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1 Introduction
The generalized hypergeometric function ,F, with p numerator and g denominator pa-
rameters may be defined by [1]

A15eee, Ups
{ﬂl, ’ﬂp’ Z} =qu[alr-'~xap;/31y~«!,3q;z]

(1) - - C(p)n oz
;(,31)” “Bn n’ (1.1)

where (@), denotes the Pochhammer symbol (or the shifted factorial, since (1), = n!) de-
fined, for any complex number «, by

@), = [« + n) _ al@+1)---(@+n-1), neN=12,3,..., 12)
['(a) 1, n=0,

where I" is the well-known gamma function. For convergence condition and properties of
pFq we refer to [1, 2]. The ,F, function extends the Gauss hypergeometric function

A, B; _ (A)n(B)n z"
ZFI[C; Z}‘Z ©,

n>0

by increasing the number of parameters in the numerator as well as in the denominator.
On the other hand, the notation defined and introduced by Kampé de Fériet for his dou-
ble hypergeometric function of superior order was subsequently abbreviated by Burchnall
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and Chaundy [3]. We, however, recall here the definition of a more general (than the one
defined by Kampé de Fériet) double hypergeometric function in a slightly modified no-
tation given by Srivastava and Panda [4, p.423, Eq. (26)]. For this, let (H},) denote the se-
quence of parameters (Hy, Hy, ..., H)), and let nonnegative integers define the Pochham-
mer symbols ((Hy)), = (H1),(H2), - - - (Hy,),, where, when # = 0, the product is understood
to reduce to unity. Therefore, the convenient generalization of the Kampé de Fériet func-
tion is defined as follows:

phab (Hn) : (As); (By); _ Z ((Hn))man((Aa))m((Bp))n ™ y"
gad (Gg) : (Cc)$ (Dd)5 ' >0 ((Gg))m+n((cc))m((Dd))n m! n!
For more details about the convergence of this function, we refer to [4]. Various authors

(see, e.g., [5-9]) have discussed the reducibility of the Kampé de Fériet function.
Finally, we introduce Srivastava’s [10, p.44] triple hypergeometric series F®[x,y,z] de-
fined by
FO 2 = O | @O ORO @5
(e):(2); (g (g") : (h); (W) (H");

o M a1 P
x™ y" 2
= E A(m,n,p)———,
I'n! p!
m,n,p=0

where, for convenience,
A B B B’
Hj:l(aj)m+n+p Hj:l(bj)m+n j=1 (b]/)n+p H/‘:l (b]/'/)m+p
E G G [ Gy
l_[jzl (ej)m+n+p Hj:l(gj)rrun l_[jzl(gj)wrp Hj:l(gj )m+p

T T T (),
TS 0 TS 0D T 1)),

A(m,n,p) =

and (a) abbreviates the array of A parameters ay, ..., a4, with similar interpretations for
(b), (), (b"), and so on.

The reduction formulas of the general hypergeometric functions in one, two and more
variables have been investigated, and some of them can be seen in [5, 10].

In addition, the beta function B(w, B) is defined by the first integral and known to be
evaluated as the second one as follows:

[yl 1-0f " dt  (Re(@) > 0;Re(B) > 0);

')l —
o) (@€ C\Z))

B(, B) = 1.3)

Recently, Krattenthaler and Rao [11] (see also [12]) made a systematic use of the so-called
beta integral method, a method of deriving new hypergeometric identities from old ones
by mainly using the beta integral in (1.3) based on the Mathematica Package HYD, to illus-
trate several interesting identities for the hypergeometric functions and Kampé de Fériet
functions.

There are many relations of Appell, Humbert, Horn and Srivastava’s multiple hyper-
geometric functions [13-16] from which we can establish many new transformations of
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Kampé de Fériet’s double hypergeometric function and Srivastava’s triple hypergeometric
functions by employing the so-called beta integral method. Moreover, in our work, we use
the beta integral to establish transformations two and three times, and this is a general-
ization of Krattenthaler and Rao’s method.

2 The new transformations from Appell functions
The following four functions are Appell functions [17, 18] which are famous in the field of
the hypergeometric functions [6, 10, 15]:

(@) msn(b1)m(b2)y x™ y"
Fila; by, by; c;x,y) = Z Hmen mA 7
) (C)m+n m! n!

(@) men(b1)m(b2)n x_”’y”

FZ[ﬂ;bl,bz;Cl;Q;x:y] = Z W”ﬂ';;
m n o Ik

(@)m(@2)n(b1)m(b2)n ™ y"

(C)m+n % E’

m,n=>0

Fylay, az; by, by csx,] = Y

m,n>0

(@) min(D)min x_m y”

Rlaba = ) e, mint

m,n=>0

In this part, we present the transformations which are obtained from Appell’s four hy-
pergeometric functions and we just take two of them as examples and the others can be
derived in the same manner.

We give two theorems as examples in this part.

Theorem 1 Assuming by or by is a nonpositive integer, and d and e are not nonpositive
integers, the following result holds true:

F;%% a:bl,e+b2;b2,d+b1 -6 1,1
- c,d+b+by:——;

T [e,d—e,mbl +b2} A G GV

de+byd+b—e| ~ ©penl +e—d)yym'n!

It is interesting that the series on the right-hand side of the assertion of Theorem 1 is
similar to Horn’s G; and H; [13, pp.224-225].

Proof We start with the following well-known transformation of Appell function F; [15,
p.217, Eq. (8.3.2)]:

Fila; by, by cix,y) = (1—x) 11— y) 2 F [c @by, by ——, L] 1)
x-1y-1

Setting y = 1 — x in (2.1), we get the following identity of x:
1-
Fila;by, by ;a1 -] = (1-2) a2 Fy [c ~ @by byici ., —"] (2:2)
x—1 —x

Now, multiplying both sides of equation (2.2) by x?2*¢1(1 — x)?1*4-¢-1 integrating the re-
sulting equation with respect to x from 0 to 1, expressing the involved F as series, in-
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terchanging the order of integration and summation, which is easily seen to be justified
due to the uniform convergence of the series in the interval (0,1) involved in the pro-
cess, evaluating the integral on both sides using the beta integral (1.3), then after some
simplification, summing up the series on both sides, we easily arrive at the assertion of
Theorem 1. O

Theorem 2 Assuming b, or by is a nonpositive integer, and d,, dy, ey and e, are not non-

positive integers, the following result holds true:

F11~:12~;12 a: by, e; by, er; 11
" Ctb1+d1;b2+d2;

| di—endy—e,bi+dy, by +dy
| dudy byt di—enby v dy— e

9. - :b; ;b) ;
el IO B B (2.3)
T eilver—dyl+ey—do;

Proof We prove Theorem 2 by applying the beta integral method twice. Now, multiply-
ing both sides of equation (2.1) by x¢171(1 — x)br+di-e1-1ye2-1(1 _ g)b2+da=e2-1 integrating the
resulting equation with respect to x and y both from 0 to 1, expressing the involved F; as
series, interchanging the order of integration and summation, which is easily seen to be
justified due to the uniform convergence of the series in the interval (0,1) involved in the
process, evaluating the integral on both sides using the beta integral (1.3) twice, then after
some simplification, summing up the series on both sides, we easily arrive at the assertion
of Theorem 2. O

In the following part, all the transformations are obtained by the beta integral method
and the derivations are the same as in the proof of Theorems 1 and 2. We will just present
the results without their proofs.

If we start with the formula [16, Eq. (8)] with y = x,

¢b; ,b;
F4[a;b;c,1+a+b—c;x(1—x),x(1—x)]=2F1 @ x | oF; “ x|,
; l+a+b-c

we have the following transformation:

a,b,e,d—e:—;—; e:a,b;a,b;
F‘L,:Q;O » 0, 6, » l, 1 =F1,:2.;2 U, d, U, 1,1 2.4
2'1’1 249 lva+b-c ** Wldiglra+rb-g ey

with e being a nonpositive integer.

We start with the formula [16, Eq. (8)] with y =1 —x,

,b; ,b;
F4[a;b;c,1+a+b—c;x2,(1—x)2]:2F1 4 x | oF; 4 1-x],
; l+a+b-g

Page 4 of 13
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we have

1, d—e d-esl
e ab: g, el de ded, L1l - poss —:a,b,ea,b,d—¢; 11
.1 4 - L ’ ’
21,1 d i, . WL gdielva+b-c

where, a, b, e or d — e is a nonpositive integer.
Especially, the right-hand side of (2.4) is equal to the left-hand side of the result [11,
Eq. (4.5)] by Krattenthaler and Rao:

9. d:ﬂ,b;ﬂ,b; dy&b; 1+a+b,b;d;e_d;
Fit [ 1, 1} = ¢Fs [ 272 1]. (2.5)

e:l+va+b-cg atbl+a+b-cc g9

Comparing the identities (2.4) with (2.5), we have a new relation between the double hy-

pergeometric function and the generalized hypergeometric function ¢Fs:

b l+a+b
F4;0;() ﬂ)brerd_e:_;_; 11 _ F d;%?%rb’e’d_e; 1
251 | d d+l, 273 | T 655 d d+l, :
27

T.c;1+a+b—c; a+b,1+a+b—c,c,5,7,

If we start with the transformation [16, Eq. (8)],

,b; ,b;
F4[a;b;c,1+a+b—c;x(1—y),y(1—x)]:2F1 4 x | oF; 4 v,
G l+a+b-g

applying the beta integral method twice, after some simplification, we can get the following
transformation:

oo | @ biel,dy —ex;di —eq,e; 3. —:a,b,ei;a,b,e;
55 AR R b B S 2 ! 2 L1f,
- dy,dy:c;l+a+b—-c =i dylva+b-cdy;

where a is a nonpositive integer.

If we start with the transformation [16, Eq. (32)] with x — ux,

¢ —a—by a,bi,1+a—cy;
Fyla; by, by c1yc05ux,11 =T 3F ux |,
C2—(1,C2—b2 C1,1+ﬂ+b2—C2;

we have
1:2;1 (l:bl,e;bz; Co,Cy —d—bz d,h1,1+6l—C2,€;
EF> M,l =T 4F3 ul.
0:2;1
—:c1,d; 095 Cy—a,cy — by c,l+a+by—c,d;

In fact, this result can also be derived by the following Gauss summation theorem [2, §1.3]

|:a,b; i| |:c,c—a—bi|
oF 1|=T
c c—a,c—b

and the definition of the double hypergeometric function F; directly.
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If we start with the equation [16, Eq. (54)] with y = —x,
F4[a; bic,a-b+ l;x,xz]

1 X —4x
=(1-2)"%F|aba-b+—;¢,2a-2b+1; ——, —— |,
1-x%) 2|:6l a +2c a + (1 PrAT x)z]

we get the following transformation:

oo a,el— d bia-b+ 3 1
Pl deed ) pedig0g 241 Y
-T d; d+2a-e (ﬂ)m+n(b)m+n(e)m+2n
| d+2ad-e| A (©mla—b+1),(d +2a)mzamint’

and the double series on the left-hand side of the above identity can be considered as a
generalization of Horn’s H3 [13].
If we start with the transformation [16, Eq. (54)] with y — —y,

F4[a;b;c,az—b+ l;x,yz]

x —4y
=(1-y)%F |:aba b+ ,c,2a 2b+1; —— ]
o A=y a-yp2

we have, after applying the beta integral twice,
N b ; ez’ ez+1’
FS;:IZ% “ o > d2+22a dy+2a+1 L1
—ZC,dl;d—b+ 1, 5 T;
-T dz—€2,d2+26l
- dz, dg +2a — (%)
Z (@) msn(B)mler)mla—b + %)n(ez)n(l — d2)amn (%)m

(H2 ), (U 2520 (O () (20 = 2b + 1), 70t

m,n=0

The double hypergeometric series on the right-hand side of the above identity can be con-
sidered as a generalization of Horn’s Hy [13] and is similar to Exton’s Xg [19].
Substituting y by 1 — x in the result [16, Eq. (55)], we have

a a+1 1
F4[2 bl + b2 + E;xz,(l—x)2:| :2_“F2[a;b1,b2;2b1,2b2;x,1—x].

We then obtain the following transformation by the beta integral method:

d-e d- —
[F2:22 %'Tl %%’T’ SH; 1,1 | =2Fk22 aibpebyd-e 1,1
211 ddil.p 41 ’ 1Ll d :2by;2by; I
27 9 1+ 2+ . 1, «U2,

where a is a nonpositive integer.
If we start with the equation [16, Eq. (77)] with x — ux,

G

,b1 + by;
Fl[d; blr bZ;C; ux, Mx] = ZFI |:d ! ? Mx:| ’
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and assume that « is a nonpositive integer, we have

211 | @se:bi;bo; a, by + by, e
FZ:O;O uu| = 3F2 ul.
c,d:—;—; ¢, d;

If we start with the formula [16, Eq. (102)] (see also [15, Eq. (8.3.8)]) with y = «,

X X
Fyla; by, by; 1, c05%,%] = (1 —x)_an a;¢y — by, by;er, 00—, —— |,
x—11-x

and provided 4 is a nonpositive integer, we have

F2ul a,e: by; by; L1t d—ea+d Fa a,e:cy —by;by; Ll
T atdicse; da+d-e| " | 1+e-d:c;cp

If we start with the formula [16, Eq. (104)] (see also [15, Eq. (8.3.10)]) with y — —ux and
X — Uux,

Fyla; by, by; 1, ca; ux, —ux] = Fy[a; ¢y — by, ¢3 — ba; ¢, €23 —ux, ux),

and assume that a is a nonpositive integer, we obtain the following identity:
11| are:bi;by; 11| ecr—biseo— b
Ff:‘ll;’ll |: Py, —u:| = Fﬁ‘ll;'ll |: e e u:| .

d:ci;e; d:ci;c;

If we start with the relation [16, Eq. (124)] with x — ux,

a a+l bi+by b1+by+l,
7 ) ’ ) 2 2
Fyla; b1, ba; 2b1, 2bo; ux, —ux] = 4 F3 | 27 27 2 [ 2 ux” |,
b1+ 35,by + 5,b1 + by;

we obtain the following transformation by using the beta integral method on x:

A a a+l bi+by b1+by+l e e+l,
2:1;1 dre'blrbZ; 919 2T 9 2T 9 1931 5
Fiaa |: u-u|=¢Fs| > 77 72 > 2 u |,

d :2by;2by; by+3,by+ 1,61+ by, 4,4,

where a is a nonpositive integer.

Remark In fact, there are many other identities of Appell functions which can be used to
establish the new transformations. Here we just illustrate three results.

3 The transformations from Horn’s functions G; and G,
We first present the definitions of Horn’s double hypergeometric functions [13, 18] as fol-
lows:

(a)mm(ﬂl):z—‘m(m)’”‘”xmy” (Il + 1yl < 1),
m:.n.

Gi(e; B, Brixy) = )

m,n>0

(o) m(@2)n(BL) e (B2) mn xmyn

m'n!

Gz(al;az;ﬂl,ﬂz;X,y) = Z

m,n>0

(Il 1yl < 1).
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If we start with the transformation between F, and G, in [20, Eq. (5.6)] (see also [21])

withy - —x and x - —x,

Ga(ay, 023 Br, Bos —x, —x)

-x -
=(1-x)""""F, |:1 =B — By, 0051 = B1,1 = Po; ——, —i|,
1-x 1-x

we obtain

211| &1—Pi—PBaapay;
F1:1;1 1,1
lve—d:1-Bil-Ba

’

d—eoa;+ay+d (=1)ym+1(oy + oy + d) g pmin!

L [d, oy +d- e] 5 non B By
m,n>0

where e is a nonpositive integer. In fact, the double hypergeometric function on the right-
hand side of the above identity can be considered as a generalization of G;j.

If we start with the transformation between F, and G, in [20, Eq. (5.7)] (see also [21])
with y = -2,

—a x =2
Gi(a; Br, Bosx, —2x) = (1 — x) F4|:05,1—,31 —B21-=B1,1=Bo; —, —],
1-x1-x

and provided that a or e is a nonpositive integer, we have

00| &1=B1—PBr:i——;
0 12
1+€—d:1—ﬂ1;1—ﬂ2;

-T |:d,0[ +d-— e:| Z (e)m+n(a)m+n(ﬁl)n—m(lg2)m—n (_2);1‘

d—ea+d s (o + d)ypynm!n!

The double hypergeometric function on the right-hand side of the above identity can be

considered as a generalization of G;.

4 The transformations from Humbert’s functions ¥,, ®, and ®;
First, we present Humbert’s three functions defined by (see [22, 23])

D) &y
(Q)min min!’

D3(bicix,y) = )

m,n>0

(“)m+n xmy”
Wy (a; b, c;x,) = ,
2 g m;() (D) (c)y min!

(@)m(D), x™y"

(Qmin min!’

y(a,bicxy) = Y

m,n>0

The above series converge absolutely for any x,y € C.
If we start with the transformation [14, Eq. (4)] with x — ux and y — —ux,

W, (b; b, ¢; ux, —ux) = Ps (c - b;c;ux, —uzxz),

Page 8 of 13


http://www.advancesindifferenceequations.com/content/2013/1/360

Wei et al. Advances in Difference Equations 2013, 2013:360
http://www.advancesindifferenceequations.com/content/2013/1/360

we have

d:b;c () ma2n(C)msn m!n!

.0; b, e:——; (e)m+2n(c - b)m um(_MZ)n
F2P [ 2 —u} =2 :

m,n>0

Also, the right-hand side of the above identity can be considered as a generalization of
Horn’s H3 [13] and is similar to Exton’s Xg [19]. The special case of b = ¢ in the above

relation can be written as

2:0;0 be:——; %» 651; 2
Fi: u,—u | =oF —u°|.
1:1;1 ’ 253
d:b;b; b,—g d”;

This identity is a relation between general and double hypergeometric functions.
If we start with the transformation [14, Eq. (4)] with x — ux and y — u — ux,

Wy (b; b, c;ux, u — ux) = e* - d>3(c —b;c;ux — u, u*x(1 —x)),

we have

d: b; (&4 (d)m+2n (C)m+n m'n!

1. 16ad—6 d—e)yin(c—b)(e), (- m,,2n
F11:'11;'11 |:b ed—e u,u:|:e” Z( e)min(c — b)), (—u)"u |

m,n>0

The special case of the above identity with b = c is a relation between a double hypergeo-
metric function and a general hypergeometric function

11| b:ed—e e,d—e; 2
i R A 1 N
L g by by 2 b,g,dzil; 4

If we start with the transformation [24, §7.2.4, Eq. (92)] with x — uwx,

a ctb-1 c+b,
)
Wy (a; b, c;ux,ux) =3F3 |~ 2 2 dux |,
b,c,c+b-1;
we have
b-1 c+b
00 | ae:—;—; a, &= &2 e,
EEXOL™ 77 wu|=gFy | 227 du.
v d:b;c; b,c,c+b-1,d;

This relation converges for every u € C.
If we start with the transformation [14, Eq. (8)] with x — ux,

a a+l
Wy (a; ¢, c; ux, —ux) = oF3 |: 22 —u2x2i| ,
b

we have

200 | B€iTT _.F 5555 2 41
e R Wt =ats ol d da1, TH |- (4.1)
LG G C 2 )

Page9of 13
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If we start with the equation [14, Eq. (9)] with x — ux,
1 1 1 . 1 .
Us| 2a;2a + —,2a + —;ux,—ux | =1F1| a;2a + —; =2iux |1F1 | a;2a + —; 2iux |,
2 2 2 2
we have

2:0;0 2a,e:—— 1:1;1 €:a;d; . ;

Fr ’ 7 u,—u | = Fyy o —2iu,2iu | . (4.2)

111 1 1 111 1 1
d:2a+ 3;2a+ 5; d:a+ya+y;

Comparing the identities (4.1) with (4.2), we can obtain a new transformation

1l e

a,a+ 3,5, 5; 111 e:a;a; s

4F5|: L L2 3 4 an —u2:| =Fua Ly 20w 2iu |
2a+5,a+3,a+3,5,5 d:a+ya+y;

If we start with the formula [14, Eq. (10)] with x — ux,
Dy (a, b; c; ux,ux) = 1Fi(a + b; c; ux),

we have

1. e:a;b; a+b,e;
FLll T wu | =oF, "7y,
2:0;,0 . PO .
¢ d:—;—; ¢ d;

If we start with the transformation [14, Eq. (11)] with x — ux,

s V- F ¢ c+1 uPx?
a, a; C; Ux, —Ux) = a; -, ——; ,
2 bl a5 — =i

we have

e e+l

111 | e:aa a, 5,55 2

Eyo0 ed:i—_. WY =sba| (ol dan, T |
’ . ) ’ 2’ 2 ’2’ 2 )

5 The relations from triple hypergeometric functions H, and Hg
The following functions are given by Srivastava [25-27]:

SR W v o
m n+plThrbprs

m,n,p=>0
(Ixl=r<Llyl=s<llzl=t<1-r)1-9);

(a)m+p(,31)m+n(,32)n+p mon p
(Vl)m(VZ)n(VS)pm!n!p!

Hp(a, By, Bo; v, v2, v5i%,0,2) = )

m,n,p>0

(lxl =1,y =sz| :t;r+s+t+2\/rst<1).

We first present the identity between H4 and »F; [26, p.103, Eq. (5.3)]

o, Bi; .
Hyla, B, Bos v, Bi% 3,2) = (L= 9) PHL = 2) 2 F, |: . m] ' (5.1)
Vi
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Multiplying both sides of the above transformation by
xel—l(l _ x)dl—el—lyeg—l(l _y)d2+ﬁ1—ez—1ze3—l(1 _ Z)d3+ot—eg—1

and applying the beta integral three times with respect to x, y, z, we get the following

transformation using the same technique in Theorems 1 and 2.

FO) -t Bu—ae;e;es; 11,1
—u— == yndids + Bds + o

-T dz—@z,dg—€3,d2+ﬂ1,d3+0l E O{,,Bl,el,l—dz,l—dg; 1
| dydsdyt r—esds v a—e; o v,du1+ ey —dy, 1+ e3—ds; ‘

Otherwise, if we start with transformation (5.1) with x =y = z,

o, Bi;
Halet, B1, B2; v, Bas %, %,%) = (1= 2) P15 Fy |: J/lg~l ﬁ:|,
1

we have another transformation

3 [ e fi—o5——— 11, 1]

a+pi+de———vi——

N

d-—epfi+a+d o, Br,e,1—d;
d, B doe ||y vt g e, T
yP1+o + e Y15 2 + 2 7

If we start with the identity between Hg and Fy [26, p.104, Eq. (5.6)] withx =y =z,

X X

2
HB(“: ﬂl: ﬂZ; Y1 ﬂZ; ﬁZ;xrx’x) = (1 - ‘76)7()[7ﬁlfv4 |:Ol’ ﬂl; 2% /32; m, (1 — x)z :|’

we have

FO) e PPy ———; 111
a+pr+di—— -y P P

-r |:d —-e,fL+a+ d:| Z (@) mr2n(@)min(B1)men(1 = d)m(_%)m(%)n

d, Br+a+ d—e >0 (H%i)nﬂn(l + %i)m+n()/1)m(,32)nm!n! '

It is interesting that the pattern of the double series on the right-hand side of the above
transformation is similar to Exton’s [19] triple hypergeometric series.

If we start with the relation between H,4 and G, [28, Eq. (8.4)] with y - —x and z — «,

x x
Hy(ay + as — 1, b1, by; a1, ba; x, —x,x) = (1 — %)™ Gy <b1,ﬂ2§1 —ay,1—ay; 12 1—>,
—x 1-x
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we have the following transformation:

ezb—a+ay—1:—;—;—;
e posiTma 1,-1,1

d+ay:———a;—5;

d-ed+ay Z (@)mn(01)m(@2) (1 = @) pem (L — @2)1m—n

=r
d,d+a,—e (=111 + e — d) s nm!n!

’

m,n=0
with e being a nonpositive integer.

Remark Many other transformations for the multiple hypergeometric functions can be
found by applying the beta integral method, and, as examples, we just present these re-
sults. Interested readers can obtain some other transformation by using the beta integral
method.
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