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1 Introduction and preliminaries

Let g be a positive number, 0 < g < 1. In the following, we follow the notations and no-
tions of g-hypergeometric functions, the g-gamma function I'; (x), Jackson g-exponential
functions E,(x), and the g-shifted factorial as in [1, 2]. The g-difference operator is defined
by

by 1010

(z#0). 11)

Jackson [3] introduced an integral denoted by

/a hf (x) dgx

as a right inverse of the g-derivative. It is defined by

b b a
/ F(O)dyt = / F@)dyt - f fdyt (@beC), (12)
a 0 0
where
fo FOydgt=(1-0 Y xq'f(xg") (x€C), (13)
n=0

provided that the series on the right-hand side of (1.3) converges at x = 4 and b.
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There is no unique canonical choice for the g-integration over [0, 00). In [4], Hahn de-

fined the g-integration for a function f over [0, c0) by

fo fOdt=0-9 ) 7'f(q")

while in [5] Matsuo defined g-integrations on the interval [0, c0) and (—o00, 00) by

oo/b 1 q S
i SO dgt:=—= Z;O (4"/b) (b>0), (1.4)
oo/b 1 _ q S
. f(&)dyt = TZ (4"/b) +f(~4"Ib)), (L5)

respectively, provided that the series converges absolutely. For any g € (0,1) and 0 < b < 00,
we define the spaces

oo/b
LP(Rpy) = {f [f(x)|pdqx <00,p > 1}, Rpq:= {:I:q"/b ‘ne Z},
—o00/

L¥Rpq) = {f : Ifllc := sup{f (£4"/b) | n € Z} < 00}.

We shall use the particular notation R, I?‘Rq and I@W to denote R4, R =g, and { 7=
k € Z}, respectively. One can verify that L?(R,,,;) associated with the inner product

oo/b -
(f,g) = /bf(t)g(t)dqt, fr8 € L’ (Ry,y),

is a Hilbert space. The Riemann-Liouville fractional g-integral operator is introduced by

Al-Salam in [6] and later by Agarwal in [7] and defined by

If (%) = If:(:) /(;x(qt/x;q)a_lf(t) dst, aé{-1,-2,...}. (1.6)
Using (1.3), (1.6) reduces to
(1.7)

1_ azqn(qa q)nf( qn)’

1f(x) = o

n=0

which is valid for all @. The Riemann-Liouville fractional g-derivative of order «, @ > 0, is
defined by
o k rk—o
DY =DiI (k= [a]).
Rubin in [8, 9] introduced the g-difference operator

flg'2) + f(—q7'2) - f(q2) + f(~qz) - 2f (~2) (z#0). (1.8)

W 201~ q)z
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It is straightforward to prove that if a function f is differentiable at a point z, then
lir? 04f (2) =f'(2)
q—1"

Also,

D,f(2) if f is odd,

sf =@
7D f(z) iff iseven.

Let f and g be functions defined on a set A, where A satisfies

zeA— tqtlze A,

and let f; and f, be the even and odd parts of f, respectively. The following properties of
the 9, operator are from [9, 10] and hold for all z € A \ {0}.

i) 9,f(2) = équlfe(z) +Dgfy(2).
(ii) For two functions f and g,
- iff is even and g is odd, then
3,(f0)(2) = 4g(2)(34f)(q2) + f (q2) 358 (2);
- if f and g are even, then

04(f2)(2) = 0,f (2)g(2) + f (z/q) 9,¢(2);

- if f and g are odd, then
94(fe)(2) (f(z)(aqg) z1q) + (0,f )zl9)g (2] 9)).-
The g-translation &” is introduced by Ismail in [2] and is defined on monomials by
&x" = x"(~y/x%;q)n, 1.9)

and it is extended to polynomials as a linear operator. Thus

& (Zf,,x") = Zf,,x”(—y/x; Q- (1.10)
n=0

n=0

The g-translation operator is defined for %, a > 0, to be
&x% = x"(~y/%;q)a- (1.11)

In [4], Hahn defined the following g-analogue of the Laplace transform:

Lof (x) = p(s) = % / E (—gsx)f (x)dgx  (Re(s) > 0). (112)
—qJo
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Abdi [11] studied certain properties of these g-transforms. In [12], he used these analogues
to solve linear g-difference equations with constant coefficients and certain allied equa-
tions. In [4, equation (9.5)], Hahn defined the convolution of two functions F, G to be

1
(F % G)(x) = é /0 F(tx)Glx — tqx] dyt, (113)

where G[x - y], for
o0
G(x) := Z ax",
n=0
is defined to be

Glx—yl:=> aulx—yln  with [x =yl :=2" (/% q)n-
n=0

Using the definition of g-integration, (F * G) is nothing but
1 x ot
(F % G)(x) = = F(t)e™ " G(x) dgt, (1.14)
—4Jo

where ¢ is the translation operator (1.10). It is remarked by Hahn [4, p.373] that the con-
volution theorem

JLs(F % G) = JL;F, LG (L15)

holds. One can verify that if ®(s) := ;L;F(x) and 0 < @ < 1, then

o _ Sa _ql-a + 1 .
LD F(x) = T ®(s) -1, F(0 )—(1 0 (1.16)

see [13].

2 Orthogonality relations and completeness criteria
Koornwinder and Swarttouw introduced a g-analogue of the cosine and sine Fourier trans-
form in [14] with the functions Cos(z; q%) and Sin(z; ¢2) defined by

& -1 k k(k+1) 1- 2k
o) 50

k=0
=101(0;4:4°,4°2* (1 - 9)%),
) 0 (_l)qu(/<+1)(z(1 _ q))2k+1
Sin(z; q2 =
( ) Z (q’ 4)2/<+1

k=0

2.1)

=261(0:4%q°,¢°2* 1 - 9)*).
A g-analogue of the exponential function is introduced in [8, 9] and defined by

e(z qz) = Cos(iz; qz) —iSin(iz; q2).
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Straightforward calculations give
8,Cos(Ax;q°) = -1 Sin(Ax;q*),  8,Sin(Ax;4%) = A Cos(Ax; q°)
and
8,e(Mx:4%) = re(Ax; q°),

where x € C and X is a fixed complex number. Fitouhi et al. in [15] proved that

(z:9) |z -39 |1 itn >0,
Do 1¢1 (0’ 2,4, q1+ ) = & n(n+1)
(@ @)oo (4 Do lz|™"qg 2 ifn<O.
Hence,
n _ 2; 2 o 1 if n> 0,
Sm( q ;qz)‘ < OO 1= (22)
l1-¢q (@) | g ifn<0
and
n _ 2; 2 o 1 ifn >0,
Cos(q_;qz)’ OO [T (2.3)
1-g (9% g " ifn<0.
Consequently,

n _ 2; 2 o 1, n> 0’
e(—q ;q2> T 1 be |1 (2.4)
1-¢g (4 9%)o q", n<0.
The following orthogonality relation is proved in [14].
Theorem 2.1 Let |z| <1 and n, m be integers. Then
[o¢]
+n (22; ) n+k+ +m (ZZ; ) m+k+
Smn = Z 2 - 1 =161(0;2% ¢, ") 2 &1%(0;22;%6[ ki, (2.5)

(@9 (4D oo

k=—00

where the sum converges absolutely and uniformly on compact subsets of the open unit disc.

The following identity, which follows from (2.5) when we replace ¢ by ¢* and z by g%,

a > 0, is essential in our investigations.

I
mn
(@)%,

00
_ Z q2ka1¢1 (O;qza;qz,q2"+2k+2)1¢1 (O;an;qZ,q2m+2k+2)' (26)

k=—00
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Theorem 2.2 ForO0<g<1,

00//I-q n m i 212
/ Sm(q—z,q2> Sln( qz ,q2> dqz (q q )oo q_n(snmy
0

m l—q (61, 2)2
oo/ /I=q n m I 232
f Cos( 7z ;q2> Cos( 17z ;q2> dyz = —4@’;q )°°q’”8
0 1-¢q Vi-q (7:9%)%

and

/w/ﬁe(l. q'z q) ( q"z ,qz>dz PRAR Uk (12)§oqfn(S
—olyT=g \ V/1-¢ vl—q ! (792

Proof We start with proving (2.7). Since

/oo/ﬁ/l—q ( qn ) qm ) 4
Sin zq )Sin( zq ) z
0 Vi-q Vi-q !

] n+k qm+k
Z 71— Sln( )Sln(l ;q2>
—-q

k=—00 -

n+m

_ (1q_ e Zq3k1¢1 (O;qs,qz;q2+2”+2k)1¢1 (O; qsyq2;q2+2m+2k).

n (2.6), set a = 3/2 to obtain

- (4% 4>
Zq3k1¢1 (0;q3;q2’q2+2n+2k)1¢1 (O;qS,qZ;q2+2m+2k) — q—B(n+m)/2 o0 (Sn,m-

(@)%,

—00

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

Combining (2.10) and (2.11) yields (2.7). The proof of (2.8) follows similarly and the proof

of (2.9) follows by combining (2.7) and (2.8).

Theorem 2.3 Forany q € (0,1),
(a) the set {e(£ %x; q*),n € Z} is a complete orthogonal set in L;(@q),

%;qz),n € Z)} and {Sin(%;cf), n € 7} are complete

orthogonal sets in L;(ﬁq,+).

O

Proof We only proove (a). The proof of (b) is similar and is omitted. From Theorem 2.2,

it remains only to prove that the set {e(+ %x,q ),n € Z} is complete in Lz(

equivalent to proving that if there exists a function f € LZ(Rq) such that

<,e<ﬂ:\/;1n__qx;q2>>:0 (n € Z),

then

e

n

>:0 (neZ).

2)- This is

(2.12)

Page 6 of 27
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From (2.12) we deduce

oo/ \/1=q q"
/0 1) C0s< t; q2> dit=0 (nel),

V1-¢g
i sin( L2 dt-0 z
oll 1 t= »
I f”‘“(mq)‘f e )

where f, and f, are the even and odd parts of the function f. Then from (3.8)-(3.9) we obtain
fe@®) =fo()=f(t)=0forallt e R Hence {e(i =% q*),n € 7} is a complete orthogonal
set in Lz(@q). O

Theorem 2.4
() Iff € LA(R,), then

[ee]

flx)= che(ixdlqi_q, qz

-0

) + gd,,e(—ix \/fan;qz) (xeR,), (2.13)

where

oo//I-q q" )
=— —it ;q)dt (neZ),
v/oo/\/_ ( Vl_q 1
oo/ /I-q q )
== f@) e<lt >d t (nelZ),
—o00//T-q \/1 q !

and C o= WEA@a%
’ @k

2) Iff € L*(R,), then

fx) = Z;OLZV,COS( =1 ) Zb Sm( \/_;q2> xeR), (2.14)

where

4 oo/\/ﬁ t n
an:—/ fe(t)COS( 1 ;q2>dqt (ne)
0

and

b-——/ M (t) ( g 2)d ( )
" (t) Sin a ; t (neZ).
C 0 f Q/l_qq g

Proof The proof of (1) follows directly from Theorem 2.3 and the orthogonality relations
(2.9). In the following we give in detail the proof of (2). Let f = f, + f, be any function in
Lz(ﬁq). Clearly both f, and f, belong to LZ(I@q). The restriction of f; to ﬂiw can be repre-
sented in the complete orthogonal set {COS(%), nezyas

Z a, Cos(F,q ) (x e @q,+), (2.15)
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where
4 oo/ﬁ tq}'l
a, = E/ felt Cos(m;qZ’) d;t (nelZ).
~q,+), hence
q ~
folx) = b, Sln( iq ) xeR,,), (2.16)
Zosu(gn) we.
where
4 OO/M tqn
by = — t)Sin| ———; ¢ | d t 7).
el mos( )i e

Because both sides of (2.15) are even functions on @q, the equality extends on @q; and
similarly the two sides of (2.16). Hence we have the representation (2.14) of any f € Lz(@q).

O
3 Rubin’s g?>-Fourier transform
Koornwinder and Swarttouw [14] introduced the pair of g-transforms
Cos( ,q 2)
" (49"
gd") =55 Z or f(d"),
@) o
Sin(qqu; 7°)
(3.1)

k+n
Cos(10 %)

(q, n
f(q") = Z or g(a”),
k+n
Sin(4 4 2)
where 0 < g <1and f, g are in the space L*(R,). Now assume that log (1= q) € 27 or, equiva-
lently,
qe {q €(0,1): 1 — g = g¢*" for some integer m} (3.2)

Then, by replacing ¢* and ¢” in (3.1) by g*\/T—¢ and ¢"/T—¢q, and then f(g*\/T—q)
and g(¢"/I—q) by f(¢*) and g(¢"), Koornwinder and Swarttouw obtained the following
g-analogue of the cosine and sine Fourier transforms:

Cos(tr; g%)

)\. d t;
&) r2(1/2 / J(®) yor a
Sin(¢X; 4°)

(3.3)
Cos(xA; %)

/ f(t) 4 or dgh.
Sin(xA; ¢%)

r2(1/2)
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Therefore, if we let ¢ — 1~ for such ¢’s that satisfy (3.2), we obtain the cosine and sine

Fourier transforms

2 [ 2 [*
gn) = \/;/(; f(t)cos(rt) dt, f(t) = \/;/0 g(A)cos(tr) da, (3.4)
gn) = \/g‘/owf(t) sin(At) dt, f) = \/gfooog(k) sin(tA) dA. (3.5)

The pair of functions Cos(rx; ¢%) and Sin(Ax; g2) satisfy

—qu—quy(x) _ 2 ify() = Sin(x 4%),

q gry(x) if y(x) = Cos(rx; g°).
Therefore, the eigenfunctions {Cos(Lx;¢?),Sin(Ax;q%)} have two different eigenvalues.
Consequently, as remarked by Koornwinder and Swarttouw in [14], no g-exponential
functions built from {Cos(x; %), Sin(x; g%)} will satisfy an eigenfunction problem. This mo-
tivated Rubin [8] to define the g-difference operator (1.8) since for this operator, the func-

tions {Cos(Ax; ¢%), Sin(Ax; %)} are solutions of the eigenvalue problem

—57y(x) = 22y(x).

Rubin [8] introduced a g?-analogue of the Fourier transform in the form
A J1+q o0
:q°) = F, :—/ De(—itx; q*) d,t, 3.6
f(x q ) 1)) 2Fq2(1/2) —oof( )e( iwx;q ) q (3.6)

where f € L'(R,) and ¢ satisfies condition (3.2).

Remark 3.1 Rubin [9] proved that
(1) the ¢*-Fourier transform defines a bounded linear operator from L'(R,) to L™(R,),
(2) the g*-Fourier transform is defined and bounded on L'(R,) N L*(R,),
(3) LYR,) NL*(R,) is dense in L*(R,) (consider the functions with finite support).
Consequently, the g*-Fourier transform defines a bounded extension to L*(R,).

Koornwinder and Swarttouw introduced the g-Hankel transforms (3.1) which can be
written in the form (3.3) only if g satisfies condition (3.2). In fact, we can write the
g-transforms in (3.1) as g-integral on (—o0, 00) by using Matsuo definition (1.4) as in the

following. Rewrite the transform pair in (3.1) as

Cos(4r;4?)
q" (@) 1 ( q- )
g(«/l—q) @ d%) | qu o o 4 1-¢q)’
Sin(1—34%)
/<+n (37)
. ) Cos(%—:4%)
q G ) q"
f( l—q) (4% %) Z or . g( 1—q>’
Sin(4—;4%)
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where we assume that the functions f and g are in the space L (I@q) NL? (I@q). Using Matsuo
definition of the g-integration on (0, 00), (1.4) with b = \/1 — g, the transformations in (3.7)
can be written as

JTvg [

g) = T2 Jo S () Cos(xt; q*) dyt, e
fle)= Fﬂ) OOO/Mg<x>Cos(xt;q2)dqx |
and
g) = F%) OOO/M f(®) Sin(xt; ¢*) dyt,
(3.9)
1) = Fﬂ) /0 e 2 Sin(xt: ¢%) dyx,

where x,t € Iﬁq and f, g are in Ll(f@q) N Lz(@q). This is similar to Rubin’s work in [9]. Con-
sequently, we set the following reformulation of Rubin’s definition of the g*-Fourier trans-
form (3.6).

Definition 3.2 Let 0 < g < 1. We define the ¢g*>-Fourier transform for any function f €
Ll(ﬁq) to be

R 1 oo/ /I-q
Fl4%) = Fo(f)x) = quz(;/qm . F(t)e(~itx; %) dyt. (3.10)

It is clear that Rubin’s definition of the g>-Fourier transform is a special case of (3.2)
because if 1 — g = g*” for some m € Z, then

00//I-q oo/q"™ 00
fo FO)dyt = fo FO)dyt = fo f©)d,t.

However, we get the classical Fourier transform only when ¢ — 1~ and g satisfies (3.2).
Similar to Rubin’s results mentioned in Remark 3.1, we can prove that the g>-Fourier trans-
form defines a bounded linear operator from Ll(@q) to Loo(@q), and Ll(@q) N Lz(@q) is
dense in L2(]1~§q). Therefore, the g2-Fourier transform in (3.2) defines a bounded extension
to LZ(]INQ,,).

The proofs of the following results, which are valid for any g € (0,1), are similar to the
proofs in [8]. Therefore, we state them without proofs.

(1) Iff € L2(R,), then

oo/ /T-q ~
fioy= Y4 f

. .,
m YN = ]:(f)(x)e(ltx(l -4q)iq )dqx7 teRy. (3.11)

(2) Iff(u) and uf(u) € L}I(ﬁéq), then

0g(Fof)(x) = F4 (—iuf(u))(x).
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3) Iff and 9,f € Ly (R, (R,), then
Fo(0gf) () = inF 4 (f)(x). (3.12)

We reformulate the definitions of g>-Fourier multiplier and the g?-Fourier convolution
formula introduced by Rubin in [9] with the restriction (3.2) to any g € (0,1).

Definition 3.3 Let g € (0,1). We define the g>-Fourier multiplier operator corresponding
to translation by y to be

1 oo//I=q
(T,f)() 21,4% _w/me(—ity, ) (Fof)elitx; ) dyt, (3.13)

whenever the g-integral makes sense. If f € Lz(ﬁq) andg € Ll(@q), we define the multiplier
corresponding to Fourier convolution of f with g to be

oo/ /I-q
(f +9)(2) = f [T2f1(2)g(2) dyh. (3.14)

—o0//1-q

Theorem 3.4 Let f and g be two functions in (L* N L2)(]1~£q). Then

Folf #2)x) = F, (N0 F, @) (xeR,). (3.15)

Proof The proof of (3.15) is completely similar to the proof of [9, Theorem 8] and is omit-
ted. O

4 Fractional g-operator as a generalization of a g-difference operator

Let f be an integrable function of period 2. Weyl, see Zygmund’s book [16], introduced a
fractional operator which is more convenient for trigonometric series than the Riemann-
Liouville fractional operator. This operator is defined by

et ez’mc
(qu)(x)~n;ocnw flx)~ ch *,c0=0 (4.1)

where i* = /2, Zygmund [16, p.133] pointed out that

inx

1 [ e
= /0 fORG-0d, =Y o

n#0

He also proved the semigroup identity
Ialﬂ =Iaﬂq, Ol,ﬂ>0.

In [17], Ismail and Rahman defined a g-analogue of the fractional operator I, so that o« = 1
represents a right inverse of the Askey-Wilson operator D, which is defined by

f(q1/2eL9) f(q—llz 19)
(Dyf)(x) := @7 —q ?)sin0 x =cos6,

where f(x) = f(z) with x = (z + 1/2)/2.
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In this section, we introduce a g-analogue of the fractional operator (4.1) as a general-
ization of the g-difference operator defined by Rubin in [8]. From Theorem 2.3, conse-

quently,

0o/ /I-q
f) = / FOWolx, ) dyt,
ool

Wo(x,t)ziq"e<ix 7 )e(—it 7 )+q"e(—ix 7 )e(it 7 )
= l1-q vi-¢q I-q 1-¢q
- q" q"
=Y g"Cos (x ;q2> Cos (t )

" Qs q" 2\ q" 2
S —_ Sin| t———; .
+q 1n<x 1—qq> 1n( l—qq)

Lemma 4.1 The series

n

R = ST

is absolutely convergent only when Reo < 1.

Proof The series in (4.2) can be written as

(8 Do)

From (2.4), the series > -, q”(l"")e(ixﬁ ;qz)e(—it\/lql—fq ;q%) is absolutely convergent for
Re o <1and diverges for Rea > 1, while the series )~ q"" e(zx\/— q*)e(- lt\/— )

is absolutely convergent for all « € C. O
Set
< elixf=iqP)e(-itF=iq?)
\Ilo,(x,t) = (l_q)at/2 Z qn V1i-q — V1-q
= (iq")
@ elin fs)elit i )
+ (1 _ q)a/Z Z qn V1-q’ \/_

’

(—ig")*®

ST
i[x

where x,t € I@q and i is defined with respect to the principal branch, i.e., i* = ¢’

Lemma 4.2 Forke NandRea <1,

8][;“\1/& (%, 1) = Wo_ie(x, £).

Page 12 of 27
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Proof The proof follows directly by using that

n . n k n
8’;xe<ix—f_q;q2) = (—llq—q> e(ix 1 ;qz).

1-¢g

d
A direct calculation yields the following identity, which holds for Reo < 1
1 -q) W, (x,t) =2 cos( 5 )A (1) +2 sm< 5 )B (x, 1), (4.3)
where
& k(la) qn+k ) qm+k )
A, t) = k;wq Cos(l_q;q)Cos(l_q;q>
n+k m+k
+ gk Sin( 1 ;qz) Sin<q—;q2> (4.4)
I-q l-q

and

qm+k qn+k
By (x,t) := Z g Cos(l_ )Sin( ;qz)

1-¢g

n+k m+k
_ gk Cos(q ;qz) Sin(q ;q2).
l-q I-q

(4.5)
Theorem 4.3 For Re(a) <1
ﬂ—@“nw< 1 WI)
J1-gq J1-¢q
deos(aly "L T g
. —m(l- (ql“’,q 0200 (@ =%aq)r )
_ZSIH(%a)q m( Q)W Zr Oq -Er G q(l’l m)r
iz (), o
2008(%0!)47"(17 7 ’Zq’q oy oqa ](qqq, (=
_9dn(T —n(l—a)( lm»qzquoo ‘117 Dr o (m—n)r
2sin(Fa)g T gD Dre 0 d T G
lle>n+ [1 Rea],
r _l-a
where T, = {qrzq 7, risodd,
q2, ris even.
Moreover,
n m
(1 _q)—a/2q/a( q - q )
J1-q9 J1-¢g
2cos(%a)q‘”’(1‘°‘) ((61_;1‘16; o Zr: (- l)r al5] @ %), q

. _ _ 1+o 2 Zoc 1
+2sin(Za)g "¢ “)(Z]_T Yoo l)rq 51,4 - )r) q"mr,
n>m+ [HJ]

o 2 2
2cos(Fa)q - Gl 500 (<17 g5
1 o 2 2 1
+251n(ﬂ01)61_”1 @) ((q+—aqq = § :r ()( 1) q 2 Tr aq ?) q(m—n)r

(4.7)
i o

’

m>n+ [—Hze"],
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(1 _q)—a/Z\Ija <_ q , q )

T o)g—ma- (q 4% (51" %a)r
2cos(Fa)g " @ g e (-1 g (qq) gl
. l+a 2
—2Sln(la)q m(l o) ((‘; ﬂgquqqz));o Zr Oq Tr — V) q(n mr
tfn>m+[1R°“], ws)
2cos(Za)g ™ (qqlgq,q o 3 (~1)g°l 14 (qq)) g
- T o)g-"-e) @ ““111242) o 4 (%) (mon)r
2sm( ot)q @ *.q9)0 r=097 T (g:9)r q
lle >+ [1 Rea]
n m
(1 _q)—a/zwa <_ q - q )
1-q J1-q
2cos(Zar)g "1 ((qql Zq’; oy palsl q,q)z)rq(n—m)r
Lia 2.2) I
* 2sin(la)q‘ )((qq;“q# Y04 7, (qq;q){f) g
zfn>m+[1 Re“], wo)
) 2cos(Za)g 1" qu 7’ q2 Joo 7*! (51" “q)rq(m—n)r :
2 @ gqP)00 1= =0 @Dr
la 2 2
+2sin(Za)g " >WA Y g%, q,q)[rl)r g
lle N [1 Rea]

Proof Using the following formula from [14, p.455]
N+ q n+2k+ m+ (xZ;qZ)oo m+2k+
Z k k(y 1¢1(0;y2;q2,q2 2* 2)x kﬁl%(o;xz;qzyqz 2 2)
sl 4*)oo (4% 4%)o

I, = (s_lxy_1¢y2;qz)oo - n-2m 1 —
S ) S g )
’ ) 00

o mn (T, 6% 6%) ~ B
s s s ),
’ ’ oo

where [sxy| < 1, we can prove that

o]

m+k n+k
Z 7" COS(? ;qz) Cos(lq ;qz)
k=—00 -4 -9

gm0 ((qql qu 217> % 4% 4 42, g7, n>m+ [Rea/2),
g )((qql Zq”f] 20U G G A ), m >+ [Rea/2],

where Re(1 — «) > 0 and

o]

m+k n+k
> q Sin(—f ;q2> Sin<—f ;qz)
k=—00 -4q -4
q" mg = (fl"i“”zqﬁ @ % 4% 4%, ¢*">™), n>m+ [Rea/2],
" nq—1 7 ((,;Iqiq)w o> 4% 4% ), m>n+ [Rea/2].
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Also,
00 m+k n+k
Z qk(l—a) Sin(q )C s(q q2>
Pl l1-q’ l1-¢q
1+(x 2 2
) q—m(l—ot) (gq 2¢1(6]1 a’q ’q; q2’q2n—2m+a+l)’
- n(l-a) l 2 2
qm—nq — Z: q 2¢ (q 2o 3 a;qS;qZ,qu—anz—l).
Hence, if x := J(% and ¢ := %, then
Ay, )
t—(l—a)(l _ )—(1 «)/2 (qa 24 oo Z ](011 “q (g)r
1 @.5q%) “qq 0" qq)r !
n>m+ [—Rea/2]
x—(l—a)(l q) (1-a)/2 (q_,gqu oo Zr Oqa[ ](qqq,zf)r(x) ,
m>n+[-Rea/2].
Also,
Aol(x’ _t)
t(la(l q)la/Z(qqu,zocho( l)roz[] qq ()r

n>m+[-Rea/2],
x*(lfa)(l_q)—(l o)/2 (q1 Z .t; o0 Zr 0( -1)q al5] (g qq ( ),

m>n+[-Rea/2],

B, (x,t)

—m(1-a) @ Fq57)00 §00 @ (@ %) (-
N PN A IC L T A

n>m+ [I—Rea]

1+a 2
q—n(l—a) ((q qqqZ))oo Zr 0( 1)rq 2 ‘L’ ‘I)r q(m—n)r’

m>n+ [ERee Re“]

’

Cm(a) (@ g%0) g

q W % (= l)rq ar Tr ;q)ﬂz) g,

n=m+ [15e],

l+a 2, 2
q—n(l—ot) (le aq q 0 Zr o l)qu‘l:, ;q)z) q

e

(m-n)r

m>n+

Substituting from (4.10)-(4.13) into (4.3) yields the values W, (+x, +t) and the theorem

follows.

(4.10)

(4.11)

(4.12)

(4.13)

O

Remark 4.4 In the previous theorem, we calculated the value of W, (x,£), x,t € ]INQq and

for specific values of x, t. We can calculate the values of W, (x, ) for all x, ¢ by using the
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identity

Z k+myk+n (y q )OO 1¢1 (0 y iq ,q2k+2n+2)xk+m %1¢1 (O;xZ;qZ,q2k+2m+2)

v~ (@%4%)oc
o (s—lxy—l 7 ) 11 o
= @5y, % ) 24’1( s ey sy T g g sxy)
for |sxy| < 1. See Proposition 4.1 of [14].
In this case we have
CCa< 7 4 )
vi-q J1-q
o n+r m+r
— Z qr(l()t)cos< q ;q2> COS(q ;qz)
r=—00 1- q 1- 9
e @G 4 pdmra . n-dms
=g =2t (" g ), (4.14)

(q2n—2m+ot’ a9 qz)oo
& n+r m+r
_ Z qr(l—a) S1n< q q2> Sm(q ;qz)
= 1- 1-¢g

n-m ,—m(l-a) (qoz an 22 q q)oo
=9 q (an 2m+a Nk 2)00

- ; g Sin(lq_ >Cos(f q,qz)

2n-2m+2
—m(1— qa q q q) 2n—2mra—1 1, 2n-2m+2, 2 2-
qn mqm —a) (qzn S qu’ 2)00 2¢1(qn m+a ’qowr’qn m+ 4 q oz),

(o= 7=3)

Z r(1-a) S1n< ;q2> Cos( q ;q2>
- -9 I-q

¢1(q2n—2m+a,qa q2n 2m+2’q q ) (415)

_ q_m(l_o,) @ "2, 4% 4P & (q2n—2m+ot+1 qa—l,an—2m+2,q2 q2—a)
(q2n—2m+a+1, 9 9; qz)oo

Corollary 4.5 For each fixed x,t € @q, the function W, (x,t) as a function of a can be ex-

tended to an entire function on C.

Proof If « is a positive integer, then the series on the right-hand sides of (4.6)-(4.9) are
finite sums and hence are convergent. Since the zeros of the function cos(5«) are the
poles of the function (g'%; g%)« with the same orders. In fact

cos Zo T qu+f
lim 2 =— i € Np).
a=2+) (7% ¢ 2Inq (4% 9)(d% 9*)o beNo
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Similarly, the zeros of the function sin(Z«) are the poles of the function (4*™;¢*)s with
the same orders and
. 2.
sin %a T q 7

im = - j € N).
a—>@) (4*% 40 2Inq (g%9%)j1(4% 9%) o U

Then the left-hand sides of equations (4.6)-(4.9) are entire functions. Hence, as a function
of o, the functions W_y (x,t) (x,¢ € @q) can be analytically extended by defining its values
when R > 1 by the left-hand sides of (4.6)-(4.9). O

It also should be noted that for Re(a) > 1, the left-hand sides of (4.6) and (4.7) determine
W_,(x,¢) for all x, ¢ € ]1~%q, which is different from the case of Re(«) < 1; see Remark 4.4.

Definition 4.6 For Rewx > 0, we define a fractional g-integral operator ];‘ on Lz(@q) N
L'(R,) by

1 [V
Jof (x) = e /oo/mf(t)%(x' t)dgt.

The following properties follow at once from (4.3) and their analytic continuation on C.
. Iffe Lz(@q) N L(Hiq) and f is even, then

oo/ /I=q
=2 [ O

where

1 _a/za<q ,q’”)
(q)wmm

1-a
“m(l-a) @249 )0 cos Eo S U 21q; 2n-2m+a)

2q (@*g9%) 2 j=0 (M

e o2..2 @ %241 i3 1

—9gh-m- (m+1)(1-a) sm”oz(q 4739 ) o0 o j+1 _j(2n-2m+o— )
T 27 (@ Yg9%)00 =0 (g:9)211 q

l-a
—n(l-a) q"q i1%)oo g oo @ %9 iom-2nta)
T .2, COS —ot .
(q1 "qq Joo J=0 (@02 7
@*.4%8%) o0 @) 2lq,] (2m—2n+a+1)
(@ g% 00 =0  (g:9)2)

2q7

+ 270~ sin Ja

and

n

- q q"
1-q9 ™" (— , )
‘\ VI-¢' VI-¢q

2g~m0-e) ((Zifz;fz))‘” cos Ta Y%, (q:;*;):)z; i2n-2m+a)
) +2g" MA@ gin 7 a((’; 'i’q,’; )) o (q(q q;’ijf/lﬂ jen-2mra-1)
2q7"0~) 7((;13 q;ziz);’" cos Jar Y% @ 'q 21 g/ ¥m-2me)
A
- 2¢7"1=% sin a((‘; ,q;;z;));o Z;:o (q;q)@/ g/ om-2nsesl)

Hence, if f is an even function, then 8§kf (x) is an even function and S;k*lf(x) isan
odd function for all kK € Nj.
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. Iff € I2(R,) N L(R,) and f is odd, then

oo/ \/1=q
=2 [T vt

where

1_ gy-an ( _ q’”)
W e

 a%iq? @ %211 ian
2 —m(l-a) ;n-m (4%.9%9" ) cos lOt o0 j (2n—2m+a)
1 T g j=0 (qq)2,+1 7
(@ g%5qP)00 oo (@0 g/ Cn-2msa),
@ q:q%)00 “I=0 (q q)z,
—n(l-e) m-n (@%q%q>) oo b oo (d “iq)2j41 j(2m-2n+a)
T g 95 2% 2j=0 “Gain
1.
(n+1)(1-a) (@ *.q% qz) 0o (@ %q)n /@2
@ qq%)00 =0 (@0)2j11

-2 sin Zar

2q

+2q q" " sin Ja

and

_og-mi-a) gn-m @*a*iq )0 oo @ "ahyn _jan-2mra)

2q T g 8 a j=0 (qq)zm

(Cial qz qz)oo Zoo @0 g/On-2msas))
(qq)2,

—n(l-a) ,m-n (¢*.a*q )oo T 0o (g “5q)2j41 i(2m-2n+a)
2q T g O oc j=0  (g:q)2)41 ‘4

(n+1)(1+a) (@ %5qY 0 oo (@ Ta2n

@ %gq%)00 =0 (@021

—2qg™" ) sin Ol

_2q— qm sin Ol q1(2m—2n+vt—1)'

Hence, if f is an odd function, then 8;" ‘f(x) is an odd function and 8;k”f(x) isan

even function for all k € Nj.

Theorem 4.7 Letf € L2(]1’§q). Then

8,0f)%) =f(x) forallxeR,. (4.16)
Moreover, if f is q-regular at zero, then

1484 )x) =f(x) forallx e ]INQq. (4.17)

Proof 1ff € L*(R,), then

oo/ /I=q 9 [oo/VI=q
T = = fo Sl e gt + = [0 LW 0 d,t,

C
where
—g — - wy/1-q C
I-q v1-¢q g t2 mM=zn
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and
n m _g’ n>m-1,
()|
1-g J1-¢q 0, m>n
Hence,
2w /1-¢q ¥ 271«/1—q/‘oo
=1+ —— e T e
Jof %) <+ Cing )/Of(t)dqt+ Cing . fe(t)dgt
—f Sot)dyt. (4.18)
qx

One can verify that the first and second g-integrals of (4.18) are odd functions, while the

last g-integral is an even function. Consequently,

Sq]qf(x) = <1 2 ) qx/ fe(t jTCllll;qu,x/x fe(t)dqt
D, f folt) dyt. (4.19)

Using the fundamental theorem of g-calculus, see [13], we obtain (4.16). To prove (4.17),

we assume that f is g-regular at zero,

Ja8af (%) = J4(84fe) (%) + J(84f0) ()

o ool g [oolId
-2 f S dyt + f 8.fo (D1, 2) d .
0 0

But

oo/ /I=q 00//I=q
/O ofo (O (e, £) d t = /0 Dyefo(tlg)n(x 1) d,t

C

e C
--S /q  Dud(tig)dyt = i

and

oo//I-q
/ Safo(B)1(x, ) dyt
0
oo/\/I-q
= / Dyifo@)en(x, £) dgt
0

(”*/— C)/D,fo(t)dn */—/ Dy dfo(t)dyt

Ing

_C mJ/l-q _C
- 500 - (TL 14 D)0 - S

2

since f5(0) = 0. This proves (4.17) and completes the proof of the theorem. O
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We can also prove that

_< — A\ 1-q 1
Wz(x, t) - i(x qt) + (x t)nlnlq_q’ x < q t
—St-qx) + (k-5 x=qt,
[4 \/IT B
Yo, —t) := §(x+qt)+(x+t)”1nqq’ x<q't,
S+ + e+ L, x> gt
and
¢ PN, = 4
Yo(—x, t) := 2(x+qt) (x+t)n1,/11qf’ x<q 't
St+qn) -+ )T x=qt.
Hence,
m/1- ool/1-q
J2f (x) = ﬂ/ -0 dyt
cng  Joor 15
i SN
+/ (42fe(0) = tfo(0)) dyt + f (0 - atho(0) dt.
0 ol

Definition 4.8 For o > 0, we define a fractional g-difference operator §; on Lz(@q) N

Ll(]ﬁq) by
oo/ /I-q
8% (x):=J*f(x) = 1 qf(t)\IJ_a(x, t)d,t. (4.20)
® 1 o /_oo/ﬂ 1

Lemma 4.9 The operator 5; coincides with Rubin’s q-difference operator when o is a pos-
itive integer.

Proof Leta =k for some k € N, and let f € L2(]1~%q) N Ll(@q). Using (2.7), we conclude

1 OO/M
fw=g [ ferwn g

oo//1-q

Then from Lemma 4.2 we obtain

. 1 [ooVI-a
= [ v
J=c o0/ Tg !
and the lemma follows. O

Lemma 4.10 Ifa >0 and f € L*(R,), then
82f (%) = 83 *f(x) (a0 >0k = [a];x € Ry). (4.21)
Now, if « is a positive integer, then [¢] = @ and from (4.21)

o _ qk
aq_aq.
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Proof Since

k pk—a Lk eI
s - gt [ S OW 0t
and 5’,;96\111(,0, (%, ) = W_g(x, £), the proof follows. O

Theorem 4.11 Iff € Ll(@q) N Lz(@q) and a, B are complex numbers such that Re(o) < 1
and Re(B) < 1 such that Re(a + B) < 1, then

JAIBf =JEIef =Jevbf.

Proof Letx e I@q. Since

NN = w/J_
L) 2/ / W6 )Wt ) dyudt
C oo/ /I=q oo/J_
1 [ooVI-4 oo//1-q
=— fu) W, (x, )Wp(t, u) dyt dqu,
C* Jooryi=g RSN =

using the orthogonality relation (2.9), we obtain

oo//T=q
/ W, (o, ) Wp(t, u) dgt = CWyp(x; ).

—00//T=q
Consequently,
o (18 1 iV o+
UL @ = f Ve dy =), .

Example 4.12 Let # € Z and let f,(x) be the even function defined on HNQq by

1, x==x£x,,%,:= )
Jalx) = T i

0, otherwise.

Hence,

o0 k o0 k
q 2 . q 2
fulx) = E akCOS(x iq ) + E kam<x iq >
k=—00 Y 1_q k=—00 v 1_q

Since f, is an even function, then by = 0 for all k € Z and

k oo//I=q k 2 n+k - n+k
ai = 1 / fu(®) Cos(t q ;q2> dgt = 1 1 Cos< 1 ;q2>.
C —c0l/T=¢ J1-¢g C l1-¢g

Consequently,

/1 n+k k
Julx )_2q Zq Cos(q p 2)Cos( 7% ;q2)~
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Hence,
o n+k Ky Cq" x=x
Z qu0s<—q ;q2> Cos( 1 ;q2> =2V’ "
P l-q I-¢q zero, otherwise.
Since
+1
) mu-gr X
3qf,,(x) = ;qulf;’(x) = qx%ll—q)’ X = :i:qu
Zero, otherwise
and
2qn 0 qn+k qu -
Sofu(x) = —— a* Cos( ;q* | Sin it (xeRy).
o C k;o 1-¢g 1-¢g 1
‘We obtain
o . - zero, x ¢ {xx,, £qx,},
3 P Sin( —A—; g ) Cos L—;? ) = § 1,2 " (4.22)
Wi 141 Talrgy %= :
k=—00 Ca"
im, x = tqux,.
Similarly,
-1 _
T L +,
-1 _
= | P %7
! 4 x=+qgx
20-gP’ 1w
zero, otherwise.
But
o0 k k
q" 3k g7t 5 qx ~
82f(x) = -2 —— Cos ; Cos xeR,).
@ ka;‘cq el =) <Ry
Hence,
g x=+x
2x3, -4’ - m
0 n+k k Cq "2 _
X ——, x=xqx,,
Z qu COS(Iq ’q2> COS( ? ’q2) — Zx%é( 73[:1q)3 q%n (4.23)
0, otherwise.

In the following two examples, we show how we can use (4.20) when « is a positive

integer to obtain new summation formulae.
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Example 4.13 Let f be an even function. Then, for each k € Ny, we have

S;kf(x) _ qk(k—l)D;{;‘f(x/qk), S;kﬂf(x) _ qk(k+1)D;§+V(x/qk+l)~

Hence,
2% Kk 2%~k X (a5 9)r k
54 () =g VA - N g = f (w7,
~ @)
On the other hand,
o (_1)k oo//1-q
Sq f (x) =4—/ S()CCyi(x,t) dyt.
0

Let m € 7 and let f,,(x) be the even function defined on ]INQ,, by

1L, x=4x,,%,:= L,
Fonl) 1= A

0, otherwise.

BN

__q
Setx = N Hence,

2% : D'VT=q Y T el B
S f ) =4————q " (1~-q) 2n-2m-2k 2
C (q 9%
% 2¢1 (q2r1—2m—2k,q—Zk;q2n—2m+2;qZ’q2k+l)

_ kK2 +m-n-2nk —k (q_Zk;q)m—er
=q l-gq) —F—.
(q; q)m—n+k

Since

(q—2k, q2n—2m+2; qZ)

) .
(@22 ) =0 ifn>m+korn<m.

Hence, if m <n <m + k — 1, we obtain

2n-2m+2, 2 _2k+1

2¢1 (an—Zm—Zk’q—Zk;q e )

) (_1)qu2+(m—n)(2k+1) (q—Zk; q)m—n+k (qZ’an—Zm—Zk; qz)oo

(G Dm-nrk @ @254

Example 4.14 Let f be an odd function. Then, for each k € Ny, we have
2 2
5 f(x) =g DIAf(xlq"),  82'f(x) = ¢ DINf (xiq).
Hence,

-2k, )r

2k
() =g (- XY g uf (%q' ™).
=~ (@)
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On the other hand,

82 (x) = 4

_1\k  poo//I=q
%‘/0 f(t)CS,zk(x, t) dqt.

Let m € Z and let f,,(x) be the odd function defined on }Eq by

+1, x==+x,,x ::ﬂ
Fnx) := VI

0, otherwise.

’

s
Set x = -L—. Hence,

N
82k 4 (—l)k /T— qd ok - —k—% (q—zk’an—2m+2, q2; 612)00
qf(x) =4 q 1-q) 2n—2m—2k )
C (@ 2"2%, 4,4 9%) oo
X 2¢1 (q2n—2m—2k’q—2k—2;q2n—2m+2;qZ,q2k+3)
—2k-1,
_ qk2+k+m—n(1 _ q)—k—% (q ,q)m—n+k
(6]; q)m—nJrk
Since
(q—2k,q2n—2m+2; qZ)

00 .
(@22 ) =0 ifn>m+korn<m.

Hence, if m <n <m + k —1, we obtain

2¢1 (q2n—2m—2k,q—2k—2; 2n-2m+2, 2 2k+3)

q iq 9

2n-2m-2k,
)

_ (_1)qu2+k+(m—n)(2k+l) (q_Zk_liq)m—nJrk (qz;q qZ)oo )
(@ Dm-nik  (q2,q7 22 4%)

5 Application of the g*>-analogue of the Fourier transform to solve g-fractional
difference equations

In [18], Ho explored the possibility of using the classical Fourier and Mellin integral trans-

forms to solve the class of g-difference differential equations

82
thu(x, t)= —ulx,t), xeR,t>0,n>1, (5.1)
f 3362

with the initial conditions

y@,0)=f(),  Dyyx0leor =gx) (k=1,...,n-1),

where the functions f(x) and gi(x) are assumed to vanish as x — +oc0. In [19] Brahim and
Quanes used the g>-Fourier transform and the g-Mellin transform to solve equation (5.1)
in case of n = 1,2, and only for g satisfying condition (3.2). In this section, we use the
g*-Fourier transform with the ,L; transform to solve the g-fractional diffusion equation

D‘;’tu(x, )=\ Bixu(x, t),

xeR,teR0<a<1,0<qg<1, (5.2)
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with the initial conditions

Du, Olior =),  0Fulet) e LR,y (k=0,1), (5.3)
¢ € (LyNL2)([R,). (5.4)

Theorem 5.1 The solution of q-fractional diffusion equation (5.2) subject to the initial
conditions (5.3)-(5.4) is given by

ool /T=q

(i, 1) = / [7,Gx ] 0) dyy,
—o00/y/1=q

where

1/2  pool/I-q
7,6 0)](e) = 9 '

_ivE g? e 2
2T (3) _oo/ﬂe( 550 )88, De(ing; ") dy

and

ey o (AE2EY q),  |AE2EY| < —L,
26,0 = w(=AEZE%q),  |AEREY] < g

0, otherwise,

where, in general, e, g(x;q) is the q-analogue of the q-Mittag-Leffler function defined for
Re(a > 0) and B € C by

eqp(X:q) = Z _r |x(1 - q)“‘ <1.

% k
= T (ak+B)

0

Proof First we calculate the g*-Fourier transform of (5.2) with respect to the variable x.

Hence, applying (3.12) yields

DE U, 1) = -AEU(E, 1), (55)
where

U(E, ) = Foue(ul, 1)) (6).

Now we calculate the ,L, transform of (5.5) with respect to the variable ¢. Using (1.16) we

obtain
(P + WEY)V(E,5) = %);i-‘), (5.6)
where

V(E,s)= q,th(u(s, t))(S), p= q
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One can verify that

o— o 1 1
ot Lo (7 e (-1E71% ) = T—gp + hE2
Consequently,

U(E:t) = fq(¢)($)ta_lea,a(_)‘ézta)’ M%‘Zto" < (1 _lq)a :

It follows from the inversion formula of the ¢2-Fourier transform that

£ eq o (-18%%;q) = Fya(Gx,1)) (6),

/1 0o/+/I-q
Glx,t) = Y1 /

= ey o (AE2% q)e(iEx; q%) d &,
22 (112) J ey g a(-HE 5 q)e(iEx ) dy

where the variable of the g-integration & runs only over all £ € ]ﬁq such that

1
AE2Y < ——.
|gt|<(l—q)°’

Consequently,
u(x,t) = ¢(x) * G(x, t).

Applying the g*>-Fourier convolution formula gives

oo/4/1-q
1) = / 16w 0]t dsy
o

where

JT+q [V

[7,G, )] x) = 2 (1/2) Joe) 5

e(—iy&;qz)t“_lea,a (—k&zt“;q)e(ixé;q2) ds&. 0
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