alexan-
der [10] and Libera [11], respectively, L, (f) is the generalized Bernardi operator, L, (f)
(y e N={1,2,...}) introduced by Bernardi [12] and I° (f) is the Jung-Kim-Srivastava in-
tegral operator introduced by Jung et al. [13].

Moreover, in [8], Srivastava and Attiya defined the operator J;;(f) (f € A) for b e C\Z",
by using the following relationship:

JoH(@ = lims(f)(@). (1.6)
Some applications of the operator J; ;(f) to certain classes in Geometric Function Theory

can be found in [14-16] and [17].

Liu [15] defined the generalized Srivastava-Attiya operator as follows:

ad 1+b6 \°
/4 _ P k+p
Jop()(2) =28 + ké (—k+ . b) AspZ
(z eU;f e Alp);b e C\Zy;s € (C). 1.7)

Now, we define the function G;;; by

Gspy=1+2z(t+b)°P(z,5,1+t+b)

(zeU;be C\Zy;s € Cit e R), (1.8)
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we denote by

T5H(F) : Alp) — A), (1.9)
the operator defined by

T @) =2 Gy f(2)
(zeU;f € A(p);b € C\Zg;s € Gt € R), (1.10)

where * denotes the convolution or Hadamard product.

We note that
ThH(N2) =2 + i( . t+b )sak+pzk+f’ (ze) (1.11)
\k+t+b
and
THE) =2, (1.12)

Moreover, let D be the set of analytic functions ¢(z) and injective on U\E(q), where
E(q) = |; €U : lim ¢(2) = oo}
z—=>C

and ¢'(z) # 0 for ¢ € dU\E(q). Further, let D, = {g(z) € D: g(0) = a}.
In our investigations, we need the following definitions and theorem.

Definition 1.1 Let f(z) and F(z) be analytic functions. The function f(z) is said to be sub-
ordinate to F(z), written f(z) < F(z), if there exists a function w(z) analytic in U, with
w(0) = 0 and |w(z)| <1, and such that f(z) = F(w(z)). If F(z) is univalent, then f(z) < F(z)
if and only if f(0) = F(0) and f(U) C F(U).

Definition1.2 Let ¥ : C? x U — C beanalytic in domain D, and let 4(z) be univalent in U.
If p(2) is analytic in U with (p(z),zp'(z)) € D when z € U, then we say that p(z) satisfies a
first-order differential subordination if:

‘ll(p(z),zp/(z);z) <h(z) (zel). (1.13)

The univalent function g(z) is called dominant of the differential subordination (1.13), if
p(z) < q(z) for all p(z) satisfies (1.13), if g(z) < g(z) for all dominant of (1.13), then we say
that g(z) is the best dominant of (1.13).

Definition 1.3 [18, p.27] Let 2 be asetin C, g € D and n € N = {1,2,...}. The class of
admissible function W,[2,q] consists of those functions ¥ : C3 x U — C that satisfy the
admissibility condition ¥ (r,s, ;2) ¢ Q2 whenever r = g(¢), s = k¢ q'(¢), and

Re<3 . 1) i} kRe(ﬁ/(;) +1> (z € U;z € D\E(q);k > n).
s q()

We write W1 [€2,g] as W[, q].
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In particular, when ¢(z) = MMz+a) \ith M > 0 and |a| < M, then qU) =Up:={w:|w| <

M+az
M}, q(0) = a, E(g) = 0 and g € D. In this case, we set V,[Q2, M, a] := ¥,[2,q] and in the
special case when the set Q = Uy, the class is simply denoted by ¥,,[M, a].

Theorem 1.1 [18, p.27] Let ¥V € V, [, q] with q(0) = a. If the analytic function p(z) = a +

> o2 ax ZX satisfies
Y (p(2),2p'(2),2°p" (2);z) € (z€ ),
then p(z) < q(2).
2 Some subordination results with ‘75",,
Definition 2.1 Let Q be a set in C and g(z) € DN A,. The class of admissible functions
@[, g] consists of those functions ¢ : C> x U — C that satisfy the admissibility condition:

o(u,v,w;z) & Q,

whenever

, - ked(6) +(t+b-p)a(s)
N t+b

(t+Dby’w—(t+b-p)u sq"(s)
Re( C+bv—(t+b-pu ‘2“+”"”)sz"< ) ”)’

u=q(s),

’

where z € U, ¢ € dU\E(g) and k > p.
Theorem 2.1 Let ¢ € ®[RQ,q]. If f(2) € A, satisfies

{0(Fip(2), Tip(2), T p(202)} €@ (z€ ), 2.1)
then

Ty <4q(2). (2.2)
Proof Let us define the analytic function p(z) as

p2)=T5f (@) (zel). (2.3)

Using the definition of J,, we can prove that

2T f @) = (t+ D) TWf @) -t + b —p) T 4f ), (2.4)

then we get

_zp'(2) + (t+b-p)p(z)
N (t+Db) ’

Touf (2)
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which implies

22p'(@)+ 2t +b-p)+Dzp'(2) + (t+ b —p)ZP(Z).

Ttf (@) = s (2.6)
Let us define the parameters u, v and w as
s+(E+b-p)r T+Qt+b—p)+Ds+({t+b-p)r

u=r, = W and w= T D)2 . (27)
Now, we define the transformation

v :C?xU—C,

Y (r,s,1,2) = p(u, v, w; 2), (2.8)
by using the relations (2.3), (2.5), (2.6) and (2.8), we have

V¥ (p(2), 20 (2), 2°p" (2 2) = b (T uf (@), T (@), TE 1 (2 2). (2.9)

Therefore, we can rewrite (2.1) as

v (p(2),20'(2), 2P (2); 2) € Q.

Then the proof is completed by showing that the admissibility condition for ¢ € @[, 4]
is equivalent to the admissibility condition for W as given in Definition 1.3.
Since
T (t+b)>*w—(t+b-p)u

s G bv—(rb—pu 2EFEP) 210

Therefore, Y € W[, g]. Also, by Theorem 1.1, p(z) < g(2). (]
If @ # C is a simply connected domain, then Q = 4(U) for some conformal mapping /(z)

of U onto Q. In this case the class ®[#(U), q] is written as @[k, q].

The following theorem is a direct consequence of Theorem 2.1.

Theorem 2.2 Let ¢ € ®[h,q]. If f(z) € A(p) satisfies the following subordination relation:
(T2, Tip(0), Ty y(@)2) < hiz) (2 €U), (211)
then
Ty < q(2)-

The next corollary is an extension of Theorem 2.2 to the case where the behavior of g(z)

on dU is not known.
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Corollary 2.1 Let 2 C C and let q(2) be univalent in U, q(0) = 0. Let ¢ € ®[2, q,,] for some
p €(0,1) where q,(z) = q(pz). If f(z) € A(p) satisfies

¢(Tiap(@) Top(2) Tl (@)2) €2 (z€ D),

then
*7s£+1,b < q(2).

Proof By using Theorem 2.1, we have J,, , < q,(2z). Then we obtain the result from
qp(2) < q(2). 0

Theorem 2.3 Let h(z) and q(z) be univalent in U, with q(0) = 0 and set q,(z) = q(pz) and
h,(2) = h(pz). Let ¢ : C* x U — C satisfy one of the following conditions:

(1) ¢ € ®[h,q,] for some p € (0,1), or

(2) there exists po € (0,1) such that ¢ € ®[h,,q,] for all p € (po,1).

Then

Tinsf (&) <q(@)  (f(z) € AQp)).

Proof The proof is similar to the proof of [18, Theorem 2.3d, p.30], therefore, we omit-
ted it. O

Theorem 2.4 Let h(z) be univalent in U. Let ¢ : C* x U — C. Suppose that the differential
equation

’

zq'(z) + (t + b - p)q(2)
¢ (q(Z), c+D)

2°q"(2) + 2t + b—p) + )zq'(2) + (t + b— p)*q(2) 'Z) = h(z)
(t+b)? T

(2.12)

has a solution q(z) with q(0) = 0 and satisfies one of the following conditions:
(1) q(z) € Do and ¢ € ®[h,q],
(2) q(2) is univalent in U and ¢ € ®[h,q,] for some p € (0,1), or
(3) q(2) is univalent in U and there exists po € (0,1) such that ¢ € ®lh,,q,] for all
P € (po,1).
Then

T (@) <q@)  (f(z) € AW)), (2.13)
and q(z) is the best dominant.

Proof Following the same proofin [18, Theorem 2.3e, p.31], we deduce from Theorems 2.2
and 2.3 that g(z) is a dominant of (2.13). Since ¢g(z) satisfies (2.12), it is also a solution
of (2.11) and, therefore, g(z) will be dominated by all dominants. Hence, g(z) is the best
dominant. O
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In the case g(z) = Mz, M > 0 and in view of the Definition 2.1, the class of admissible
functions @[, q] denoted by ®[2, M] is defined below.

Definition 2.2 Let 2 be a set in C and M > 0. The class of admissible functions ®[2, M]

consists of those functions ¢ : C* x U — C that satisfy the admissibility condition

é (Mel’", ki : Z “P e, L+(+25- 2p(: 1):): (¢+b-py)Me" ;z) ¢Q, (2.14)
where z € U, and Re(Le™) > (k — 1)kM for all real @ and k > p.
Corollary 2.2 Let ¢ € ®[Q2, M]. Iff(z) € A(p) satisfies

(@) Top(@), Ty (2)2) €2 (z€T), (215)

then
’\Zil’h(z)} <M.

In the case Q2 = q(U) = {w : |w| < M}, for simplification, we denote by ®[M] to the class
D[R, M].

Corollary 2.3 Let ¢ € [M]. Iff(2) € A(p) satisfies
(T 5(2), TEp(2), TEy y(2):2) | <M (z€ ), (2.16)
then
| T (@) < M.
Corollary 2.4 Let M > 0 and Re(b) > p — t. I f(z) € A(p) satisfies

|6+ b= )T @) + (+ D)T4(2) - (¢ + B TL1,(2)|

<[plp-1)+@2p-1)(t - p +Re(b))], (2.17)
then
| T 1, (2)] < M.
Proof In Corollary 2.2, taking ¢ (u, v, w; z) = (t + b — p)*u — (t + b)v — (¢t + b)*w and Q = h(U)

where h(z) = [p(p - 1) + 2p — 1)(t — p + Re(b))|Mz.
Since

o

= |(t +b—p)’Me” — (k +t+b—p)Me”

k+t+b-p ., L+((2t+2b-2p+1)k+(t+b—p)*)Me”
Me", 4
t+b (t + b)?
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—[L+(@t+2b-2p+ Dk +(t+b-p)*)Me”]|
= |L+ @k -1)(t +b-p)Me” |
>Re(Le™) + (2k —1)MRe(t + b - p)
> k(k —=1)M + (2k —1)M(t — p + Re(b))
> [plp-1)+ 2p-1)(t - p + Re(b)) | M.

Therefore, ¢ € [, M] satisfies the admissible condition (2.14). Then we have the theo-
rem by Corollary 2.2. O

Definition 2.3 Let Q be a set in C and ¢(z) € Dy N A. The class of admissible functions
®,[Q, M] consists of those functions: C® x U — C that satisfy the admissibility condition

o(u,v,w;z) & Q,

whenever

, - ked(5) + (£ +b-1)q(s)
N t+b

(t+b)Pw—(t+b-1)12u - sq'(s)
Re( G bv—(b-Du —2(t+b—1)> _kRe( 7 +1),

)

u=q(s),

where z € U, ¢ € dU\E(q) and k > 1.

Theorem 2.5 Let ¢ € ®1[Q,q]. Iff(2) € A, satisfies

Tip@ T2 T, (2)
{4)( el L et ;z)}CQ (ze), (2.18)
then
Ji
Zp—_ll’b<61(z)'

Proof Let us define the analytic function p(z) as

_ T @

p(2) (ze ). (2.19)

By using (2.4), we have

Tf @) zp'(2) + (t+ b-1)p(z)

/&) _ s , (2.20)
which implies
T f (@) _ Z22p"(z) + 2t +b) - D)zp/(2) + (¢ + b — 1)210(2)' (2.21)

1 (t +b)?

Page 8 of 14
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Define the parameters u, v and w as

s+(t+b-1r T+ Q20+b)-Ds+(t+b-1)>%r
= W and w= (t A b)2 ’ (2.22)

u=r,

now, we define the transformation

v:C?xU—C,

Y (r,s,1;2) = p(u, v, w; 2), (2.23)
by using the relations (2.3), (2.5), (2.6) and (2.8), we have

¥ (p(2),20/(2),2°p" (2); 2) = (T} 4f (2), T3 (@), T (25 2). (2.24)

Therefore, we can rewrite (2.18) as

¥ (p(2), 20/ (2),2°p" (2);2) € Q.

Then the proof is completed by showing that the admissibility condition for ¢ € &1, 4]
is equivalent to the admissibility condition for W as given in Definition 1.3.
Since
T E+b)*w—(t+b-1)1>u

;+1= Cibv—Gib-Du -2(t+b-1). (2.25)

Therefore, ¥ € W[, g]. Also, by Theorem 1.1, p(z) < g(z). O

If @ # C is a simply connected domain, then Q = 4(U) for some conformal mapping /(z)
of U onto Q. In this case, the class ®,[/#(U), q] is written as ®;[4, q].

In the particular case g(z) = Mz, M > 0, the class of admissible functions ®;[€2,4] is
denoted by ®;[2, M].

The following theorem is a direct consequence of Theorem 2.5.

Theorem 2.6 Let ¢ € O1[h,q]. If f(2) € A(p) satisfies the subordination relation

t t t
¢<‘7S;’Z(Z)f j;’f_(lz ), \7;;{’1(2);2> <h(z) (zel), (2.26)
then
jt
Zj}f <q(2).

Definition 2.4 Let Q be a set in C and M > 0. The class of admissible functions ®;[2, M]
consists of those functions ¢ : C> x U — C that satisfy the admissibility condition

k+t+b—1M o L+ (2t +2b -1k + (¢ + b-1)*)Me"
o .

i0
¢<Me , —y , (t1D)? ,z) ¢ Q, (2.27)

where z € U and Re(Le ™) > (k — 1)kM for all real 6 and k > 1.

Page 9 of 14
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Corollary 2.5 Let ¢ € ©1[Q,M]. Iff(z) € A(p) satisfies

1@ Tp(@) T(2)
¢ -1 ’ -1 ’ zp-1

;z) e (ze€l), (2.28)

then

Tz
‘ s+1,b( ) <M
Zp—l

In the case Q2 = q(U) = {w : |w| < M}, for simplification we denote by ®;[M] to the class
D[, M].

Corollary 2.6 Let ¢ € O1[M]. Iff(z) € A(p) satisfies

@) T Th k)
‘¢( z;bl ,szl’ z;'fl ;z) <M (zel), (2.29)
then
‘Zil,b(z)
Zp—l
<M. Then
std-n,b(z)
—p1 <M neZ,zel). (2.30)

Proof Putting ¢(u,v,w;z) = v, in Corollary 2.6, we have

sfb(z) ‘7s+1 b(z
-1
Therefore, the result is obtained by induction. O

Corollary 2.8 Let M >0 and Re(b) >1 - t. If f(z) € A(p) satisfies

th( )

—(t+ b)Zl—h(z)

‘(t b— 1)2 s+1b( ) (t b)
<M(t-1+ Re(b)), (2.31)

then

‘ ~7st+1 b(z)

Proof In Corollary 2.5, taking ¢ (u, v, w; z) = (£ + b —1)%u— (¢ + b)v — (¢t + b)*w and Q = 4(U)
where h(z) = [(¢ — 1 + Re(b))|Mz.
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Since

o (Me” k+t+b—1M o L+ ((2t+2b-1)k + (¢ + b—1)*)Me"
e, e, 5
t+b (t+ D) ‘

= |(t+b-1)>Me"” — (k+t+b-1)Me” —[L+ ((2t +2b— Dk + (t + b—1)*) Me” ||
= |L+ (k- 1)(t + b - 1)Me" |

>Re(Le™) + (2k —1)MRe(t + b-1)

> k(k —=1)M + (2k - 1)M(t -1+ Re(b))

> M(t—1+Re(b)).

Therefore, ¢ € ®[Q2, M] satisfies the admissible condition (2.14). Then we have the theo-
rem by Corollary 2.5. O

Definition 2.5 Let Q be a set in C and g(z) € DN A,. The class of admissible functions
@, [, q] consists of those functions ¢ : C* x U — C that satisfy the admissibility condition

o(u,v,w;z) ¢ Q,

whenever

kesq'(c)

u=q(s), V=Q(§)+m (a(5) #0),
Re((t+b)v(w—v)—(t+b)(v—u)(2u—v)) ZkRe(S‘I”(g) +1),
(v—u) q(s)

where z € U, ¢ € dU\E(q) and k > 1.
(zeU;¢ € dU\E(q) s k> 1).

Theorem 2.7 Let ¢ € ©,[2,q] and jsil’b(z) #0.Iff(2) € A, satisfies

MICIRVARTACIRVARYACIN )}
{‘”(J;Lb(z)’ T T ) < EeD (232)
then
jt
7 'b% <4 (2.33)
s+1,b

Proof Let us define the analytic function p(z) as

~7sfb (2)
Tap(@

plz) = (z e ). (2.34)

Using (2.4) and (2.34), we get

T, (@) _ 1 zp/(2)

T (2) P+ (t+b) pz)’ (2.35)
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which implies

) , 2@ | (@) ()2
jf_w(z) o)+ 1 {zp (2) .\ (t+Db)zp'(z) + Z[]:(z)z + ZII:(Z';' B (Z;’(j ) } (2.36)
T 1@ (t+b) | pl) (t+b)p(a) + L2
Let us define the parameters u, v and w as
1
u=r, V:r+(t+b); and
1 (s (t+b)s+Z+5—-(%)?
— 2 r_r_r . 2.37
v r+(t+b){r (t+b)r+7 } ( )
Now, we define the transformation
v:C2xU—C
¥(r,s,1;2) = p(u, v, w; 2), (2.38)
by using the relations (2.34), (2.35), (2.36) and (2.38), we have
TIH@) Tl @ T2
’ 2.1 s,b s-1,b s—2,b
z2),zp (2),2°p (2);2) = , ) 52 ). 2.39
¥ (p(a), 2 (@), 25 (2):2) ¢(j;+w(z) S ) (2.39)

Therefore, we can rewrite (2.32) as

¥ (p(2), 20 (2), 2P (2); 2) € Q.

Then the proof is completed by showing that the admissibility condition for ¢ € ®,[,g]
is equivalent to the admissibility condition for W as given in Definition 1.3.
Since

T 1o E+b)yy(w—-v)=(t+b)v—u)Ru-v)

S (v—u)

Therefore, ¥ € W[, g]. Also, by Theorem 1.1, p(z) < g(2). O

If @ # C is a simply connected domain, then 2 = 4#(U) for some conformal mapping /(z)
of U onto Q. In this case the class ©,[/#(U), g] is written as ®[4, ¢q].

In the particular case g(z) =1 + Mz, M > 0, the class of admissible functions ®,[€2, 4] is
denoted by ®,[2, M].

The following theorem is a direct consequence of Theorem 2.7.

Theorem 2.8 Let ¢ € Oy[h,q]. If f(2) € A(p) satisfies the subordination relation

sfh(z) »7s€1,b(z) ‘-7st—2,b(z)' )
d’(xil,b(z)’ To@ Ty ) <MD e 2.40)
then
T5p(2)

T 1@
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Definition 2.6 Let Q beasetin C and M > 0. The class of admissible functions ®,[$2, M]
consists of those functions ¢ : C*> x U — C that satisfy the admissibility condition

¢(1 +Me,1+ (1 + ;)Meie,l + <1 + ;)Me*’
(t + b)(1 + Me'?) (t+ b)(1 + Me'?)
(M+e)[Le™ + (t+ b+ 1)kM + (t + kM) - I°M
T D) M+ e )+ b)e + (20t +b) + M + (£ + b)M2e?] ’Z)

€Q, (2.41)

where z € U and Re(Le ™) > (k — 1)kM for all real 6 and k > 1.

Corollary 2.9 Let ¢ € ®,[Q2, M]. If f(z) € A(p) satisfies

sb(z) th(z) jtzb() )
Q U),
o @ Th@ T, ) €% EEY
then
sfb(z)
sil,b(z) <1+ M.

In the case Q2 = q(U) = {w : |w — 1| < M}, for simplification, we denote by ®,[M] to the
class ®,[Q, M].

Corollary 2.10 Let ¢ € Oo[M]. Iff(z) € A(p) satisfies

’(p( T2 T, (2) j2b(z) >_1 <M (zel),

+1b(z) *7;19(2) jtlb()

then

stb(z)
s+1 b(z)

1‘ <M.

Corollary 2.11 Let M > 0. If f(z) € A(p) satisfies

‘7st—1,b (2) *Zfb(z)
@) Tl
M
S W+ M)+ 5]

then

sfb (Z )

st+1,b (Z)

—1‘ <M.

Proof In Corollary 2.9, taking ¢(u, v, w;z) = u — v and Q2 = h(U) where h(z) = 1+M—1+\bl)
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Since

‘ ) ; 0
@G, v,wi2)] = ‘((u b)(1 +Me”9)>Me

k
) ‘((t+b)(1+Mei9))‘M

Z W+ M)A+ 1B

Therefore, ¢ € ®[Q2, M] satisfies the admissible condition (2.41). Then we have the the-
orem by Corollary 2.11. O
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