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Abstract
In this paper, we investigate the growth and fixed points of meromorphic solutions
and their derivatives of higher-order nonhomogeneous linear differential equations
with meromorphic coefficients. Our results extend the previous theorems due to
Gundersen and Yang, Han and Yi. As an application of our results, we generalized
some previous results that are related to Brück’s conjecture.
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1 Introduction andmain results
In this paper, we shall assume that the reader is familiar with the fundamental results and
the standard notations of the Nevanlinna value distribution theory of meromorphic func-
tions (see [–]). The term ‘meromorphic function’ will mean meromorphic in the whole
complex plane C. In addition, we will use notations ρ(f ) to denote the order of growth of
a meromorphic function f (z), λ(f ) to denote the exponents of convergence of the zero-
sequence of a meromorphic function f (z), λ̄(f ) to denote the exponents of convergence of
the sequence of distinct zeros of f (z).
Let f (z), g(z) and a(z) be three meromorphic functions with that f (z) and g(z) are non-

constant. We say that f (z) and g(z) share a(z) CM (counting multiplicities) if f (z) – a(z)
and g(z) – a(z) have the same zeros with the same multiplicities.
In order to give some estimates of fixed points, we recall the following definitions (see

[, ]).

Definition . Let z, z, . . . (|zj| = rj,  ≤ r ≤ r ≤ · · · ) be the sequence of distinct fixed
points of transcendentalmeromorphic function f . Then τ̄ (f ), the exponent of convergence
of the sequence of distinct fixed points of f , is defined by

τ̄ (f ) = inf

{
τ > 

∣∣∣ ∞∑
j=

|zj|–τ < +∞
}
.

It is evident that τ̄ (f ) = limr→∞
logN(r, 

f –z )
log r and τ̄ (f ) = λ̄(f – z).

Non-homogeneous linear differential equations is an important area of complex differ-
ential equations, which has a large number of potential applications. For growth estimates
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of solutions of a non-homogeneous linear differential equation, in general there exist ex-
ceptional solutions that are not easy to discuss (see [], Chapter ).
Gundersen and Yang [] proved the following well-known result which can guarantee

that every solution of non-homogeneous linear differential equations has infinite order.

Theorem A Let P be a nonconstant polynomial. Then every solution f of the differential
equation f ′ – eP(z)f =  is an entire function of infinite order.

Remark . Yang generalized the above result to f (k) in [].

Han and Yi [] improved Theorem A and obtained the following.

TheoremB Let P(z) be a nonconstant polynomial,Q(z) ( �≡ ) be a polynomial.Then every
solution f �≡  of the equation

f ′ – eP(z)f =Q(z) (.)

has infinite order.

Lü, Liu and Yi [] also generalized Theorem B and proved the following result.

TheoremC Let P(z), R(z) ( �≡ ),Q(z) ( �≡ ) be three polynomials with that P(z) is noncon-
stant. Then every solution f �≡  of the equation

f ′ – R(z)eP(z)f =Q(z) (.)

has infinite order.

In this paper, we generalized the above results by a different argument.

Theorem . Let P(z) be a nonconstant polynomial, R(z) ( �≡ ), Q(z) ( �≡ ) be meromor-
phic functions with max{ρ(R),ρ(Q)} < deg(P) = n and k be a positive integer. Then every
meromorphic solution f �≡ , whose poles are of uniformly bounded multiplicities, of the
equation

f (k) – R(z)eP(z)f =Q(z) (.)

has infinite order and satisfies λ̄(f ) = λ(f ) = ρ(f ) =∞.

Corollary . Let P(z) be a nonconstant polynomial, R(z) ( �≡ ), Q(z) ( �≡ ) be meromor-
phic functions that have finitely many poles and max{ρ(R),ρ(Q)} < deg(P) = n and k be a
positive integer. Then every meromorphic solution f �≡  of equation (.) has infinite order
and satisfies λ̄(f ) = λ(f ) = ρ(f ) = ∞.

Corollary . Let P(z) be a nonconstant polynomial, R(z) ( �≡ ), Q(z) ( �≡ ) be rational
functions and k be a positive integer. Then every meromorphic solution f �≡  of equation
(.) has infinite order and satisfies λ̄(f ) = λ(f ) = ρ(f ) =∞.
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Since the beginning of the last four decades, a substantial number of research articles
have been written to describe the fixed points of general transcendental meromorphic
functions (see []). However, there are few studies on the fixed points of solutions of the
differential equation. As shown in [], Chen first studied the problems on the fixed points
of solutions of second-order linear differential equations with entire coefficients. Since
then,Wang and Yi [], Laine and Rieppo [], Chen and Shon [], Liu and Zhang [], Xu
and Yi [] studied the problems on the fixed points of solutions of homogeneous linear
differential equationswithmeromorphic coefficients and their derivatives. The othermain
purpose of this paper is to investigate the fixed point of the solution of (.).

Theorem . Let P(z), R(z),Q(z) satisfy the additional hypotheses of Theorem .. If f �≡ 
is any meromorphic solution,whose poles are of uniformly bounded multiplicities, of equa-
tion (.), then f , f ′, f ′′ all have infinitely many fixed points and satisfy

τ̄ (f ) = τ̄
(
f ′) = τ̄

(
f ′′) =∞.

2 Lemmas
The linear measure of a set E ⊂ [, +∞) is defined as m(E) =

∫ +∞
 χE(t)dt. The logarith-

mic measure of a set E ⊂ [, +∞) is defined by lm(E) =
∫ +∞
 χE(t)/t dt, where χE(t) is the

characteristic function of E.

Lemma. [] Let f be a transcendentalmeromorphic function of finite order σ . Let ε > 
be a constant, and k and j be integers satisfying k > j ≥ .Then the following two statements
hold:
(a) There exists a set E ⊂ (,∞) which has finite logarithmic measure such that for all z

satisfying |z| /∈ E ∪ [, ], we have

∣∣∣∣ f (k)(z)f (j)(z)

∣∣∣∣ ≤ |z|(k–j)(σ–+ε). (.)

(b) There exists a set E ⊂ [, π ) which has linear measure zero such that if
θ ∈ [, π ) – E, then there is a constant R = R(θ ) >  such that (.) holds for all z
satisfying arg z = θ and R≤ |z|.

Lemma . [] Let f (z) = g(z)/d(z), where g(z) is transcendental entire, and let d(z) be
the canonical product (or polynomial) formed with the nonzero poles of f (z). Then we have

f (n) =

d

[
g(n) + Bi,i–g(n–) + · · · + Bi,g ′ + Bi,g

]
,

f (n)

f
=

[
g(n)

g
+ Bi,i–

g(n–)

g
+ · · · + Bi,

g ′

g
+ Bi,

]
,

where Bi,j are defined as a sum of a finite number of terms of the type

∑
(j···ji)

Cjj···ji

(
d′

d

)j
· · ·

(
d(i)

d

)ji
,

Cjj···ji are constants, and j + j + j + · · · + iji = n.
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Using mathematical induction, we can easily prove the lemma.

Lemma . [] Let g(z) be a transcendental meromorphic function with σ (g) = β < ∞.
Then, for any given ε > , there exists a set E ⊂ [, π ) that has linear measure zero such
that if ψ ∈ [, π ) \ E, then there is a constant R = R(ψ) >  such that, for all z satisfying
arg z =ψ and |z| = r > R, we have

exp
{
–rβ+ε

} ≤ ∣∣g(z)∣∣ ≤ exp
{
rβ+ε

}
.

Lemma . [] Let P(z) = (α + iβ)zn + · · · (α, β are real, |α| + |β| �= ) be a polynomial
with degree n ≥ , A(z) �≡  be a meromorphic function with σ (A) < n. Set g(z) = A(z)eP(z),
z = reiθ , δ(P, θ ) = α cosnθ –β sinnθ , then for any given ε > , there is a set E ⊂ [, π ) that
has linear measure zero such that for any θ ∈ [, π ) \ (E ∪ E) and a sufficiently large r,
we have:

(i) If δ(P, θ ) > , then

exp
{
( – ε)δ(P, θ )rn

} ≤ ∣∣g(reiθ )∣∣ ≤ exp
{
( + ε)δ(P, θ )rn

}
;

(ii) If δ(P, θ ) < , then

exp
{
( + ε)δ(P, θ )rn

} ≤ ∣∣g(reiθ )∣∣ ≤ exp
{
( – ε)δ(P, θ )rn

}
,

where E = {θ ∈ [, π ); δ(P, θ ) = } is a finite set.

Lemma . [] Let A,A, . . . ,Ak–, F �≡  be meromorphic functions of finite order. If f (z)
is an infinite-order meromorphic solution of the equation

f (k) +Ak–f (k–) + · · · +Af ′ +Af = F ,

then f satisfies λ(f ) = λ̄(f ) = σ (f ) = ∞.

Lemma . [] Let f (z) be an entire function, and suppose that

G(z) :=
log+ f (k)(z)

|z|ρ

is unbounded on some ray arg z = θ with a constant ρ > , then there exists an infinite
sequence of zm = rmeiθ , where rm → ∞, such that G(zm) → ∞.

Lemma . (see []) Let g(z) be an entire function with ρ(g) = ρ <∞. Suppose that there
exists a set H ⊂ [, π ) which has linear measure zero such that log+ |f (reiθ )| ≤ Mrρ for
any ray arg z = θ ∈ [, π ) \H , where M is a positive constant depending on θ , where M is
a positive constant independent of θ . Then ρ(g)≤ ρ .

The next lemma plays a key role in our proof of Theorem ., some ideas are due to
[–].

http://www.advancesindifferenceequations.com/content/2013/1/370
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Lemma . Let P(z) be a nonconstant polynomial, R(z) ( �≡ ),Q(z) ( �≡ ) be meromorphic
functions with max{ρ(R),ρ(Q)} < deg(P) = n and k be a positive integer.We denote

Lf = f (k) – R(z)eP(z)f . (.)

If f �≡ ,whose poles are of uniformly boundedmultiplicities, is a finite-order meromorphic
solution of (.), then ρ(Lf ) ≥ n.

Proof Suppose that ρ(Lf ) < n, we consider two cases.
(i) If ρ(f ) < n, then ρ(f (k)) < n. Lf = f (k) – R(z)eP(z)f has the form

R(z)eP(z) =
Lf – f (k)

f
.

Note that ρ(ReP) = n and ρ( Lf –f
(k)

f ) < n, we can obtain a contradiction.
(ii) If n≤ ρ(f ) < ∞, we rewrite (.) into

Lf
f

=
f (k)

f
+ R(z)eP(z). (.)

From equation (.), we know that the poles of f (z) can occur only at the poles of R(z),
Q(z). Note that the multiplicities of pole points of f are uniformly bounded, and thus we
have

N(r, f ) ≤MN(r, f ) ≤Mmax
{
N(r,R),N(r,Q)

}
,

whereM is a positive constant. Then we have λ(/f ) ≤ α =max{ρ(R),ρ(Q)} < n.
Let f = g/d, d be the canonical product formed with the nonzero poles of f (z), with

β = ρ(d) = λ(d) = λ(/f ) ≤ α < n, g be an entire function and n ≤ ρ(g) = ρ(f ) = ρ < ∞.
Substituting f = g/d into (.), by Lemma . we can get

g(k)

g
+
g(k–)

g
Bk,k– + · · · + g ′

g
Bi, + Bi, + ReP =

dLf
g

. (.)

By Lemma ., for any given ε ( < ε < n– β), there exists a set E ∈ [, π ) that has linear
measure zero such that if θ ∈ [, π ) \ E, then there is a constant R = R(θ ) >  such that
for all z satisfying arg z = θ and |z| ≥ R, we have

∣∣∣∣g(j)(z)g(z)

∣∣∣∣ ≤ |z|k(ρ–+ε) (j = , , . . . ,k) (.)

and

∣∣∣∣d(j)(z)
d(z)

∣∣∣∣ ≤ |z|k(β–+ε) (j = , , . . . ,k). (.)

Set ρ(Lf ) = γ < n. Then, by Lemma ., for the above given ε ( < ε <min{n–γ ,n–β}),
there exists a set E ⊂ [, π ) that has linear measure zero such that if θ ∈ [, π )\E, then

http://www.advancesindifferenceequations.com/content/2013/1/370
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there is a constant R = R(θ ) >  such that, for all z satisfying arg z = θ and |z| = r > R, we
have, for sufficiently large r,

∣∣Lf (z)∣∣ ≤ exp
{
rγ+ε

}
. (.)

By Lemma ., there exists a ray arg z = θ ∈ [, π ) \ (E ∪ E ∪ E), E = {θ ∈
[, π ); δ(P, θ ) = } being a finite set such that δ(P, θ ) > , and for the above given ε, when
r is sufficiently large, we have

∣∣R(
reiθ

)
eP(re

iθ )∣∣ ≥ exp
{
( – ε)δ(P, θ )rn

}
. (.)

We now prove that

log+
∣∣g(z)∣∣/|z|β+ε

is bounded on the ray arg z = θ . We assume that

log+
∣∣g(z)∣∣/|z|β+ε

is unbounded on the ray arg z = θ . Then, by Lemma ., there is a sequence of points
zm = rmeiθ such that rm → +∞ and that

log+ |g(zm)|
rβ+ε
m

→ +∞. (.)

From (.) and (.), we get

|d(zm)Lf (zm)|
|g(zm)| → , (.)

form is large enough.
By (.)-(.), (.) and (.), we obtain

exp
{
( – ε)δ(P, θ )rnm

} ≤ ∣∣R(
rmeiθ

)
eP(rmeiθ )∣∣

≤
∣∣∣∣g(k)g +

g(k–)

g
Bk,k– + · · · + g ′

g
Bi, + Bi,

∣∣∣∣ +
∣∣∣∣ |d(rm)Lf (rm)||g(rm)|

∣∣∣∣
≤ rk(σ–+ε)

m + r(k–)(σ–+ε)
m Mrk(β–+ε)

m + · · ·
+Mrk(β–+ε)

m + exp
{
rβ+ε
m

} ≤M exp
{
rβ+εm

}
,

where M ( < M < ∞) is a constant and M may be different at different places. It is a
contradiction with β + ε < n. Hence

log+
∣∣g(z)∣∣/|z|β+ε

is bounded on the ray arg z = θ . This is, |g(z)| ≤ M exp{rβ+ε} on the ray arg z = θ . Then, by
Lemma ., we have ρ(g)≤ β + ε < n, this is a contradiction.
Hence ρ(Lf ) ≥ n.
The proof of Lemma . is completed. �

http://www.advancesindifferenceequations.com/content/2013/1/370
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3 Proof of Theorem 1.1
Assume that f ( �≡ ) is a meromorphic function of (.). Suppose, to the contrary, that
ρ(f ) < ∞. By Lemma ., we have n ≤ ρ(Lf ) = ρ(Q) < n and this is a contradiction. Hence
every solution f of equation (.) is of infinite order. By Lemma ., every solution f of
equation (.) satisfies λ̄(f ) = λ(f ) = ρ(f ) = ∞. The proof of Theorem . is completed.

4 Proof of Theorem 1.4
Assume that f ( �≡ ) is a meromorphic function of (.), then by Theorem . we have
ρ(f ) = ∞. Set g(z) = f (z) – z, then z is a fixed point of f (z) if and only if g(z) = . g(z) is
a meromorphic function and ρ(g) = ρ(f ) = ∞. If k ≥ , substituting f = g + z, f (k) = g(k)

into (.), we have

g(k) – RePg =Q – zReP. (.)

Obviously, Q – zReP �≡ . Here we just consider the meromorphic solutions of infinite
order satisfying g = f – z, by Lemma . we know that λ̄(g) = τ̄ (f ) = ∞ holds. If k = ,
substituting f = g + z, f ′ = g ′

 +  into (.), we can also obtain the same conclusion by a
similar way.
Now we consider the fixed points of f ′(z).
Let g(z) = f ′ – z, then z is a fixed point of f ′(z) if and only if g(z) = . g(z) is a meromor-

phic function and ρ(g) = ρ(f ′) = ρ(f ) = ∞. Differentiating both sides of equation (.), we
have

f (k+) – RePf ′ –
(
R′ + RP′)ePf =Q′. (.)

By (.), we have

f = –


ReP
[
f (k) –Q

]
. (.)

Substituting (.) into (.), we derive

f (k+) –
[
R′

R
+ P′

]
f (k) – RePf ′ =Q′ –

R′

R
Q – P′. (.)

Substituting f ′ = g + z, f ′′ = g ′
 + , f (j+) = g(j) (≤ j ≤ k) into (.), we get

g(k) –
[
R′

R
+ P′

]
g(k–) – RePf ′g =Q′ –

R′

R
Q – P′ + zReP. (.)

Set h :=Q′ – R′
R Q – P′ + zReP . Obviously, h �≡ . Applying Lemma . to (.), we obtain

λ̄(g) = λ̄(f ′ – z) = τ̄ (f ′) = ρ(g) = ρ(f ) = ∞.
This completes the proof of Theorem ..

5 An application
In , Brück posed the following conjecture (see []).

http://www.advancesindifferenceequations.com/content/2013/1/370
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Conjecture Let f be a nonconstant entire function such that the hyper-order σ(f ) of f is
not a positive integer and σ(f ) < ∞. If f and f ′ share a finite value a CM, then

f ′ – a
f – a

= c,

where c is a nonzero constant.

Since then, many results related to the conjecture have been obtained. The conjecture
for the cases that a =  has been proved by Brück []. Later, Gundersen and Yang [],
Yang [] proved the following well-known result.

Theorem D Let f be a nonconstant entire function with finite order. If f and f (k) share a
finite value a CM, then

f (k) – a
f – a

= c,

where c is a nonzero constant.

Li and Yi [] studied the case that an entire function of finite order shares a polynomial
with its first derivative. They showed the following result.

Theorem E Let f be a nonconstant entire function with finite order, and let Q be a non-
constant polynomial. If f and f ′ share Q CM, then

f ′ –Q
f –Q

= c,

where c is a nonzero constant.

In this section, we will consider the case that an entire function of finite order shares a
meromorphic function of order less than  with its kth derivative.

Theorem. Let f be a nonconstant entire function of finite order,R �≡  be ameromorphic
function that has finitely many poles and ρ(R) < , and k be a positive integer. If f and f (k)

share R CM, then

f (k) – R
f – R

= c,

where c is a nonzero constant.

Next we prove Theorem ..

Proof Since f is of finite order and f and f (k) share R CM, by the Hadamard factorization
theorem for meromorphic functions with finite order, we have

f (k) – R
f – R

= eP(z), (.)

where P(z) is a polynomial.

http://www.advancesindifferenceequations.com/content/2013/1/370
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If P(z) is not a constant. Set F(z) = f (z) –R(z) and Q(z) = R(z) –R(k)(z). Then (.) can be
rewritten as

F (k) – eP(z)F =Q(z).

Note that ρ(Q) ≤ ρ(R) <  ≤ deg(P). By Corollary ., the order of F , and hence of f , is
infinite. It is a contradiction. Hence P(z) is a constant. �

In [], Li and Yi also proved the following related result.

Theorem F Let f be a nonconstant entire function of finite order, R be a nonzero rational
function that has at least one pole and k be a positive integer. If f – R and f (k) – R share 
CM, then f = f (k).

From Corollary ., we immediately obtain a corollary which generalizes Theorem F.

Corollary . Let f be a nonconstant entire function of finite order, R �≡  be a meromor-
phic function with finitely many poles (at least one pole) and ρ(R) <  and k be a positive
integer. If f and f (k) share R CM, then f = f (k).
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