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1 Introduction

Consider a third-order nonlinear variable delay dynamic equation

[rOs([a@y* ©]°))> + POF(¢(x(5®))) =0, teT,t>to, (L1)

where y(¢) = x(¢) + B(t)g(x(t(£))), ¢ () = |u|*1u, > > 1. Throughout this article, we assume
that:

(Hy): T is an arbitrary time scale with supT = +00, and ¢, € T with £ > 0, we define
the time scale interval [to, +00) 1 by [to,+00) 1 = [to, +00) N T. r(¢),a(t), B(t), P(t) €
Cw(T,R), ie., r(t),a(t),B(t),P(t) : T — R are rd-continuous functions. g(u), F(u) :
R — R are continuous functions with ug(u#) > 0 (# #0) and uF(«) > 0 ( #0).

(Hz2): (2),8(¢) : T — T are delay functions with t(¢) <¢, lim,, ;00 T(£) = +00 and §(¢) < ¢,
lim,_, ;00 8(£) = +00.

(H3): 0<B(t) <1,P(t)>0,r(t)>0and r*(t) > 0, a(t) > 0 and a®(t) > 0.

(H4): There exist constants 0 < 8 < 1and L > 0, such that ‘% <Bu+#0), @ >L(u#0).

1 +oo 1

+00
(H5)I fto TS)AS =400, t WAS = +0Q.
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We recall that a solution x(¢) of equation (1.1) is said to be oscillatory on [£y, +00) y if
it is neither eventually positive nor eventually negative; otherwise, the solution is said to
be nonoscillatory. Equation (1.1) is said to be oscillatory if all of its solutions are oscilla-
tory. Our attention is restricted to those solutions x(¢) of (1.1) where x(¢) is not eventually
identically zero.

Note thatif A =1, r(¢) =1, a(t) =1, F(u) = u, B(t) = 0, §(¢) = t in equation (1.1), then (1.1)

is simplified to the equation
22280 + P(D)x(t) =0, teT,t>to. (1.2)

In equation (1.1), if r(¢) = 1, a(¢) =1, F(u) = u, B(t) = 0 and 1 is the ratio of positive odd
integers, then (1.1) is simplified to the Emden-Fowler type equation

[(*20))']" + PO**(5() =0, teT,t>t, (1.3)

In equation (1.1),if A =1, a(¢) =1, F(u) = u¥ (where y is the ratio of positive odd integers),
then (1.1) is simplified to the equation

[1(6)(x(®) + BOx(x (1)) **]> + Pe)x” (5(8)) =0, teT,t> to. (1.4)

And it is easy to see that (1.1) can be transformed into the third-order nonlinear delay

dynamic equations
[rO[a@x*©)]*}" + POf (x(51)) =0, teT,t>t (15)
and

[rO[(a@)x" )]} + PO (x(5())) =0, teT,t>t. (1.6)

Equations of this type arise in a number of important applications such as problems
in biological population dynamics, in neural network, in quantum theory, in computer
science and in control theory. Hence, it is important and useful to study the oscillatory
properties of solutions of equation (1.1). Recently, there has been an increasing interest
in studying the oscillatory behavior of first and second-order dynamic equations on time
scales (see [1-7]). However, there are very few results regarding the oscillation of third-
order equations. Among these papers dealing with the subject, we refer in particular to [8—
17], the monographs [1, 2] and the references therein. Our concern is especially motivated
by several recent papers such as [9-13].

Erbe et al. [9] studied equation (1.2) and they established Hille and Nehari-type oscilla-
tion criteria for the equation. After that, in [10] and [11], the author discussed oscillatory

criteria of equations (1.3) and (1.4), respectively, under the condition

/ . P(u)[ha (8(), 20)]" A = +00 (1.7)

Lo
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and got the result that every solution of equations (1.3) and (1.4) oscillates or converges to

zero, where the Taylor monomials {/,(t,s)},2 are defined as follows:
t
ho(t,s) =1, h,a(t,s) = / h,(t,s)At, n>0,t,seT.

In [12], the author discussed oscillatory criteria of equation (1.5) under the conditions

a®(t) <0 and /+w P(u)8(u) Au = +00

to

and got the result that every solution of equation (1.5) oscillates or converges to zero.
Moreover, in [13], the author considered the oscillation for equation (1.6) under the con-
ditions

+00

oo =008,  a’(t)<0 and f P)[8(w)]" Au = +o00 (1.8)

to

and obtained the result that every solution of equation (1.6) oscillates or converges to zero.

Obviously, the results in [9-13] are inapplicable for the following differential equation
[t @) ) + e - 12 (36> — 8t +2)e B2t - 2) = 0.

Therefore, this topic is fairly new for dynamic equations on time scales. The purpose of
this article is to obtain new oscillation criteria for the oscillation of (1.1), these criteria can
improve the restriction of the conditions for the equation, which promote some existing
results. We should note that many of our results of this article are new for the correspond-
ing third-order nonlinear differential and difference equations. In fact, the obtained results

extend, unify and correlate many of the existing results in the literature.

2 Preliminaries
We shall employ the following lemmas.

Lemma 2.1 [1] Suppose that x(¢) is delta-differentiable and eventually positive or eventu-
ally negative, then

1
((x()")> = / [hx” + (1 - k)] "% () d. 21)
0

Lemma 2.2 [3] Assume that:

(1) u e CL(LR), where I = [t*,+00), t* > 0.

(2) u(t)>0,u(t)>0,ud®(t)<0,t>t"
Then, for every k € (0,1), there exists a constant ty € T, ty > t*, such that u(o (t)) < ”(t,:g’((f)('))
(t=t).

Lemma 2.3 [2] Suppose that a and b are nonnegative real numbers, then rab™™ — a" <
(r—1)b" for all r > 1, where the equality holds if and only if a = b.
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Lemma 2.4 [8] Assume that u(t) > 0, u®(t) > 0, u®2(¢) > 0, u®22(¢) < 0, then

i inf tu(t)
PN (G )t (@)
Lemma 2.5 Let x(t) be an eventually position solution of equation (1.1). Then there exists
4 € [to, +00) 1, forall t € [t1,+00) 1, such that either
(i) y(t)>0,y%(t) >0, [a()y*(H)]* > 0, {r(t)p([a(t)y*(1)]*)}* <0,
or
(i) ¥(£)>0,y%(2) <0, [a()y*(H)]* > 0, {rt)p([a(t)y*(H)]*)}* <O.

Proof Since x(t) is an eventually position solution of (1.1), then there exists #; € [ty, +00) 1
such that x(£) > 0, x(z (¢)) > 0, x(8(¢)) > 0 for all £ € [, +00) , thus, y(¢) > 0. From (1.1), we
obtain

A

[roe([a)y” ©)]*))* = -P@OF (8(x(5()))) < -LP@)(x(5(2)))" < 0. (2.2)
Hence, r(t)¢([a(t)y®(£)]?) is decreasing and, therefore, eventually of one sign, so [a(£) x
y2()]2 is either eventually positive or eventually negative. We assert that [a()y*(£)]* >

0 for all ¢ € [t;,+00) 1. Assume that [a(t)y®(£)]* < 0 eventually, then there exists ¢, €
[t1, +00) 1, such that [a(t,)y> (£2)]* < 0. Then for all £ € [£,, +00) 1, We obtain

r0$([at)y® ©]°) < re)d ([alt2)y® 6)]") = -M <0, (2.3)

where M = —r()¢([a(t2)y” (£2)]%) = r(&2)|[alt2)y™ (t2)]4 1 H~[a(t2)y” (£2)]4} > 0. By (2.3),
we obtain

1

(—[a(t)yA(t)]A)A > ——, namely, [oz(t)yA(t)]A < -M'* O

r(t)

M
(¢

Integrating this inequality from £, to ¢ (¢ € [t3, +00) 1) provides

a(@®)y®(t) < alt)y™ () —Mm/ WAS — —00 (t— +00).

Then there exists t3 € [ty, +00) 1, such that a(¢)y* (£) < a(t3)y* (£3) < 0. Similarly, we can
get

2O) < 3(85) + alts)y™ (85) / %Am-oo (t = 100),

which contradicts with y(£) > 0. So, [a(£)y”(t)]* > 0, this implies that y*(£) > 0 or y* () < 0.
This completes the proof. d

Lemma 2.6 Assume that x(t) is a solution of equation (1.1), which satisfies the case (ii) in
Lemma 2.5, if either

/+00 P(s)As = +00 (2.4)

Lo
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or

+00
/ P(s)As < +00  and

to

/too[a%) / m(% / +OOP(S)AS>MAM] Av= +00

holds, then lim;_, o x(£) = 0.

(2.5)

Proof Since x(t) is a solution of equation (1.1), which satisfies the case (ii) in Lemma 2.5,
ie.,

y6)>0, YA <0,  [alty ®)]" >0,

[re([a@y*®©]%)}* <0, te [n,+00)7.
Therefore, it follows that lim,, .o ¥(£) = ¢ > 0. If ¢ > 0, then in view of y(f) < x(¢) +

BB(t)x(t(¢)) and 0 < BB(t) <1, it is easy to see that there exists t, € [£;, +00) ¢ such that
x(8(t)) = 5 forall £ € [ty, +00) 1. Therefore, from (2.2), we obtain

A
o (lar©]'))* <-Lro60) <-1(F) Po. 26)

If (2.4) holds, then integrating (2.6) from £, to ¢ (¢ € [t;, +00) 1) provides

A
OB ([ O]) < He)d ([alt)y® (6)]") —L(f)

5 /ttP(s)As — —00 (t— +00),

2

which contradicts with [a(£)y®(£)]* > 0. So lims_, .00 ¥(£) = 0, in view of 0 < x(t) < y(¢),
hence lim;_, , o x(¢) = 0.
If (2.5) holds, then integrating (2.6) from ¢ to T (T > ¢, T, t € [tp, +00) ) provides

AT
r(T)¢([ﬂ(T)yA(T)]A)—r(t)tb([d(t)yA(t)]A)E—L(§> / P(s)As,

ie., r()p([a(t)y™ ()]*) = L(5)* ftTP(S)AS, letting T — +o00, we have r()¢([a(t)y™(£)]*) >

L(£)* /7™ P(s)As, this implies that [a(£)y® ()] = L'* g(% T P(s)As)V, £ € [t +00) .

In view of y2(£) < 0, similarly, we can get

A 1/A£L e L e v
y () <-L 2a(t)/t (r(u)/u P(S)As) Au.

Integrating the above inequality from t; to ¢ (¢ € [£3,+00) 1), we obtain

1 t 1 +00 1 +00 1/x
(&) <y(ta) - L* % /tz [m/y (m/’l P(s)As) Aui| Av— -0 (t— +00),

which contradicts with y(¢) > 0. So, lim;_, , y(¢) = 0, further, lim;_, ;- x(¢) = 0. This com-
pletes the proof. d


http://www.advancesindifferenceequations.com/content/2013/1/178

Yang Advances in Difference Equations 2013, 2013:178
http://www.advancesindifferenceequations.com/content/2013/1/178

Due to the above reasons, in the next section, we assume that either (2.4) or (2.5) holds.

Lemma 2.7 [17] (Holder’s inequality) Let a,b € T and a < b. For rd-continuous functions
1 1

f.g: [a,b] — R, we have fab [f(w)g(u)| Au < (f: Lf(u)lpAu)?’(f: |g(u)|1Au)q, where p > 1

and 117 + %1 =1

3 Main results
In this section, we establish some sufficient conditions which guarantee that every solution

x(¢) of (1.1) either oscillates on [ty, +00) 1 or converges as ¢ — +00.

Theorem 3.1 Ifthere exists a function ¢(t) € Crld(T, (0, +00)) with ¢ (t) > 0, such that

P(s)r(s) [wA (s) T” [G(S)

)\'2
2+ 1)1 (s) —] }AS =+00, (3.1)

lim sup/t {pr(d(s))P(S)‘I’(S) - 5(s)

t—+00 0

A s r
where V() = £ [l_ﬂzﬁ([a;gz]t))z%(ﬁy)’to)] , then every solution x(t) of equation (1.1) is either oscil-

latory or lim;_, .o, x(t) = 0.

Proof Suppose that equation (1.1) has a nonoscillatory solution x(¢) on [y, +00) . We
may assume without loss of generality that x(¢) > 0 and x(7(¢)) > 0, x(5(¢)) > 0 for all
t € [t1,+00) 1, ti € [to, +00) 1. Then, by Lemma 2.5, we see that x(¢£) satisfies either case (i)
or case (ii).

If case (i) in Lemma 2.5 holds, then in view of x(¢) < y(¢), we have

y(t) < x(t) + BB(Ox(t(2)) < x(2) + BBE)y(t(2)) < x(¢) + BBE)y(2),

x(t) = [1- BBO)]y(2). (3:2)
Now define the function V(¢) by

r(6)[(a@®)y® (6)*]*

; r®)p(lat)y™(£)]*) _
(a@y>@)

V0=l @)

t € [t,+00) 1. (3.3)

o(t)

Then V(£) > 0 (¢ € [t, +00) 1). In view of (2.2) and (3.3), we obtain for ¢ € [£1, +00) T,

rt)g([a(®)y”(£)]*)
dla(t)y’(t)

» {r(&) @@y @)2 1"} @@y @)* — r(®)[(a(e)y™ (£) 2 1* [(ale)y™ ()14

(a()y2 () (alo (£)y2 (o (£)*

VA1) = 9™ (0)

+¢(o(2)

O
<0 V(t) - ¢(o (1))

8 { LP(t)(x(3(2)))* +r(t)[(a(t)yA(t))A]*[(a(t)yA(t))‘]A}
(a(o ()y2 (o (@)* (a(®)y> () (alo (2)y2 (o ()*

(3.4)

Page 6 of 16
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Now, let u(t) = a(t)y®(¢), then from (i) in Lemma 2.5, we have u(t) > 0, #2(£) > 0. In view
of that

[ro[ay* ]} = [roOu®©))* = r*Ou® (o () + re)u> () < 0

and r2(t) > 0, it is not difficult to see that u*2(¢) < 0. Therefore, by Lemma 2.2, Vk €
(0,1), 3, € [t, +00) ¢ with £y > max{t, t}, such that u(o(¢)) < —‘W)) < %(”t()t) for all

t € [t, +00) 1, this implies that

A A
a(o(t)y* (o (0) < G(t)“(if?()ty) (6(2) < U(t)ztgt()ty) ® (3.5)

From (2.1), we get [(u(£))*]2 > A fol (hu+ (1 - R)u]*u®(t) dh = M(u(t))*u®(t), therefore,

[(a0)y” ()] = A(ae)y® @) (a@)y* )", (3.6)
Using (3.2), (3.5), and (3.6) in (3.4), we find

o2 ()
o
) {LP(t) [1- BBOOIP OGO | Ak r0a(0y* ) ) }
(o ()™ (1) @ @y O
020 LP®)[1 - BBOE)6(6(0)
= Ol T e @)

A+l

MK (o ()r(6)8H(B)[V )]+
[r( )]0+ (o (£))*

LPO)[1 - BBEO) ((6(0)
VO -l O) e @)

VA < —=V(0) - p(o(t)

T o)
ARSIV )] A
[r(O)e@® o ()

(3.7)

On the other hand, let Li(¢) = fé a(s)y”(s)As (t € (t1, +00)1), similarly, it is easy to see that
u) > o, UA( t) >0, UA2(t) > 0, UA2A(t) < 0. Therefore, by Lemma 2.4, 31, € (t, +00)T,

such that T )(ZA( 5= % for all £ € [t/3,+00) - Then we see that

[y als)y”(s)As _ It to)
a(®)yr@) — 2t

, t€ [tip,+00)t. (3.8)

From f; a(s)y™ (s)As = a(t)y(t) — aty)y(t) - ftj a®(s)y(o (s)) As, we get a(t)y(t) > fé a(s) x
y2(s)As. In view of (3.8), we then obtain

YO _ ay®) _ Sy qE6ASs ()

7A@ a(t)yA(t) - a(t)yA(t) Y t € [ty2,+00) 1. 3.9)

Page 7 of 16
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Therefore, by (3.5) and (3.9), 3Ty € [ty, +00) ¢ with Ty > max{ty, 12}, such that

yO@®) 1 y6) y6)
ala @)y (o (8)  alo(®) y2(3(2) y2(o (1))
o1 mG@) ) ks@)alo(t) _ kha(8(t), to)
Talo(®) 28(5)  o()als)  2a(5(2))o(2)

for all ¢ € [Ty, +o0) . Using the above inequality in (3.7), we obtain for all ¢ € [T}, +00) ,

LP@)[1 - BBE@)]* [k (8(0), t0)]*  ¢2(1)

A
Vi =e(0) 24 (O] PO
WS (8) i
“Toveron 01
ie.,
A 92 (2) AK*8%(t) il
Lo(o POV <=V + VIO~ s o vl . (3.10)
In Lemma 2.3, we let
r= A+1, a:Mﬁll:—kS(t)z :|M V(t),
A (r@p®))* a(t)

yo M [so%)}k[ k() }—
A+ o) Qo))

From Lemma 2.3, we then obtain

00, RSO

Vv
o) roserpl )

o () [«)A(t)}“l[o(w]“

< -
TP+ )M o(t) 5()

Using the above inequality in (3.10), we find

Lo(a()PO)W () <-VA() + (3.11)

O40) [wA(t)]“l[@r
K2 (L + 1241 [ g(2) sy | -

Integrating inequality (3.11) from T to ¢ € [T, +00) r provides

t t A+l 22
/ Lo (0(5))P(s)W(s)As < V(1) + V(To) + / ¢()r(s) [‘”A(S)} [@} As

Ty 7o K2 (L + 1)1 (s) 8(s)
Consequently,
t o)r(s) [e*(6) " o) ]
/TO{L(/)(U(S))P(S)\D(S)_/<*2(K+1)“1[ 90(8)} [%] } as

=-V(t) + V(To) = V(To).

Taking limsup on both sides of the above inequality as ¢ — +00, we obtain a contradiction
to condition (3.1).
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If case (ii) in Lemma 2.5 holds, then by Lemma 2.6, we have lim;_, ;o %(¢) = 0. This com-
pletes the proof. d

Remark 3.1 From Theorem 3.1, we can obtain different conditions for oscillation of all
solutions of (1.1) with different choices of ¢(£). For example, ¢(¢) = M (where M is a con-
stant) or ¢(£) = ¢ (k = 1/2). Then we have the following results respectively.

A
Corollary 3.2 Iflimsup,_, . f L 'Z(S)E»[hé()]gs) o)l P(S)As = +00, then every solution x(t)

of equation (1.1) is either oscillatory or lim,_, .o, x(£) = 0.

2
B(S(s)I* o ( rs)[ 228
Corollary 3.3 Ifhmsupt_)mf Lo-p [40( Z)]a([(z ]A W 5 (s)P(s) - W}As = +00, then

every solution x(t) of equation (1.1) is either oscillatory or lim,_, , o, x(£) = 0.

Theorem 3.4 If there exists a function ¢(t) € Cd(T (0, +00)) and constant m > 1, such
that

t

limsup im (t-s)" {L(p (cr (s))P(s)\I/(s)

t—+00 t To

e)rs) [T o1 ]«
_kﬂ(mnﬂl[w(s)} [%} }As’m (312

for some constant Ty > to, where the function V(s) is defined as in Theorem 3.1, then every

solution x(t) of equation (1.1) is either oscillatory or lim;_, ;oo %(£) = 0.

Proof Suppose that equation (1.1) has a nonoscillatory solution x(t) on [£, +00) . We
may assume without loss of generality that x(¢) > 0 and x(z(¢)) > 0, x(5(¢)) > 0 for all
t € [t,+00) 1, & € [to,+00) 1. By Lemma 2.5 there are two possible cases. If case (ii) in
Lemma 2.5 holds, then clearly lim;—, ., x(¢) = 0. If case (i) in Lemma 2.5 holds, we pro-
ceed as in the proof of Theorem 3.1 to obtain (3.10). Then from (3.10), we have

02 (s) Al 8*(s) kel
L(p(a(s))P(s)\IJ(s) <-V2s)+ o) V(s) - [r(s)w(s)]l/*ak(s)[v(s)]

for all s € [Ty, +00) . Multiplying both sides of the above inequality by (¢ — s)", and inte-
grating with respect to s from Ty to ¢ (¢ > Tp), we can obtain

/t L(t - s)m<p(a (s))P(s)\IJ(s)AS

To

< —/t(t—s)mVA(s)As

To
n®"() LKt —5)" 8% (s) R
/To(t RAE /T O L)
_[(t—s)mV(s)]VT0 +/ [(t—s)”‘]sAV(a(s))As
To

g / HAE=9"5)
T

“‘ I VoS e o)
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t A
- TVt + [ -9 ) s
To §0(5)
t )\k’\(t—s)me'\(s) %
- /To eI L Wl As (3.13)

Now, in Lemma 2.3, we let

r:k+1, a= AAH{LS)Z}MV(S) and
A [r(s)p(®)]V* o (s)

. ATET |:¢A(S)i|)"{ kS(s) }if
A+ ols) r(s)e) W o(s) |

From Lemma 2.3, we then obtain

0*(s) 2k (s) M el [¢%6) ] o]
@(s) Vi) - [r(S)w(S)]“G*(S)[V(S)] = k“()\+1)“1[ @(s) ] [%]

Hence, (3.13) implies

/Tt L(t - s)mgo(a(s))P(s)lIJ(s)As

0

<(t-To)"V(To) +

= 9plss) [¢A<s>}**l[o<s>]‘2 As
B KG g

and, therefore,

L oo [¢*©]"[06]
po To(t—s) {Lw(a(s))P(S)‘L’(S)_kx2(;\+1)1+1[ o(s) ] [%] }AS

< (1 - %)mV(To). (3.14)

Taking the limit superior as ¢ — +00 in the above inequality, we find

t

Al 22
— (t_s)m{L(p(a(S))p(s)\y(s) P($)r(s) |:¢A(s)] [a(s)} }As

00 P [, P+ )M e(s) 8(s)
< +00,
contradicting (3.12). This completes the proof. d

Remark 3.2 From Theorem 3.4, we can obtain different conditions for oscillation of all
solutions of (1.1) with different choices of ¢(¢). For example, ¢(¢) = M (where M is a con-
stant) or ¢(t) = t (k = 1/2), then we have the following results, respectively.

Corollary 3.5 Ifthere exists a constant m > 1, such that

. I o P(s)[1 = BB ()] [2(8(s), t0)]*
imsup— [ (£-3s)

ISP o J, [0 6)a3)])" As <o

Page 10 of 16
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for some constant Ty > to, then every solution x(t) of equation (1.1) is either oscillatory or
lim;_, .00 x(£) = 0.

Corollary 3.6 Ifthere exists a constant m > 1, such that

. 1ot L= BBEG)] ha(8(s), )] r(s) [ 50
s ], (T ramoar 9P~ G |
=+00

for some constant Ty > ty, then every solution x(t) of equation (1.1) is either oscillatory or

limy_ ;00 %(2) = 0.

Remark 3.3 Clearly, Kamenev-type oscillation criteria for second-order linear differen-
tial equation was extended to third-order nonlinear variable delay dynamic equations on
time scales. One can easily see that the recent results cannot be applied in equation (1.1),

so our results are new ones.
If (3.12) does not hold, then we have the following result.

Theorem 3.7 If there exist functions ¢(t) € Crld(T, (0, +00)), £(¢) € Cra(T,R) and a con-
stant m > 1, such that

t

lim sup 1 (t- s)mgo(s)r(s)[

L—+00 tm To

92(5) 1 o (s)
| 1%

x
—] As < +00, (3.15)
(s)

t

A+l 22
fmeup - (t_s)m{L¢(a(s))P(s)qJ(s)_ o()r(s) [qDA(S)} [&} }As

t—>+00 u k)‘z ()\, + 1))”'1 (/7(8) 5(5)
>&u), u=> Ty, (3.16)
oo 8*(s) 21

/To PO o) E@] T As=o0 (3.17)

for some constant Ty > to, where &,(t) = max{&(t),0}, V(s) is defined as in Theorem 3.1,
then every solution x(t) of equation (1.1) is either oscillatory or lim;_, .00 %(£) = 0.

Proof Suppose that equation (1.1) has a nonoscillatory solution x(¢) on [y, +00) . We
may assume without loss of generality that x(¢) > 0 and x(7(¢)) > 0, x(5(¢)) > 0 for all
t € [t,+00) 1, t1 € [to,+00) . By Lemma 2.5, there are two possible cases. If case (ii) in
Lemma 2.5 holds, then clearly lim;_, , x(¢) = 0. If case (i) in Lemma 2.5 holds, we proceed
as in the proof of Theorem 3.4 to obtain (3.13) and (3.14). Then from (3.14), for t > u > Ty,
t,u € [Ty, +00) 1, we have

t A Al 22
]i:m sup ti’” (- S)m{LQ"(U(S))P(S)\y(S) - kx;/zS)Jr(lS))Ml |:¢¢(S)] [%] }AS

< V().

Page 11 of 16


http://www.advancesindifferenceequations.com/content/2013/1/178

Yang Advances in Difference Equations 2013, 2013:178 Page 12 of 16
http://www.advancesindifferenceequations.com/content/2013/1/178

In view of (3.16), we can get

Ew) < V), wu=> T

Lo (3.18)
limsup — . L(t - s)’”go(a (s))P(s)‘-IJ(S)As > &(Ty).

t—+00
From (3.13), we obtain for all £ € [T}, +00) T,

i [ L(t - S)”’(p(o (s))P(s)\IJ(s)As
To

To\" 1 n 02 (s)
s<1—7> V(T0)+t—m/(t—) .

t )‘k}‘(t—s)”‘(S’\(S) ATH
T W[V(S)] As.

Next, in the above inequality, we set

ou(f) = — (t— 9?9 VoA and
o @(s)

~ M (t — 5)™8(s)
#(t) = t_m/T EEmE Al 9] 7 s

in view of the second inequality in (3.18), then, it is not difficult to see that

lim inf[(pz(t) - Qﬂl(t)]

t—>+00

t

< V(T,) - lim sup — | Lt -5)"¢(o(s))P(s)¥(s)As
To

t—+00

< V(Ty) - &(Tp) < +o0.

Now we claim that

+00 3)”(5)
/ro W[V“)J A< (3.19)

Suppose to the contrary that

00 8*(s) Vs) Mo -
/To W[ )] s = +00. '

Let M > 0 be arbitrary. Then it follows from the above formula that there exists ¢, €
[Ty, +00) 1 such that

m

¢ 8%(s) AT M2
I, o o) s> T forse oo
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Therefore (use the integration by parts formula f: £(s)g2(s)As = [f(s)g(s)]2 - fab f2(s) x

glo(s))As),

~ LI (t - 5)"8M(s)
0= /T 6o o (s)

— 1 ' A m : 8)\(”) )‘T A

o f, (/T e @) ”) }As

N

~ 1 t . A a(s) 8)‘(u) ATH
= M-t - 9) ]S/ [r(u)w(u)]“’\o*(u)[v(u)] Au}As

To To

1 t A s 5)‘(14)
2 ), PR, /T @ o ()

1 2m M2m [t A H\"
— [ A - -9)" =— | [-¢=-9)"]"As=M2"[1-=) .
>tm/ k ) ]s kk}» tm [2[ ( S) ]s s ( t)

[V(s)] 5 As

[V(u)] kS Au} As

Now, taking 3 = 2t,, then for t € [t3, +00) 1, @2(t) > M2™(1 - %2)”’ > M2"(1 - 2%)’” =M.
Since M is arbitrary,
lim ¢,(t) = +o0. (3.21)

t—>+00

Next, we consider a sequence {T},};% : T, € [Tp, +00) ¢ with lim,,_, ;o T), = +00 satisfy-

ing
lim [(pz(T,,) - <p1(Tn)] = liminf[goz(t) - gol(t)] < +00.
n—+00 t—+00

Then there exists a constant M, > 0 such that

©2(T,) — 1(T) < My (3.22)
for all sufficiently large positive integer n. Since (3.21) ensures that
lim @, (T),) = +o0, (3.23)
n—+00
(3.22) implies that
lim ¢ (7T,) = +o0. (3.24)
n—+00
Furthermore, (3.22) and (3.23) lead to the inequality
(pl(Tn) Mo My 1 (pl(Tn) 1
-1>- >———=—-—, L& > —
@2(T) eTy)  2Mo 2 02(Ty) 2
for large enough positive integer 7, which together with (3.24) implies
. [Q‘JI(TH)]AJrl . |:§01(Tn):|)\
lim ————— = lim o1(T,) = +00 (3.25)
oo [TV nveogo(T) ] 7"

Page 13 0of 16
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On the other hand, by Lemma 2.7, we find that

1 o ®2(5)
AR /T - S veas

(T [Ta=9"  AK8(s) e
) /;0 <|: r [r(s)w(s)]l/kox(s):| V(S))

(T,=9)" O [ (T,—s)"  MsHs) ]
X( |: (s):| )As

e s 7 [r(s)p(s)] Vo
Tn (Tn—S)m )Lklak(s) % ﬁ
: {/To Tm  [r(s)p(s)] Y a*(s) [V(S)] As}

1

. { /T"[(Tn—s)m ¢A<s>]“1[m—s)m 16+(s) }A As}“
0l T7 9l Iy r©e o)

G (T WO o0 )

T )y, (T =9) r(S)@(S)[ (p(s)} [%} As}

n

= [(02(Tn)] )LLH {

and accordingly,

(o (TP (kA [T . 026 T o)
@ = 1 Jy T ’(S)‘”(S)[go(w] [E] As

So, because of (3.25), we can obtain

Ty

A Al 22
ngglw% . (Tn—s)'"r(sw(s)[";(g)] [%] As = +00,

contradicting (3.15). Therefore, (3.19) holds. Now, from the first formula of (3.18) and
(3.19), we get

+00 3)"(5) A%l - +00 8)‘(8) ATH
fTo rOreer £ AS—/TO rOeE e ] As < oo

which contradicts (3.17). This completes the proof. d

Obviously, our results in this paper not only extend and improve some known results,
and show some results of [3-8, 10, 14, 15] to be special examples of our results, but also
unify the oscillation of the third-order nonlinear variable delay differential equations and
the third-order nonlinear variable delay difference equations with a nonlinear neutral

term. The theorems in this paper are new even for the cases T=Rand T = Z.

4 Applications and examples
In this section, we give some examples to illustrate our main results.

Example 4.1 Consider third-order delay differential equation

(B[t 0) T} + 1 -12(38 -8t +2)e Ba(t —2) =0, t>2. (4.1)
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It is easy to verify that all conditions of Corollary 3.3 are satisfied. Hence, every solution
of equation (4.1) is oscillatory or tends to zero as ¢t — +00. For example, it is not difficult
to verify that x(¢) = e”* is a solution of equation (4.1). The important point to note here is
that the recent results due to [9-13, 15] do not apply to equation (4.1) for the condition

(1.7) or (1.8) can be a restrictive condition.

Example 4.2 Consider third-order variable delay dynamic equations on time scales

[£26([t(x®) + BOg(x(x ()]} + POF($(x(5()))) =0, te2%t>2. (42)

This is a third-order 2-difference equation, here ¢ = 2, r(¢t) = t3 , a(t) = t. Now, pick A = %,
3

B(t) = % - %’ T(t) = 4(t) = % P(t) = t4/7(t2f/§)3/7 [hz s(t ]3/77g(” m »f () = ul6
In(1 + u?)], then

b(t) > 1 ‘
(t)ﬁ_l ¢ tﬁ_l—tﬁﬂ) (t>2), ie, =b/r e N*,
* b(s) " 525 t541-28

e—h/r(t,to)zl— —As=1-| s5As=1-— _ k
r(s) 2 275 -1 1-275

2 1

>1-275>—

5

and so

t : ,t 1/x t 1 7/3 1 t
f [—e birls 0)] ASZ/ [—2/5] As = 7—/3/ s’%As
to r(s) 2 L5s 5 2

1 tl/l5 _ 21/15

ZWW—)‘FOO (t—) +OO).

Hence, conditions (H;)-(Hs) are clearly satisfied. Let m = 2, in view of 8 = 1/4/2, L = 6,

then we have

‘ m LP($)[1 = BB(3(5)]* [h2(8(s), to)1*

1
limsup — t—s As
imsup o f, =9 [4a(6(9)o ()]
6 | 1 [t(@-s)? A
= —= 1limsSsup — S
43/7 te+oop tz 2 N

6 . 1 22\ 2
:Whtlllf;lop{[logz(t) 1]+—(22 )——(t—2)}=+oo,

t
t . [b(s)]“l As

limsup— [ (¢-5)
T o)
1 [f(t-s)? t—s)?
=limsup — 2 / % As <lim sup B S)
—+00 2 S 35 —+00
. 12 2%2-2"%) 2ttt -2
:htlilf;lopt_z[ i = v [logz(t)—l]] < +00.
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This implies
lim sup = t(t gy { LP(s)[1 - BB [Ma(8(s), )" [B(s)]*! }
e 0 (40 (s)a(S(s)]* (h + 1M [r(s)]*

=400

and so conditions of Corollary 3.6 are satisfied as well. Altogether, by Corollary 3.6, we

have that every solution of equation (4.2) is oscillatory or tends to zero as t — +oo. But

the results in [9-16] are inapplicable for equation (4.2).
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