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Abstract

Some nonlinear discrete weakly singular inequalities, which generalize some known
results are discussed. Under suitable parameters, prior bounds on solutions to
nonlinear Volterra-type difference equations are obtained. Two examples are
presented to show the applications of our results in boundedness and uniqueness of
solutions of difference equations, respectively.
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1 Introduction

As an important branch of the Gronwall-Bellman inequality, various weakly singular inte-
gral inequalities and their discrete analogues have attracted more and more attention and
play a fundamental role in the study of the theory of singular differential equations and
integral equations (for example, see [1-8] and [9]). When many problems such as the be-
havior, the perturbation and the numerical treatment of the solution for the Volterra type
weakly singular integral equation are studied, they often involve some certain integral in-
equalities and discrete inequalities. Dixon and McKee [10] investigated the convergence of
discretization methods for the Volterra integral and integro-differential equations, using
the following inequalities

ds, m>0,0<ac<l

x(t)<1p(t)+M/ @ —s)

and
i-1

% < Vi + MK Z

j=0

G ’,) , i=1,2,...,N,n>0,Nh=T. (1.1)
1—j)

As for the second kind Abel-Volterra singular integral equation, Beesack [11] also dis-
cussed the inequalities
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and

/x1

i (1.2)

< i + MK “‘SZ (
i

where 0 < <1, 8 >1and o > B — 1. It should be noted that the above mentioned results
are based on the assumption that the mesh size is uniformly bounded. Unfortunately, such
technique leads to weak results, which do not reflect the true order of consistency of the
scheme and may not even yield a convergence result at all. To avoid the shortcoming of
these results, Norbuy and Stuart [12, 13] presented some new inequalities to describe the
numerical method for weakly singular Volterra integral equations, which is based on a
variable mesh.

Another purpose of studying weakly singular integral inequalities and their discrete ver-
sions is related to the theory of the parabolic equation (for example, see [14—18] and the
references therein). Consider the weakly singular integral inequality

x(t) < a(t)+ /t(t - s)ﬁ‘lb(s)w(x(s)) ds, 0<pB<1,

0

and the corresponding discrete inequality of multi-step,

Xn S ay+ Y (tn - 1) M rbro(x), (13)

where £y = 0, Tk = tis1 — t, SUPgy Tk = T and lim;_, o, £ = 0o. Henry [16] and Slodicka [19]
discussed the linear case w(§) = £ of the two inequalities above and obtained the estimate
of the solution. Furthermore, Medved [20, 21] studied the general nonlinear case. How-
ever, his results are based on the ‘(g) condition’: (1) w satisfies e™%* [w(u)]? < R(£)w(e " )uf;
(2) there exists ¢ > 0 such that a,e”"™ < c. Later, Yang and Ma [22] generalized the results

to a new case
X <a,+ Z(t,, - tk)ﬁ’lrkbkxz. (1.4)

In this paper, we are concerned with the following weakly singular inequality on a vari-
able mesh

n-1
B-1
X <a,+ Z(tﬁ -8)y b, (1.5)
k=0

where >0, A >0, and 0 < 8,y < 1. Our proposed method can avoid the so-called
‘q-condition, and under a new assumption, the more concise results are derived. More-
over, to show the application of the more general inequality to a Volterra-type difference
equation, some examples are presented.

2 Preliminaries

In what follows, we denote R by the set of real numbers. Let R, = (0,00) and N =
{0,1,2,...}. C(X,Y) denotes the collection of continuous functions from the set X to the
set Y. As usual, the empty sum is taken to be 0.
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Lemma 2.1 (Discrete Jensen inequality, see [22]) Let Ay, As,...,A, be nonnegative real

numbers, and let r > 1 be a real number. Then
(A +Axy+---+A) < n”l(A{ +AL + - +A:,).

Lemma 2.2 (Discrete Holder inequality, see [22]) Let a;, b; (i =1,2,...,n) be nonnegative

real numbers, and p, q be positive numbers such that 1% + é =1(orp=1,q=00). Then

" " Up s 4 1/q
S b < <Za7> (Z bj’) .
i=1 i=1 i=1

Definition 2.1 (See [5]) Let [x,7,z] be an ordered parameter group of nonnegative real
numbers. The group is said to belong to the first-class distribution and is denoted by
[x,9,2z] € I if conditions x € (0,1], y € (1/2,1), z > 3/2 — y and z > y are satisfied; it is
said to belong to the second-class distribution and is denoted by [x, y,z] € II if conditions

x€(0,1],y€(0,1/2] and z > 11__23,3;2 are satisfied.

Lemma 2.3 (See [5]) Let «, B, y and p be positive constants. Then

t _ t -1 +1
/ (t"‘ —s“)p(ﬂ Vgplv=1) g —B[M,p(ﬁ -1+ 1:|, teR,,
0 o o

where B[E,n] = fol 55711 - s)"'ds (Re& > 0, Ren > 0) is the well-known B-function and
0=pla(B-1)+y-1]+1.

Lemma 2.4 Suppose that w(u) € C(R,,R,) is nondecreasing with w(u) > 0 for u > 0. Let

ay, ¢, be nonnegative and nondecreasing in n. If y, is nonnegative such that

n-1

In<an+cn Y broly), neN,
k=0

Then
n-1
In < Q_I[Q(ﬂn) + anbk]; 0=<n=<M,
k=0

where Q(v) = fvt) ﬁ ds, v > vy, QL is the inverse function of Q, and M is defined by
i-1
M= supli: Q(a;) + ¢ Zbk € Dom(Q™) }
k=0

Remark 2.1 Martyniuk et al. [23] studied the inequality y, < ¢ + Y_}=p brw(y), n € N.

Obviously, our result is a more general case of the nonlinear difference inequality.
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Lemma 2.5 If [«,B8,y] €1, then p, = %; if [, B,y] € II, then p; = }:gg Furthermore, for
sufficiently small Ty, we have

n-1
(t;xl _ tg)ﬂi(ﬁ—l)t]z:i(yfl) T
k=0

tn
< / (t(y)lz _ Sa)Pi(ﬂfl)Spi(y—l) ds
0

_ t_ZfB[pi(y—1)+1
o

o

piB-1) + 1] (2.1)
fori=1,2, where 6; = p;la(B-1)+y —1] + 1.

Proof By the definition of 6;, 6; > 0. For its proof, see [5]. On one hand, when [«, 8,y] € I,
it follows from Definition 2.1 that y > 8. On the other hand, when [«, 8, y] € II, that is,
a €(0,1], B € (0, %], we have that

1-28% 1

Y>W>EZ'B (2.2)

holds, since

1-28% 1 ) ) )
W>E =4 2—4,3 >1—ﬂ =4 1—3/3 > 0. (2.3)

According to the condition g € (0, %], 1-3p2 > 0 holds, which yields (2.2) holds directly.
Thus, when [, 8,y] € I or [«, B, y] € II, we have

y > B.
Next, we consider the integrated function in the B-function in (2.1).

B[pi(y -1)+1
o

! i(y-1)+1
pi(B-1)+ 1:| = / 1 _S)Pi(ﬂ*1)+lfls%,l ds
0
1
;:/ (1—5);12_15”1_1(,15' (2.4)
0

Denote f(s) := (1 — s)"271s"7L for s € (0,1), where n; = p"(”;l)” and 1y = p;(B —1) + 1. If
ny = ny, then f(s) is symmetric about s = % In fact, because of @ € (0,1], we get

pily -1 +1
Ism="bt 27 -
o

Spily -D+1>pi(B-1)+1=n3>0,

O0>m—-1>n—-1>-1. (2.5)

Moreover, we can obtain the zero-point of f'(s) as follows

1’11—1
So =

1
=< —. (2.6)
m+ny—2 2
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Therefore, the function f(s) is decreasing on the interval (0, so] while increasing sharply
on the interval [sg, 1). So, for some given sufficiently small t;, by the properties of the left-

rectangle integral formula, we have

n-1 1
(1 - t,‘f)"zflt,’zl_ltk =< / (1- s‘)‘)nzfls”l_1 ds
k=0 0

:B|:Pi(l/ -1+1
o

Pi(B-1) + 1], 2.7)

where 0=ty <ty <---<t,=1.
As for the general interval (0,¢,], we can easily obtain the corresponding result (2.1),
which is similar to (2.7). We omit the details here. O

3 Main result

To state our result conveniently, we fist introduce the following function

u
1
Q(u):/ —ds, u>uy>0,u>0,1>0.
Uu

A
0 SH

Thus, we have

In-Z, w=Aug >0,
Qu) = uoﬂ
ﬁuﬂ, wFAug=0
and
-1 _ Moexpf,
Q)= L
(75)’ .

Denote a,, = maXo<k<ukeN dk, Where T = maxo<i<p-1,keN Tk-

Theorem 3.1 Suppose that a,, b, are nonnegative functions for n € N. Let ;x> 0, A > 0,
w # X If x, is nonnegative function such that (1.5), then for some sufficiently small ty:
(1) [, B, ] €1, letting p; = %, q = ﬁ, we have

£ -1 =t
B g p A B N1 B Pl 1|k
x| @FFal?) T B Do () T BT Y 3.1)
n o 1 k
s k=0
forme N (u>2A)or0<mn<Ni(u<Ar), where
aB-1)+y -1
91:p1[a(,3—1)+y—1]+1:—+1,

B

’

31:B|:y_1+ﬂ 2,3—1]
af g I

Page 50of 13
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and N, is the largest integer number such that,
(3.2)

1

., 61 £ g "=
B n=h B t -8 P
P (2r3al7)7 +21_51<L> B Y b s 0;

nw—A

1-
a;

(2) [a, B,y] € II, letting p, = 1+3ﬁ, q> = 1+4ﬂ, we have
1448

3/3 1
5 1+4;5 =y ) L3 t92 1+3,3 n- 1+4;3 Blu=2)
X < [(2T )" +Mu 2Tr( ) Zb (3.3)

formeN(u>21)or0<mn<N,(u<hr), where

1+4
ngligﬁ[a(ﬁ—1)+y—1]+1,

_ [ra+4p)-p 4p’
Bz‘B[ a(l+3p) ’1+35}

and N is the largest integer number such that
1+4ﬂ
(3.4)

n 1438 48 1438 22 3ﬂ -
— @7 )" +2ﬂr(i) (B) 7 Zb >0,
o

Proof By the definition of a,, obviously, 4, is nonnegative and nondecreasing, that is,

a, > a,. It follows from (1.5) that
(3.5)

-1
_ 4
r<a, Z (2 —tk t " by,
k=0

where 7 is the variable time step.

Next, for convenience, we take the indices p;, ¢;. Denote that if [, ,B y] el letp; = 3
and ¢y = ﬁ; if [, 8,y] € I, let py = igg, and let ¢; = 1+4ﬂ . Then 1 5+ 7 =1 holds for
i=12.

Using Lemma 2.2 with indices p;, g; in (3.5), we have
n-1
ah<a,+ )y (& —tk)ﬂ - lrkp’ ‘L’k by
k=0
1 n-1
<a,+tn Yy (@ -) e 1tkp‘b X
k=0
1 n-1 ﬁ? n-1 é&
<Gy +Ti [Z — )PP ity D } (szl'x‘k“) (3.6)
k=0

k=0

By Lemma 2.1, the inequality above can be rewritten as

n-1 g% n-1
_ tzz)l’i(ﬁ_l)tfi(yl)tk:| (Z bZl’xZi}L) . (37)

qilt qi-174i | 94i-1 o
Kl < 2% gl 4 21 l'|:2 (tn
k=0
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By Lemma 2.5,
n— 1 tn
mﬁlﬂylr</10%ﬂﬁm&%MWD%
n
k:O 0
6; 0;
tlB[Pi(V -D+1
o o

,mw—n+q=i&,
o
where B; = B[pl 1 pi(B —1) + 1], we get

-1
_ g g (B i
alit < 247150 2‘11117( ; ) (By)# ( > bZZxZ’A>,

k=0
and 6; is given in Lemma 2.3 for i= 1 2.

aink
Let y, = %", Then xZ‘ e

=x, "= yk It follows from (3.9) that

o;\ L n-1
i _ t.\ 2 i oA
Y < 2071501 4 24 lr(f) (B))?i ( > bzly,ﬁ)
k=0

According to Lemma 2.4, we have

NG n-1
t)\ % 9i :
j@fﬂl[Q@ﬂ%m+2%%<E> ummE:%i

for 0 < n < M, where M is the largest integer number such that

t a
2i-1 74 4i-1 i ; Ji -1
Q(2 un)+2 t(a) (B)If Zbk eDom(Q )

k=0

() For [, pyl €l pi= b, a1
that

1 -
o(nap) = Lo (e T,

>

(3.8)

(3.9)

(3.10)

(3.11)

_Lﬁ By the definitions of £ and Q~!, we can compute

91=pl[oz(ﬂ—1)+y—1]+1=g(ﬁll;;—y—_—1 : (3.12)
y-1+8 28-1
B |
Then

<=
x
IA
Q
L
1 1
Q
—
N
[AN)
S
L
Q
[AN)
S
SN—
+
N
[ N)
S
L
o
N
S
e
N——"
Spe
s
R[S
X
|
L
S
i
1

(3.13)

Page 7 of 13
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Observe the second formula in (3.13). To ensure that

£ -1
R T T AN = S N
M (27a )T r2rAe <l> B Y b1 e Dom(Q7),
o

we may take M = oo for > X and M = Nj for p < X, respectively, where N is the largest
integer number such that

1 15
Since x, <y, =y, , substituting it into (3.13), we can get (3.1).

(2) For [, B,yl €1l, py = %, g> = 222 Similarly to the computation above, we have

7
. i 136 B
Q27 1432):—M_k(2 Fa,” )",
1+4
zzligg[a(ﬂ—l)+y—l]+1, (3.14)

3 _B[y(1+4ﬁ)—ﬂ 4p? }
27 a(l+38) '1+38]

Then

<
X
IA
Q
L
1
Q
—~~~
N
[N
%)
L
QN
N
[ S)
N—
+
[\®}
()
%)
L
Q
N
R [T
N——"
TR
¥
=
M*w.‘-a
[SN )
X
N
S
~S
| I |

Lap L o 4 143 %2 Hﬁsﬂ 1438 "1 144p x
5[(2 Fa,” )"+ 27 r<i> B," Y b”* } : (315)

we take M = oo for 4 > X and M = N for pu < X, respectively, where N is the largest integer
number such that

14 L3p LB o 1ap (42 Y wp nl wap
~ —_ n
e el B () T e ST
- o
K k=0
1 1B
qn "

Because x, < y,*" =y," , substituting it into (3.15), we can get (3.3). This completes the
proof. d

Page 8 of 13
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For the case that i = A, let y,, = x;, we obtain from (1.5)
1
VYu <@, + Z(tﬁ - t,‘i‘)ﬁ £ "Tebyi (3.16)

and derive the estimation of the upper bound as follows.

Theorem 3.2 Let a,, b, be defined as in Theorem 3.1. If y, is nonnegative function such
that (3.16), then for some sufficiently small ty:
D) [e, B,y €l, p1 = %, q = ﬁ, we have
1 -4
I (3.17)

B s B t9 Lﬁ f‘
yu<|27Fa,” expl 21 ﬁr( )

forn e N, where 01, B, are deﬁned in Theorem 3.1;
(2) [, B,y €11, pa = {535, 42 = 25F

1e3p LB 1438 t 1+§'3 1+3 -1 1+4rs &B
Yn < [2 B a,’ exp!2 7 1:( L ) Z ” (3.18)

for n € N, where 0,, By are defined in Theorem 3.1.

MH

, we have

Proof In the proof of Theorem 3.1, before we apply Lemma 2.4, it is independent of the
comparison of 1 and A. Hence, taking y, = x;, = % in (3.9), we have

t.ni 7! 4
yli < 2611'71&21' Y/ (i (E) B! (Z bk ¥l ) (3.19)

We denote z, =y and get

t@,‘ % q; [ n-1
1~ . L D .
z, < 207 g4 4 i 1T<i) B! E bliz ).
o
k=0

By Lemma 2.4 and the definitions of Q and ! for 1 = A, we have the following result

B O\ L g n-1
t pi L .
z, < Q7 Q(Zqilﬁzi)+2qilr<§> Bl bZ’:|

k=0

r qi
24i— 1 qi tgi p 4 n-1
Qg 2/ ( ) 2qi—17:<l) BPL qul
Uo o
qi

OiN\ 5t q n-1
t pi L .
= exp |:ln(2q"lz7zzi) + 2‘71'11:(5) B! E bZ‘i| }
k=0

0; 4

ﬂ n-1
NG
247 g exp i 297l (= B”’ bl L, 3.20
p{ - Z (3.20)

—
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which yields
t9,- Z—i g; n-1 ql_L
Yn < [2%_1&? exp{2’“_1t <;) B! ;bf ” . (3.21)

Finally, considering two situations for i = 1,2 and using paremeters «, 8, y to denote p;, g;,
B; and 6; in (3.21), we can obtain the estimations, respectively. We omit the details here.
O

Remark 3.1 Henry [16] and Slodicka [19] discussed the special case of Theorem 3.2, that

is, =1 and y = 1. Moreover, our result is simpler and has a wider range of applications.
Remark 3.2 Although Medved [20, 21] investigated the more general nonlinear case, his
result is under the assumption that ‘w(u) satisfies the condition (g). In our result, the ‘(q)
condition’ is eliminated.

Letting 1 = 2 and A =1 in Theorem 3.1, we have the following corollary.

Corollary 3.1 Suppose that a,, b, are nonnegative functions for n € N, and u,, is nonde-
creasing such that

i <a,+ (tz - tg)ﬂ_lt}:_l‘[kbkxk, (3.22)

then for some sufficiently small t:

(1) when [a;ﬂ; 7/] € I:PI = %7 q1 = ﬁ) we have

_ 1-B
B g fNTE Bl L
K < {(wﬂ a; ") +271F r(i) BiPY b F (3.23)
o

for n € N, where 6y, By are defined in Theorem 3.1;

(2) when [, B,y] €I, py = i:‘;{;, q = “;,’ﬂ, we have

1438 1
L3g L8 128 tﬁz B~ L3g 7 1+48 B
Xn < |:(2 Pay" ) +27 T(%) B,’ Zbkﬁ (3.24)
k=0

for n € N, where 0,, B, are defined in Theorem 3.1.

Remark 3.3 Inequality (3.22) is the extension of the well-known Ou-lang-type inequality.
Clearly, our inequality enriches the results for such an inequality.

4 Applications
In this section, we apply our results to discuss the boundedness and uniqueness of solu-

tions of a Volterra-type difference equation with a weakly singular kernel.

Page 10 0of 13
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Example 1 Suppose that x,, satisfies the equation

1 1 -1
2 _1
X, = 3 + go:(tn — )73 L S Tebrxk (4.1)

for n € N. Then we get
1 n-1
e 5+ D —t) i kaklxkl (4.2)
k=0
Letting |x,| = y, changes (4.2) into
n—

-1
+ (t, — ) 3tk kakyk (4.3)
k=0

I\J|>—‘

From (4.3), we can see that

3[(3 5 1 31
o=2((2-1)+2-1{+1==, B =B|2,-|
21 \2 6 4 4’2

Using Corollary 3.1, we get

2 1 T3 1
Ixn|§[§+2 tnB2[Z EH neN, (4.4)

which implies that x,, in (4.1) is upper bounded.

Example 2 Consider the linear weakly singular difference equation

Xn<an+ (60— )7 e i (4.5)
and

In <t X_:(tﬁ - tz()ﬂ_ltlrilfkbkyk, (4.6)

where |a, — ¢,| < €, € is an arbitrary positive number, and [, 8,y] € [ or [, B,y] € II.
From (4.5) and (4.6), we get

n-1

B-1_y-1
%0 = Yl < l@n = cal + E (22— 82)" "t wcbilxe — v, (4.7)
k=0
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which is the form of inequality (3.16). Applying Theorem 3.2, we have

1-
VI s (N 2 s ’
|6y — yul < | 21-Fel-F expi 2Pt . B, b,
k=0
or
by 138 n-1 e
1438 1+48 1438 2 B 1+,33ﬂ 1+48 +4p
[y —yul <|2°F € F expy2 F - B, b,
k=0

for n € N. If a,, = ¢;,, let € — 0, and we obtain the uniqueness of the solution of equa-
tion (4.5).
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