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Abstract

Concerned is the existence, nonexistence and multiplicity of positive solutions for
discrete ¢-Laplacian eigenvalue problems. By using lower and upper solutions
method and fixed point index theory, a global result with respect to parameter is
established.
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1 Introduction
For a,b € Zwith a < b, let [a,b]z ={a,a + 1,a +2,...,b - 1,b}. In this paper, we consider
the following discrete ¢-Laplacian eigenvalue problem

A(p(Au(k - 1)) + rp(k)g(u(k)) =0, ke [1,Tlz, M
u(0)=u(T +1)=0,

where T > 1 is a given positive integer, Au(k) = u(k + 1) — u(k), A is a positive parameter,

p:[1,T]z — (0,00) and g : R* — (0, 00) is continuous. We assume that

(Al) ¢ :R— Risan odd and strictly increasing homeomorphism;

(A2) lim, oo £ = o0,

The function ¢ () covers two important cases: ¢(x) = u and ¢(u) = |ul?2u (p > 1). If
¢(u) = u, then problem (1) is the classical second order difference Dirichlet boundary
value problem. For the case that ¢(u) = |u[’~2u, problem (1) is the well-known discrete
p-Laplacian problem. The two cases have been widely studied. To name a few, see [1-8]
and the references therein.

Problem (1) can be viewed as the discrete analogue of the following differential ¢-

Laplacian problem

(p')) + Ap()g(u(?)) =0, 0<t<l, @
u(0) =u(1) =0,

which rises from the study of radial solutions for p-Laplacian equations (¢(x) = |u|?~2u) on

an annular domain (see [9], and references therein). Recently, the differential ¢-Laplacian

problems have been widely studied in many different papers. We refer the readers to [10—

17] and the references therein.
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For discrete ¢-Laplacian problems, there are less study results than differential ¢-
Laplacian problems. See Cabada [18], Cabada and Espinar [19] and Bondar [20]. In [18,
19], some existence results were established by the upper and lower solutions method. In
[20], the existence and uniqueness of solutions were discussed for mixed and Dirichlet
boundary value problems by the fixed point theory of contraction mapping. To the best of
our knowledge, there are no results on the existence and multiplicity of positive solutions
for difference ¢-Laplacian problems. Therefore, the purpose of this paper is to establish a
global result of positive solutions of (1). We state our main result as follows.

Theorem 1.1 Let (Al) and (A2) hold. Then there exists \* > 0 such that problem (1) has
at least two positive solutions for 1 € (0,1*), at least one positive solution for . = L* and no
solution for 1 > 1*.

The result is motivated mainly by the ideas in [11, 21], in which some global results of
positive solutions were established for boundary value problems of p-Laplacian differen-
tial systems and ¢-Laplacian differential systems, respectively.

Generally, in order to make priori estimations on possible positive solutions of ¢-
Laplacian problems, the function ¢ satisfies not only condition (Al), but also other ad-
ditional conditions. For example, Wang [10] used the following condition.

(A1*) There exist two increasing homeomorphisms v, ¥ : (0,00) — (0, 00) such that for
allxandy >0,

1(®)p(y) < ¢lxy) < Y2 (x)p ().

In [21], a more general condition was given.

(A1**) For o > 0, there exists a constant C, > 0 such that for all s € R, ";(‘(’s;) < Cg.

In our discussion for the single discrete problem (1), we only assume that ¢ satisfies
condition (Al). In addition, in the discussion of nonlinear differential systems in [11, 21],
monotonicity conditions were imposed on nonlinear terms. In this paper g does not have
to satisfy monotonicity conditions.

The remaining part of this paper is organized as follows. In Section 2, we show some
lemmas for the later use. In Section 3, we show the proof of Theorem 1.1. Our proofs are
mainly based on the upper and lower solutions technique arguments and the fixed-point
index theory for cones.

2 Some lemmas
First, we introduce an existence result of solutions based on lower and upper solutions
method for discrete ¢-Laplacian boundary value problems, which has been proved by
Cabada [18].

Consider the following boundary value problem

Alp(Autk—1)) +f(k,u(k)) =0, ke1,T]z,

(3)
u(0) =u(T +1) =0,

where
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(B1) ¢:R — Risan odd and strictly increasing function;

(B2) f:[1,T]z x R— Ris continuous.

Let E = {u: [0, T + 1]z — RT*2} with the norm |u|| = max;co,r+1), |u(t)]. Given u,v € E,
we say that u < v if u(k) < v(k) holds for all k € [0, T + 1]z.

Definition 2.1 « € E is called a lower solution of problem (3) if

A(p(Aalk -1))) +f(ka(k) =0, ke[l,Tlz
«(0) <0, a(T +1) <0.

In a same way, we define the upper solution of (3) by reversing the above inequalities.

Lemma 2.1 [18] Let (B1) and (B2) hold. Assume that there exist o and B, respectively lower

and upper solutions of (3) such that o < B. Then problem (3) has at least one solution u
witha <u < B.

A function u of integer variable is said to be concave if A%u(k — 1) < 0. This is the same
as saying that the first difference Au(k — 1) is non-increasing. If A2u(k —1) < 0, then u is
said to be strictly concave.

Lemma 2.2 Let u(k) be concave on [0,1 + Tz, and u(0) > 0, u(T + 1) > 0. Then:
(i) u(k) =0 forallk €1, Tz, and Au(k —1) > 0 for k € [1,k*]z, Au(k) <0 for
k € [k*, Tz, where k* € [0,1 + Tz satisfies u(k*) = maxgeqo,1+7, #(k).
(ii) For each ko € [1, L%J -1z (L%J denotes the integer part of%),

k()

ulk) = T+1

lull, wuelko,l+T —kolz.

Specially, u(k) > ﬁ lull, ue(1,T]z.
Proof (i) If k* =0 or T + 1, the result is clear. Now we assume that k* € [1, T]z. Since
Au(k*=1) =u(k*) —u(k*-1) =0,  Au(k*)=u(k* +1) —u(k*) <0.

We have by the monotonicity of Au(-) that Au(k—1) > 0 for k € [1,k*]z, Au(k) <0 fork €
[k*, T]z, which implies that u#(k) > 0 holds for all k € [1, T]z by the boundary conditions
u(0) >0, u(T +1) > 0.

(ii) For a,b € R with a < b, let [a, b]g and (a, b)g denote the closed and open interval on
R, respectively. For any given k € [1, T + 1]z, define

u(t) = (u(k) —u(k = 1))t - k) + u(k), € [k-1,Kklg.

Clearly, u(k) = u(k) for k € [0, T + 1]z and u(t) is continuous concave on [0, T + 1]g. Let
| - llco,r+1)x denote the super norm in the space C[0, T + 1]. It is easy to see that ||u| =
lzll clo, 74115 - By the concavity of #(t) on [0, T + 1]g, we have that for any § € (0, %)R,

() >
u()_T+1

lullcio,r+11gy €8, T +1-38]g.

which implies the expected results. d
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Remark If u(k) is strictly concave on [0,1 + T]z, and #(0) > 0, u(T +1) > 0. Then u(k) > 0
for k € [1, T]z, and there exists k* € [0,1 + T]z such that u(k*) = ||u|, Au(k —1) > 0 for
ke [1,k* —=1]z, Au(k* —1) > 0, and Au(k) <0 for k € [k*, T]z.

Lemma 2.3 Let (B1) hold and u satisfy the following difference inequality

-A(p(Autk-1))) =0, ke[1,Tlz, (4)

with u(0) > 0, u(T + 1) > 0. Then u(k) is nonnegative concave on [0, T + 1]z. Specially, if
inequality (4) is strict, then u(k) is strictly concave on [0, T +1]z.

Proof Since Alp(Au(k —1))] = p(Au(k)) — ¢(Au(k —1)) <0, k € [1, Tz, we have by the
monotonicity of ¢ that Au(k) < Au(k — 1), k € [1, Tz, which implies that #(k) is concave
on [0, T + 1]z and u(k) > 0 for [0, T + 1]z by Lemma 2.2(i). O

Lemmas 2.2 and 2.3 yield the following result.

Lemma 2.4 Let (B1) hold. Then each solution u of (1) is strictly concave and u(k) > 0 for
allk e [1,T]z.

Consider the following boundary value problem

(5)

AlPp(Aulk —1))) + h(k) =0, ke[l,T]z
u(0) =u(T +1) =0,

where 4(k) > 0 for all k € [1,T]z and ¢ satisfies (Al). It is easy to check that u € E is a
solution of (5) if and only if

k T
uk)=>y ¢ (c1 + Zh(l)), ke[0,T +1lz, (6)
s=1 I=s

where C; satisfies u(T +1) = 0, i.e.,

T+1

T
> o™ (c1 + Zh(l)) =0. @)
k=1 I=k

Since ¢! is a homeomorphism from R onto itself, the solution C; of (7) is unique. Let
T
Cy=-Ci-1)_h(l). 8)
I=1

Then (6) can be rewritten as follows

T s
u(k) =Yy ¢~ (c2 £y h(l)), kel0,T +1z, 9)
s=k =1
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where C, satisfies #(0) = 0, i.e.,

T k
> o (cz + Zh(l)) =0. (10)
k=0 =1

By Lemmas 2.2 and 2.3, the following result holds.

Lemma 2.5 Let (Al) hold. Assume that u solves (5) and ||u|| = u(k*). Then

T T
G+Y D=0, C+ Y h{)=o.

I=<k* I>k*+1
Equivalently,
k<k*-1 k>k*

G+ Y hD=<0, G+ Y h(l)=0.

I=1 =1

Define K = {u € E : u is nonnegative concave on [0, T + 1]z}. Then K is a cone in E. De-
fine T : K — E by

k T
(L®) =Y ¢ (cl A Zp(l)g(uw)), ke[0,T +1]z

s=1 I=s

where C; is the unique solution of the following equation

T+1 T
> ¢ (Cl + A Zp(l)g(u(l))) =0.
k=1

1=k

Then T;(K) C K and T; is continuous. We know that u is a positive solution of (1) if and
onlyif Thu =uonE.

Lemma 2.6 Let (Al) and (A2) hold, R be a compact subset in (0,00). Then there exists a
constant by, > 0 such that for all . € R and all possible positive solutions u of (1) at A, one
has |u|| < by.

Proof Suppose that the conclusion is not true. Then there exists a sequence {},} C 9 and
u, corresponding positive solutions of (1) at A, such that ||u,|| - co as n — co. Let A =
inf{A,}, p = mingen, 71, p(k) and € = ﬁ Since 0 ¢ N, we know A > 0. By (A2), there exists
R > 0 such that g(u) > e¢(u) for all 4 > R. By the concavity of u, and Lemma 2.2, we know
that

1
”Mn” >R7 ke [1! T]Z:

a1 (k
u()ZT+1

holds for # sufficiently large. It follows that

2(ua(K)) > € (un(K)), k€ [1, Tlz.
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Let |luy|| = u,(k*). If k* > 1, then by Lemma 2.5, we have a contradiction that

T
un(1) = ¢~ (CY” 2 Zp(Z)g(un(z)))

"t (Z Z)p(k)g un(k))

k=1 k=k*

( Zp(k)g i k)))
> ¢7! (2ped (un(1))) = un(1),

where C{") satisfies u, (T +1) = 0. If k* = 1, then we also have a contradiction that

T
un(T) = ¢! (c&‘“ + Zp(l)g(unu)))

=1

T
=9 (Cz + (Vg (1)) + 2n ) p(K)g( u,,(k)))

k=2

T
> ¢, ka)g(un(k)))
> ¢~ (2ped (ua(T))) = un(D),
where C;") satisfies u,(0) = 0. The proof is completed. d

Lemma 2.7 Let (Bl) hold. Then there exists A* > 0 such that (1) has a positive solution
at \*.

Proof Take o = 0. Then « is a lower solution of (1). Let 8 solve the following boundary
value problem

A(p(Auk -1))) +p(k) =0, ke€[1,T]z,
u(0) =u(T +1) =0.

Take M = maxiep, 11, f(B(k)), A* = ;. Then

A(p(ABGk=1))) + A*p(K)f (B(K)) = plk) (*f (B(K)) =1) <0, k€[, Tz

Therefore, B is an upper solution of (1) at A*. By Lemma 2.1, (1) has a positive solution u
at A*, and the proof is done. O

Lemma 2.8 Let (B1) hold. If the problem (1) has a positive solution at X, then (1) also has
a positive solution at \ for all 0 < ) < X.

Proof Let i be a positive solution of (1) at A and A satisfy 0 < A < A. Then i is an upper
solution of (1) at A and « = 0 is a lower solution. Thus, Lemma 2.1 implies that (1) has a
positive solution at 1*. d
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Let A = {)A € (0,00) : the problem (1) has at least one positive solution at A}.
Lemma 2.9 Let (Al) and (A2) hold. Then A is bounded.

Proof Suppose, on the contrary, that there exists a sequence {),,} C A and u, correspond-
ing positive solutions of (1) at A, such that A,, — 0o as n — 00. By (A2), there exists € > 0
such that for all u > 0, g(u) > €¢(u). Since A, — 00 as 1 — 00, there exists § > 0 satisfy-
ing dpe > 1 such that 1, > § holds for # sufficiently large. Let [|u, || = u,(k*). Similar to the
arguments in the proof of Lemma 2.6, if k* > 1, we have the following contradiction

(1) > ¢~ (8ped (un(1))) > un (1),

and if k* =1, we also have a contradiction that

u(T) > ¢! (8£6¢(MW(T))) > u,(T). O
Lemma 2.10 Let (Al) and (A2) hold. Then there exists A* > 0 such that A = (0, A*].

Proof By Lemmas 2.7-2.9, A is a nonempty bounded interval open at the left with the left
endpoint 0 ¢ A. We only need to show that it is closed at the right. Let sup A = A*. Then
there exists a sequence {A,} C A satisfying %, < A, such that A, — 1* as n — oco. Since
{1} is bounded, Lemma 2.6 implies that there exists a constant R such that for all » and
all possible positive solutions u, of (1) at A,,, ||u,|| < R. It follows that {u,} has a convergent
subsequence, say again {u,}, which converges to u*. Since (A,, u#,) solves problem (1), we

know that

A(P(Auy(k = 1)) + Aup(k)g(un(k)) =0, k€ [1, Tz,
1,,(0) =u,(T +1)=0.

Let n — oo, we have by the continuity of g as well as ¢ that

A(p(Au*(k—1))) + 1*p(k)g(u*(k)) =0, k€ [L, Tz,
u*(0)=u*(T +1)=0,

which implies that (A*, ™) solves problem (1). By Lemma 2.4, ™ is positive on [1, T]z and
A* € A. The proof is completed. d

In the succeeding arguments, we need the following well-known fixed point index the-

orem on cones. For proof and details, see Guo [22].

Lemma 2.11 Let E be a Banach space, let P be a cone in E, and let Q2 be a bounded open
setin Ewith 0 € Q. Let T : PN Q — P be a complete continuous operator satisfying that

Tx=px, x€PNIQL=>pu<l.

Then i(T,PNQ,P) =1.
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3 The proof of Theorem 1.1

By Lemma 2.10, there exists A* > 0 such that problem (1) has at least one positive solution
for A € (0,A*], and no solution for A > A*. So we only need to show the existence of the
second positive solution for A € (0,1*). Let u* be the positive solution of (1) at A*, and
A :0 < A < A* be given. Choose a constant M > such that g(u*(k)) > M for k € [1, T]z. Since
g is uniformly continuous on [0, ||z*| + 1], there exits a sufficiently small number € > 0
such that forall # € E: ||u — u*|| <e,

*

g (u(k)) - g(u*(K))| < M, kel0,T+1]z.

Let u}(k) = u*(k) + €, k € [0, T + 1]z. We claim that
A(p(Auf(k-1))) + Ap(k)g(ui(k)) <0, ke[1,Tlz. (11)
In fact, for k € [1, Tz,
A(p(Auf(k-1))) + Ap(k)g(u} (k)
= A(p(Au*(k-1))) + Ap(k)g(u;(k))
= —A*p(k)g(u* (k) + Ap(k)g (u; (k)

= Ap(k)[g(uf (k) — g(u* (k)] - (A* = 1) p(k)g (u* (k)
< (A* - A)p(k) (M —g(u*(k))) <0.

Define @ = {u € E: —e < u(k) < u(k),k € [1,T]z}. Then  is bounded and open in E.

Consider the following problem

A(@(Aulk 1)) + Ap(k)g*(u(k)) =0, k€ [1,T]z,

(12)
u(0) =u(T +1) =0,
where
* ”_u:(k) *
glui(k)) - Tl WU (k),
g w) = { g(w), 0 <u<uk),

g(o), u<0.

Then g* : R — Ris continuous and bounded function. We show that all solutions u of (12)
satisfy u(k) < u?(k), k € [0, T +1]z. If it is not true, then there exists ko € [1, Tz such that

u(ko) — uj(ko) = max (u(k) - uj(k)) > 0.
ke[1,T]z
It follows that Au(ko — 1) > Au(ko —1) and Au} (ko) > Au(ko). Thus,
A(p(Auf(ko - 1)) = A(¢(Aulko —1))). (13)

On the other hand,

u(ko) — ug (ko)

1+ ulko) — ur(ko) < g(u: (ko))

g (ulko)) = g(uf (ko)) -
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and (11) implies that

A(p(Aulko —1))) = —Ap(ko)g* (u(ko)) = —rp(ko)g (u: (ko)) > A(p(Aus (ko —1))),

which contradicts (13). Thus, if  is a solution of (12), then u# € 2. Define T} the same as T,
replacing g by g*. Then T} : K — K is continuous. Since g* is bounded, there exists R; > 0
such that || T5u|| < R, forall u € K. Thus, we can choose R sufficiently large such that R > R,
and Q C Bg.Here By = {u € E : | u|| < R}. Then by Lemma 2.11, we have i(T;, Bx N K, K) = 1.
Since all positive fixed points of T; are contained in 2, and T, u = u is equivalent to T;u = u
on 2N K, one has

(T, QNK,K)=i(T;, 2N K,K) =i(T},Bg N K,K) = 1. (14)

By Lemma 2.9, there exists A > A* such that problem (1) has no positive solution at A.
Thus, for any open set U in E,

(T3, UNK,K) =0. (15)

Take € = i, where p = minkep1, 7, p(k). By (A2), there exists L > 0 such that g(u) > €d(u)
for u> L. Let % be a compact set of (0,00) containing A and A. Then by Lemma 2.6, we
can choose by, > 0 sufficiently large such that all possible solutions u of (1) at any A € it
satisfy ||u|| < by and that by, > (T +1)L and Q C By,,. Here By, = {u € E: ||u|| < by}. Define
h:[0,1] x (B, NK) — K by

h(t: M) = TTX+(1—1:)A(M)'

It is easy to see that % is continuous on [0,1] x K, /4(0,u) = T)u and h(1,u) = T;u. We
need to prove that /i(t,u) # u for all (7,u) € [0,1] x (31—3@“ N K). Assume that there exists
(t,u) €[0,1] x (BB;,;H N K) such that

k T
uk) =Y ¢ (c{’” (T @-n)) p(l)g(u(l))), kel0,T+1]z
s=1 I=s

where th) satisfies u(T +1) = 0. Then by Lemma 2.2, u(k) > ﬁ llu]| > L for k € [1, T]z. Let
le¢]| = u(k*). Similar to the proof of Lemma 2.6, if k* > 1, then one can get a contradiction
that

u(1) > d)‘l((r): +(1- r)k);_aeqb(u(l))) > u(l).
If k* = 1, one can also have a contradiction. Therefore, 4 (7, u) # u for all (z,u) € [0,1] x

(81_3;72“ N K) and i(h(t,-), By, N K, K) is well defined. Thus, by the property of homotopy

invariance and (15),

i(Ty, By, NK,K) = i(T5, By, N K,K) = 0. (16)
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Then by the additive property, we have from (14) and (16),
i(T5, (Bpy \Q) N K,K) = -1.

Therefore, problem (1) has one positive solution in 2 N K and another in (B;,N\S_Z) NK.
The proof is completed.
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