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Abstract

The basic reproductive number Rq of a discrete SIR epidemic model is defined and
the dynamical behavior of the model is studied. It is proved that the disease free
equilibrium is globally asymptotically stable if Ry < 1, and the persistence of the
model is obtained when Ry > 1. The main attention is paid to the global stability of
the endemic equilibrium. Sufficient conditions for the global stability of the endemic
equilibrium are established by using the comparison principle. Numerical simulations
are done to show our theoretical results and to demonstrate the complicated
dynamics of the model.
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1 Introduction

Mathematical models have played a significant role in describing the dynamical evolu-
tion of infectious diseases. SIR model is one of the classical epidemic models with com-
partment structure, suitable for the transmission of infectious diseases that confer long-
lasting immunity such as chicken pox and SARS. The host population is divided into three
epidemiological groups: the susceptibles, the infectives, and the removed/recovered. The
transmission dynamics of an infectious disease is described by modeling the population
movements among those epidemiological compartments.

There is an increasing interest in the study and application of discrete epidemic mod-
els. Allen et al. have studied some discrete-time SI, SIR, and SIS epidemic models, com-
pared the dynamics of deterministic and stochastic discrete-time epidemic models, and
also applied the discrete epidemic model to the spread of rabies [1-3]. Allen and Driessche
have given the basic reproductive number for some discrete-time epidemic models [4].
Castillo-Chavez and Yakubu have investigated a discrete SIS model with complex dy-
namics [5]. Zhou et al. have formulated and discussed the dynamical behavior of age-
structured SIS models [6, 7]. A stage-structured model, a discrete epidemic model with
seasonal variation in environment, a discrete tuberculosis transmission model, and many
other discrete epidemic models have been constructed, studied, and applied [8—10]. One
reason for the upsurge of discrete epidemic models is that discrete models have advantages
in describing an infectious disease since epidemic data are usually collected in discrete
time units, which would make it more convenient to use discrete-time models [11].

The studies on discrete epidemic models are relatively few compared with those on con-
tinuous epidemic models. Most research works on discrete epidemic models concern the
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definition of the basic reproductive number, the global stability of the disease free equi-
librium, the persistence of diseases, the existence and local stability of endemic equilibria,
the existence of flip bifurcation and Hopf bifurcation. The results on the global stability
of the endemic equilibrium are quite few for discrete epidemic models due to the follow-
ing two factors: (1) There is not enough effective theory and methods for global stability
of discrete dynamical systems; (2) The discrete model exhibits much more complicated
dynamical behaviors than its corresponding continuous model.

We will study the global stability of the endemic equilibrium of a discrete SIR model and
get sufficient conditions. The discrete SIR model, the biological requirement of the model,
the basic reproductive number, and the invariant domain of the model are given in the next
section. The global stability of disease free equilibrium and the persistence are discussed
in Section 3. The sufficient conditions for the global stability of endemic equilibrium are
obtained in Section 4. Numerical simulations and application are presented to demon-
strate our theoretical results, to show the complex dynamics and application example of
the model in Section 5. Conclusions and discussions are included in the last section.

2 The discrete SIR model

There are different approaches to model infectious disease evolution in discrete time. The
recurrent difference equations from the discretization of continuous differential equation
models is one of the direct and frequently-used modeling approaches. This kind of model
can be well understood in application under reasonable assumptions though there are
some limitations on the range of parameters. We will adopt this approach to formulate
model and assume that the infected people will obtain permanent immunity after they get
recovered from infection.

Let N(z) denote the number of the host population at time ¢. According to the disease
transmission mechanism, the host population is grouped into three epidemiological com-
partments. Let S(¢), I(¢), and R(¢) be the number of individuals in the susceptible, infective,
and removed/recovered compartments at time ¢, respectively. In addition to the death and
recruitment, there are population movements among those three epidemiological com-
partments from time unit ¢ to time ¢ + 1. We assume that the recruited individuals (by
birth and immigration) are constant and enter the susceptible compartment. After one
unit time, the susceptible individuals may stay in the susceptible compartment, or get in-
fected and move to the infectious compartment, or die. The individuals in the infective
compartment can keep being the infective, or get recover and transfer to the recovered
compartment, or die. The individuals in the recovered compartment never leave the com-
partment unless they die. The discrete SIR model is

S(t+1) =S() + A - B0 — 15(0),

(e +1) =1(t) + 5000 — (o + 8+ y)I(2), (1)

R(t +1) = R(2) + yI(£) — nR(2),

where A is the constant recruitment rate of the population, 8 is the transmission rate,
is the natural death rate, § is the death rate caused by disease, and y is the recovery rate.
The biological background requires that all parameters be non-negative.

There is abundant amount of research into SIR models since they capture the basic evo-
lution mechanism of the infectious diseases when the recovered individuals will acquire
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life-long immunity. A lot of results on the existence and global stability of the endemic
equilibrium have been obtained for continuous SIR models with various transmission
rate. However, the result on the global stability of the endemic equilibrium for discrete
SIR model is rare, even for the model with mass action incidence. We will try to give suffi-
cient conditions for the global stability of the endemic equilibrium. Those results on global
stability of the endemic equilibrium can promote the study on this challengeable problem.

Adding all equations in (1), we see that the number of host population, N(t), satisfies
N{E+1)=N@Et)+ A-uN(@E) -8I() < A+ (1 - pw)N(). (2)

The equation N(+1)=A+Q-pu)N(t) hasa unique equilibrium N* = %, which is globally
asymptotically stable, namely, lim,_, o, N(£) = N*. The comparison principle implies that
N(t) < N(t) < N* when N(0) < N(0) < N*. In the analysis of model (1), we assume that

0<S(0), 0<I(0), 0<RO) and S(0)+I(0)+R(0) < N*. 3)

The epidemiological interpretation requires the solution of model (1) with initial val-
ues satisfying (3) to be non-negative. This requirement can be met if the following two

inequalities hold:
B+u<l, w+s+y <L (4)

Those two conditions in (4) are natural requirements for model (1). The first inequality,
B + 1 <1, says that the percentage of the susceptible individuals who die or get infected
is less than one within a unit time. The second inequality, £ + § + y <1, states that the
percentage of the infected people who die or get recovered is less than one within a unit
time. It is easy to verify that those two inequalities ensure S(¢) > 0, I(¢) > 0, and R(t) > 0
for all £ > 0 if the initial values satisfy (3).

In the rest of the paper, we assume that the initial conditions and the parameters satisfy

(3) and (4), respectively. It is easy to verify that the domain
3 A
=3 LR eR] [S+I+R<—
"

is a compact, positively invariant set for model (1). ; is also a global compact attractor of
system (1) since it attracts all positive orbits with an initial value (S, Io, Ro) € R3.

The basic reproductive number, Ry, is fundamental and widely used in the study of
epidemiological models. Ry is the average number of secondary infections produced by
one infected individual during the entire course of infection in a completely suscepti-
ble population. R, often serves as a threshold parameter that predicts whether an in-
fection dies out or keeps persistence in a population. Following the idea and framework
given in [4, 12, 13], we obtain the formula of the basic reproduction number of model

B

(1), Ry = sl The magnitude of R, plays a crucial role in determining the dynamical

behavior of model (1).
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3 Extinction and persistence for the disease

This section focuses on the disease extinction or persistence, which is determined by the
stability of the disease free equilibrium and the existence of endemic equilibrium of model
(1). It is obvious that EO(%, 0,0) is an equilibrium of model (1). E° is called the disease free
equilibrium since I and R components are zero. The stability of the disease free equilib-

rium E° is given in the following theorem.

Theorem 1 The disease free equilibrium E° of model (1) is globally asymptotically stable
if Ry <1, and E° is unstable if Ry > 1.

Proof The linearized matrix of (1) at the disease free equilibrium E? is

1-u -B 0
A= 0 1+B8-u-6-y 0
0 y 1-pn

Obviously, the eigenvalues of matrix A are Ay = Ay =1-pandAs=1+B-pu-6-y,
respectively. The conditions 8+ <1, u+8+y <1,and Ry < L imply that |A;| <1,i=1,2,3.
Therefore, the disease free equilibrium E° is asymptotically stable. When R, > 1, we have
A3=1+ 8 —u—38—y >1, then the disease free equilibrium E° is unstable.

From the second equation of model (1) and the fact S(¢) < N(£), we have

LE+1) <1@0) + BLE) = (w + 8+ Y)I(E) = (1= (1 + 8 + y) (1= Ro))L(2). (5)

The conditions u + 8 + y <1 and Ry <1 imply that 0 <1 —(u + 8 + y)(1 — Rp) < 1. The

recurrent use of inequality (5) yields
16) = (1= (u + 8 + y)(1 = Ro)) 1(0). ©)

The inequality (6) implies that lim;_, o, I(£) = 0.
From the fact lim,_, - I(¢) = 0, we know that for any ¢ > 0, there exists a large positive

integer T such that I(¢) < ¢ when ¢ > T;. Consequently,
R(t+1)=R(t) + yI(t) — uR(t) < R(t) + ye — uR(t) fort > T. (7)

The equation R(t+1) = R(t) + y & — uR(¢) has a unique equilibrium R* = %, which is globally
asymptotically stable. The comparison principle implies that there exists an integer T >
T; such that R(¢) < R(¢) < 2/’;—5 if t > T,. The arbitrary ¢ implies that lim;_, o R(¢) = 0.

From (2) we have

NEt)+A-8e—uN@E) <N(Et+1)<A+(1-p)N@E) ife>Th. (8)
From the left inequality of (8) and the comparison principle, we know that for any given

&1 > 0, there exists an integer 75 > T7 such that N(¢) > Al;fg — & for all £ > T3. From the

right inequality of (8) and the comparison principle, we know that for any given &, > 0,
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there exists an integer T4 > T such that N(£) < % + &g forallt > Ty. Let Ts = T3 + T4, then
the inequalities

A —d¢

A
-6 <N(@)<—+¢ forallt>Ts,
uw

A

and the arbitrary ¢, &1, and &5 imply that lim;_, .o N (¢) = " e, lim;_, o S(£) = lim;_, oo (N (£) —

1(t) - R(t)) = % Those limits

A
lim S(¢) = —, lim I(¢) =0, lim R(¢) =0
t—>00 1 t—00 t—0o0

imply that the disease free equilibrium of (1) is globally asymptotically stable when
Ro <1 O

Ry > 1 means that the average number of a new infection by an infected individual is
more than one. The epidemiological interpretation indicates that the disease may keep
persistent in the population. The following theorem confirms the persistence of the dis-
ease in the case Ry > 1.

Theorem 2 If Ry > 1, then the disease will keep persistence in the population, i.e., there
exists a positive € such that the solution of model (1) with the initial value 1(0) > 0 satisfies
liminf,_, o, I(£) > &.

Proof We define the sets X = Q; = {(S,[,R) e R® | S+ +R < %}, Xo={S, LR eX|I>
0,R > 0},and 3Xy = X\Xo. Let ®: X — X, ®,(x°) = ¢(£,%°), be the solution map of model
(1) with ¢(0,x°) = x° and x° = (5(0),1(0),R(0)). Let A4 = {®y)} = (%,0,0) and

Mj = {(S,1,R) € 3Xo | ®,(S,1,R) € 3Xo, ¥t > 0}.

Itis clear that {(S,0,0) € 0Xy | S > 0} C Myand My = {(S,I,R) € X | I = 0}. Furthermore,
there is exactly one fixed point @ of ® in M. The equation

Sit+1) = A+ (1 -w)Si(2)

has a positive equilibrium S, = %, which is globally attractive. By using Lemma 5.9 in
[14], we know that no subset of .# forms a cycle in 9Xj. The fact ®.((5(0),0,R(0))) =
(S(£),0,R(t)) implies that ®,(M;) C M. If x° = (S(0),0,R(0)) € My, then we have
limy_, o0 S(t) = %, limy_, o0 R(£) = lim;_, oo (1 — ) R(0) = 0, and Q(M;) = Py.

Since 0 < I(t) < N(t) and N(¢ +1) = A + N(¢) — uN(¢t) — 81(¢t), we have N(¢ +1) > N(¢) +
A - (u+8)N(t) and N(f + 1) < N(£) + A — uN(t). The difference equation Ni(t + 1) =
A + (1 - p = 8)Ni(t) has a unique equilibrium N} = A and N(£+1) = N(t) + A — uN(¢)

m;
has a unique equilibrium Nj = %, which is globally asymptotically stable. Therefore, for
any given ¢ > 0, there exists a 77 > 0 such that (;LAT(S) —e<N(t) < % + ¢ forall t > Tj.

If Ry > 1, then we can prove that there exists a small positive number o such that

limsupd(®;(S°,1° R%), @) > o for ($°,1°,R°) € Xo. 9)

t—>00
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If the conclusion in (9) does not hold, then for any positive number o, there exist a point
(8°,1%,R?%) € X, and a large T > T; such that

d(CIDt(Sg,Ig,Rg),CDO) <o fort>T,. (10)
The inequality in (10) implies that
A
It)<o and S@E)>— -0 ift>T,. (11)
n

When ¢ > T3, the equations in (1) imply that

N(t+1) <N(t)+ A - uN(),

(A —o)I(t) 12)
TNO (e +38+y)I(2).

I(t+1)>1(¢) +
From the first inequality in (12), we know that there exists a number T3 > T, such that
N() < % holds for all £ > T5. When ¢ > T3, we substitute the inequality N(¢) < % into the
second inequality of (12) to obtain

B(A — po)I(2)
A

=101+ (Ro( - o /A) = 1) (i + 8 + y)). (13)

I(t+1) > I(¢) + —(u+8+p)I)

If we choose o small enough, then the condition Ry > 1 implies that
Ro(l-po/A)-1>0 and 1+ (Ro(l-po/A)-1)(n+y)>1 (14)

From the inequalities in (13) and (14), we have that lim;_, o, I(£) = 0o. The limit lim,_, , I(£) =
oo contradicts the inequality I(¢) < o in (11). The contradiction comes from the assump-
tion given in (10). Therefore, the conclusion in (9) holds true. Subsequently, W*(®o) N Xy =
& and @ is isolated in X. From Theorem 1.3.1 and Remark 1.3.1 in [15], it follows that ®
is uniformly persistent with respect to (Xy, 3Xy). Furthermore, Theorem 1.3.4 in [15] im-
plies that the solutions of model (1) are uniformly persistent with respect to (Xo,3Xo)
when Ry > 1. That is, there exists an & > 0 such that liminf;_, o I(¢) > € > 0. O

The conditions in Theorem 1 and Theorem 2 are very simple though the proof is long
and complicated. It is very easy to determine whether the disease goes to extinction or
keeps persistence in the population by the magnitude of the basic reproductive number,
Ry. The underlining mechanism of the nice threshold result given in Theorem 1 is that
the number of the infected population will gradually become lower and lower if the new
infection created by an individual during his/her infection period is less than one. The
epidemiological interpretation of Theorem 2 says that there is at least a certain number of
infected population if the new infection created by an individual during his/her infection
period is more than one. The necessary condition is to eliminate an infectious disease, to
reduce Ry, and to have Ry < 1. The basis reproductive number, Ry, is a very useful quantity
in mathematical analysis and epidemiological application.
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4 The stability of the endemic equilibrium
This section deals with the existence and stability of the endemic equilibrium of model
(1). Let E*(S*,I*, R*) be the endemic equilibrium of model (1). Then $*, I*, and R* satisfy

the following equations:

S*I* S*
B _uSt =0, p
N* N*

A - —(u+é+y)=0, yI* — uR* =0,

where N* = §* + I* + R*. By straightforward and careful calculations, we know that model

(1) has a unique endemic equilibrium when Ry > 1 with

5 - Al +y)
p(p+8+y)Ro-1)+(n+y))
. ARy -1) . vl
w8+ Y)Ro-D+(mty) o

The local stability of the endemic equilibrium E* is given in the following theorem.

Theorem 3 If Ry > 1, then the endemic equilibrium E* = (§*,1*, R*) of model (1) is locally
asymptotically stable.

Proof Inorder to discuss the stability of the endemic equilibrium of model (1), we consider

the following equivalent system:

N(t+1) = N(®) + A - uN(8) - 81(2),
It +1) = 1(0) + (i + 8 + ) (Ro — DI(r) - BLO _ #1ORO, (15)
R(t +1) = R(t) + yI(t) — uR(¢).

When Ry > 1, the positive equilibrium of system (15) is (N*,I*, R*), where

. A +¥)Ro
p((w+8+y)Ro—-1)+(n+y)

The linearization matrix of (15) at the positive equilibrium (N*, I*, R*) is

1-pn -8 0
I*(I* +R* T I
R
0 4 1-p

The characteristic equation of matrix A; is

BI* > yBI*  SBI*(I* +R*))
+ + .
N*

¢>(>»)=(1—u—/\)((1—u—>»)(1———/\ T

We see that the equation ¢(A) = 0 has an eigenvalue 0 < A; =1 — p < 1. Therefore, in order

to determine the stability of the positive equilibrium of model (15), we discuss the roots
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of the following equation:

BI* ) yBI*  SBI*(I* + R*)
—-A )+ +

¢1(A) = (1—,11«—)\)(1— N N N2

- H- (2‘“‘ ﬁl*>?»+(1_u)(1‘ ﬁl*) + vAl + 85]*(I*+R*).

N* N* N* N*Z

When Ry > 1, the calculation yields

$i(1)=1- (2_M_ '31*) +(1—u)<1— ﬂl*) LVBI SBIU )

N* N* N* N*Z
upl* ypIr $Sprt{I*+R*)
= + + 5 >0,
N* N* N*
BI* BI* yBI* SBI*(I* + RY)
¢1(—1)=1+<2—M—N* +(1-p) I—F toe t N2
BI* upl* yprc S§pr<(I* + rR*)
=2(1-pu- +2+ + +
N* N* N* N*Z
upIl* yprc SpIr<(I* + rR*)
21— — 2 0.
>20-p-p)+ +N*+N*+ N2 >

Furthermore, the constant term satisfies

C:(I_H)<L_ﬂﬁ)_kyﬂP‘+8ﬁﬁU*+Rﬂ

N* N* N*2
BI* yBI* SBI* Ry—1

NN TN R

N*

:l—M

<1

<l-pu-@1Q-p-8-y)

The Jury criterion [16] implies that the two roots, A, and A3, of the equation ¢ (%) = 0
satisfy [A2| <1 and |A3| < 1. The linearization theory implies that the positive equilibrium
(N*,I*, R*) of system (15) is locally asymptotically stable if Ry > 1, i.e., the endemic equi-

librium E* of system (1) is locally asymptotically stable.

The global stability of the endemic equilibrium E* of model (1) is quite difficult. Suf-
ficient conditions are presented in two theorems for the special case § = 0 and for the

general case.

Theorem 4 Assume that § = 0. The endemic equilibrium E*(S*,I*, R*) of model (1) is glob-

ally asymptotically stable if Ry > “Y and y < u.

o
Proof When § = 0, the host population N(¢) = S(¢) + () + R(t) satisfies
N@E+1)=A+ (1 - pu)N(), N(0) =Ny >0,

which has the solution

N(t) = w +(1 - w)No.

Page 8 of 19
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From the solution of the host population, we have that lim;_, o, N(¢) = N* = %, and the
limit of N () is independent of the initial value Nj.

The global stability of the endemic equilibrium, E*, of model (1) is equivalent to the
global stability of the endemic equilibrium E3, (N*, S*,1*) of the following model:

N(t+1)= A+ (1-pN(@),
S(t+1) = S() + A - B0 — u5(0), 17)

It +1) = 1(6) + B9800 — (u+ p)I(e).

The first equation of model (17) is independent of other two state variables S(¢) and I(¢).
The fact that lim;_, o, N(£) = N* leads to the following limit model:

S(t+1) = S(t) + A - 25010 _ i 5p),

18
1t +1) = 1(t) + 22501 _ ()10 "

The limiting model (18) possesses the same dynamical property as that of model (17). Both
equations of model (18) are nonlinear, but with a similar term L . We introduce the

new variable L(t) = S(¢) + I(¢) to have one linear equation, then we have

L(t+1)=L(t)+ A —yI(t) — nL(2),

Bu(L(2) — I()(2)
A

(19)
It+1)=1(2) +

= (u+Y)I().
The global stability of the positive equilibrium of model (19) is equivalent to that of model
(17). From the inequality 0 < I(¢) < L(¢) and the first equation of (19), we have

L(t+1) <L)+ A — uL(t), 00
20
L(t+1)>L(t) + A — (u+ y)L(2).

From those two inequalities in (20) and the comparison theorem [17], we know that for
any small ¢ > 0, there exists a positive integer T7; such that L{ < L(t) < L} for t > Ty;, where
L'=A _gandL"=2 +¢.
p+y n
When t > Ty;, we substitute L{ < L(t) < LY into the second equation of (19) to obtain

Bu(Ly" —1()I(t)

IE+1) <I() + - — (1 +y)I(),
LE—I()I(¢ ey
It+1) > I(t) + M —(u+ ().

We consider the following two difference equations corresponding to the inequalities in
(21):

R+ D) = 1) + P )i

(22)
Lt+1) =L+ & (u+ Y)L(2).

Page 9 of 19
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m_ I
A‘HSHL] A(M"‘V)x;lzn(t) and I{(t) _ A"‘ﬁNLI Alp+y

We substitute 1}"(t) = )x{(t) into the first and

Bu Bu
the second equations of (22) to have
A+ 1) = (O - A0(0), with 7 =1— (u+p) + 2oL, 03
1
A+ D) =@ -#@),  withri=1-(u+y)+ 20,

The variables x7"(¢) and x{(t) satisfy the quadratic difference equation. The well-known

result of the famous population model (¢ + 1) = rx(¢)(1 —x(£)) says that xf = 0 is the unique

and globally asymptotically stable equilibrium if 0 < 7 < 1, whereas ] =1 - % is the unique

positive equilibrium if 1 < r < 3 and «7 is globally asymptotically stable. The result on the

quadratic population model x(¢ + 1) = rx(£)(1 — x(¢)) implies that the first equation in (22)

has a positive equilibrium I} = L}" — ;LATo’ which is globally asymptotically stable. A similar
A

argument implies that the second equation in (22) has a positive equilibrium I, = L! - TRe
pty

e
The asymptotical stability and the comparison theory imply that there exists a T1; > Ty;
such that I! <I(¢) < I for all t > Ty;, where Il = I', — & and I" = I'" + &. When t > Ty;, we

substitute the inequality I{ < I(t) < I} into the first equation of (19) and have

which is globally asymptotically stable if Ry >

Lit+1) <L(t) + A — uL(¢) - y I,
(24)
Lit+1)>L(t)+ A — uL(t) - yI}".

From (24) and a similar argument, we can obtain that there exists a positive integer T

. m 7l
such that le <L(t) <L} forall ¢ > Ty, where le = Ay g, LY = A ;11 +¢&,and L{ < le <
LY < LT

When ¢ > Ty, the inequality le < L(t) < LY and the second equation of (19) imply that

Bu(Ly ~1(e)I(E)

E+1) < 1) + . (1 + ),
LY — 1)t (25)
etz a0 s P TONO )

A similar argument implies that there exists a Ty; > Ty; such that Ié <I(t) < I} for all
Ayl

I _ 7l A m_ym_ A N m_
t> Ty, where Iy = L) — -5~ — ¢ and I3 = Lj' — -5~ + &. After substituting L} —+eand
L= Azviy — ¢ into the equations I = L7 — & t+ cand It = L}, - & — ¢, we have
27 q =52~ uRre 2= 7 Ry ’
m_ v ARo-1)
I = ==L+ =702 4 D¢,
1 o1t (26)
1 _ " ARe-1)
[2 =——+ “Row 2¢.
I o1t

Equations in (26) hold when ¢ > T5; and Ié < I(t) < I}'. From the mathematical induction,
we know that there exist sequences Ty, Tk, Lf(, Ly, I,l(, and I} such that I,l( <I(t) < I}" for

all £ > Tj;. Furthermore, [ ,l< and I} satisfy the following recurrence equations:

m _ Y ARe-1)
Ik+1_ ”w + Rop (27)

1 _
I,’<+1 = —VT" + AR o


http://www.advancesindifferenceequations.com/content/2013/1/42

Ma et al. Advances in Difference Equations 2013, 2013:42 Page 11 of 19
http://www.advancesindifferenceequations.com/content/2013/1/42

(27) is a linear system of difference equations. System (27) has a positive equilibrium
Pi(I'(e), 1" (g)), where

. ,U,A—A)/+W—ZSM2—28MV
I,(e) = 53 ;
A-yl(e) Alu+
ey = 22V e) Alw+ry) oo
2z Bu

Let A1 and A, be two roots of the linearized matrix of system (27) at the equilibrium
Pi. 1t is easy to see that |A] = |Ay| = % < 1if y < . The stability theory of difference
equations implies that the equilibrium P of (27) is globally asymptotically stable, i.e.,
limy_, o I,i = Ii(e) and limg_, oo I" = I(¢). From the expressions of[i(a) and I (¢), we have

that lim,_,¢ Ii(e) =lim,_o I/ (¢) = w From the inequality I,l( <1I(t) < I}" and those lim-

its, we obtain that lim;_, o () = %
Similarly, we can prove that the sequences {Lf(} and {L}'} satisfy a linear system of dif-
ference equations. The sequences {Li} and {L}’} tend to the same limit when k tends to

infinity and ¢ tends to zero, i.e.,

A + +
m L= Bu+y(+y)) s 0.

= li
k=00 wlp+y)B

lim L}
k—00

The inequality L} < L(#) < L}* and the limit imply lim,_, o L(£) = 282 Finally, we

wlu+y)p
have
Jim §(0) = lim (L(5) - 1(2)) = % nd
Jim R0 = lim (N0 - £0) = S0

Therefore, the endemic equilibrium of system (18) is globally asymptotic stable when
Ry > &F and y < 1. Equivalently, the endemic equilibrium of system (1) is globally asymp-
totic stable. O

The comparison principle is the main idea to prove Theorem 4. The limitation of the
method and the construction of the comparison equations may lead to the imposed condi-
tions Ry > “% and y < . We do hope that the global stability of the endemic equilibrium
can be proved under the condition Ry > 1. When § > 0, the global stability condition of en-
demic equilibrium is more complicated. We use the same idea to get the sufficient stability

conditions.

(u+8)(u+8+y)*
2+ p148+y

w+s+y 8 2 "
max , <Ry< |14 —— ,
2 n=38-y Hw+d+y)u+é

then the endemic equilibrium E*(S*,I*, R*) of model (1) is globally asymptotically stable.

Theorem 5 If 1 >8+y, u?> and
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Proof Let L(t) = S(¢) + I(¢) and N(£) = L(¢) + R(t). We consider the equivalent model

N{t+1)=N(t)+ A —uN(@) - 38I(t),

LE+1) =L(t) + A — (8 + )I(t) - uL(t), (29)
It+1)=1) + B (])V (t)( )I(t) (1 +8+ ().

The definitions of L(¢) and N(¢) show that 0 < I(t) < L(¢) < N(¢). The global stability of
endemic equilibrium (29) is equivalent to that of model (1). From the first equation of

system (29), we have

N(t+1)<N(t)+ A — uN(2), (30)
30
N(E+1)=>N(@E)+ A —(u+8)N(t).

From (30) and the comparison theorem, we know that for any small ¢ > 0, there exists
a positive integer T3, such that Nll < N(t) < N/" for all ¢t > Ty,, where Nll = A ¢ and

N = % + &. From the second equation of system (29), we have

L(t+1) < L(t) + A — uL(2), -
31
Lt+1)>L({t)+ A —(u+8+y)L(¢).

From (31) and the comparison theorem [17], we know that there exists a positive integer
T;; such that L{ < L(t) < L} for all £ > Ty;, where L{ = ;/.+/;\/+5 —gand L' = % +&.
When ¢ > Ty, = max{Ty,, Ty}, the inequalities N < N(¢) < NJ", L} < L(¢) < L, and the

third equation of (29) can yield

L —I()
Nf
(t)

1

It+1) <I(t)+ B 1(t) = (n + 8 + Y)I(2),

It+1) = 1(t) + /3

1(t) = (e + 8 + y)I(2).

The comparison equations corresponding to those inequalities in (32),

I"e+1)=1"(t) + ,BTI(t)I’"(t) (w+8+ )@,
L ! (33)
Fe+1)=1) + 5%,;“)1{(;:) —(n+8+y)LQ©)
1

are the quadratic difference equations of the form x(¢ + 1) = rx(t)(1 — x(¢£)). When u? >

$ ) )
(n+8)(pr8+y)* and l‘«+ +V <Rp<(1+—2—
2+p+8+y

)=, the well-know result on the population model
[L+5+)/ w8

x(t +1) = rx(t)(1 — x( )) and the comparison theorem imply that there exists an mteger
Nl Nl

T1; > T, such that]l <I(t) <I" for all t > T;, where If —Ll - L —cand[f"=L]" - R tE
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When ¢ > Ty;, we use the inequality I! < I(t) < II" in the first two equations of system
(29) to get
N(t+1) <N(t) + A — uN(¢t) - 8L,
N(@E+1)>N(@) + A — uN(¢t) - 8177,
(34)
Lt+1) <L) + A — uL(t) — (5 + p)I,

Lt +1) > L(®) + A — uL(t) — (6 + Y)I".

A similar argument implies that there exists a positive integer T5. such that Né <N(@) <

_sm _s7t
Ny and L, < L(t) < LY hold for ¢ > Ty, where N} = A, NJ" = A!fll +e Lh =
A-(y+8)1" A-(y+3)I
AU g 1y = 200 4 NT <N <Ny < NP and L < L < LY < LY. When ¢ > T,

we use those estimates of N(¢) and L(¢) in the third equation of (29) and obtain the fol-
lowing inequalities:

I(t+1) 51(t)+,3L5n+lI(t)

2

I(t) = (n+ 8+ Y)I(1),

L (35)
[(t+1)> 1) + B ZA_[m(t) 1) = (u+ 8+ y)I(D).
2

)2

8)(u+s 5 -
When pu2 > ) g 14947 ¢ Ry < (1+ —2—)-L, a similar procedure as aforemen-
2+pu+8+y I n+8+y 7+

tioned can imply that there exists an integer T5; > T, such that Ié <I(t) <I} forallt > Ty,
J ! N Nl
where [, =L, - 2 —cand I}’ = L7 — 22 + .
By using the mathematical induction, we obtain the sequences Ty;, Nj, N*, L, L', IL,

and I} such that
Ni<N@ <Ny, L<LO<Ly, L<I®)<I, t>Tx
Furthermore, /| ,l< and I} satisfy the following recurrence equations:

S+y 8 ARy-1) ¢

I = — e — I 42,
k+1 k ROM k ROM RO (36)
S+ 1) ARy -1 e
L,=-2"Ypmy 2 gy AR-D &
Rop Roj Ry
1s a linear system o ifference equations. Let z = » ) =\— + 7= +
(36) is a li y f diff quations. Let z(k) = (If", 1), b = (ARt 4+ £
A(Rg-1)
2¢, # + % +2¢)", and
oy
B= (_R% s )
" Rop
then system (36) becomes
z(k+1)=Bz(k) + b=B*'b + --- + Bb + b + BXz(1). (37)

If the conditions of Theorem 5 hold, then we know that the two eigenvalues of matrix B
satisfy |Aj| <1 (j = 1,2), and the matrix series ) .-, B¥ converges to (I — B)~!. Under the
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conditions of Theorem 5, we can have lim_, o z(k) = (I = B)™1b, i.e., z* = (If’,li) =((I -
B)71b)" is the globally stable equilibrium of (37). Further calculation shows that

lim (1, 11) =

e—0

( ARy —1) ARy -1) )
(+8+Y)Ro-D+(u+y) (w+8+y)Ro-D)+u+y) /)

After taking ¢ — 0, we have

ARy -1
lim I} = lim I}" = R - 1) and
koo K~ ko0 (L+8+y)Ro-1)+(u+y)
ARy -1 ARy -1
lim 1(¢) = (R~ AR
t—00 (;,L+5+]/)(R0—1)+(,LL+V) B-4

A similar argument implies that

A R
lim N! = lim N = (ke + )Ry :
k=00 k=00 w(p+8+y)Ro—1) + (1 +y))
A R
Jim N(£) = (L +y)Ro ,
t—00 w((u+8+y)Ro—1) + (1 +y))

lim L = lim L7 = A+y)+ AR -Dp

k=00 k=00 w(mw+8+y)Ro-1)+ (u+7y))
Alp+y)+ AR -1)p

pw((w+8+y)(Ro—1) + (+y))

lim L(¢) =
t—00

Those limits lead to

: . _ Al +y) _ Ay + )R -1)
77 e T | P e e B
Ay(Ro-1) _Ay(Ro-1)

lim R(¢) = lim (N(¢) - L(¢)) = = .
t=00 fim( ) w(p+8+y)Ro-1)+(u+y))  w(B-9)

Therefore, the endemic equilibrium of system (1) is globally asymptotic stable when the
conditions of Theorem 5 hold. O

There are some parameter values which can satisfy the conditions of Theorem 5. For
example, if § = y = 0, those conditions become © >0,1+u>0,1<Ry<1+ % Then, for
> 0, we know that the conditions of Theorem 5 will hold if § and y are small enough.

5 Numerical simulations

In this section, we carry out numerical simulations to demonstrate our theoretical results
and the complex dynamics of model (1) for several sets of parameters and initial values.
We use the SIR model to simulate the mumps infection in China, too.

5.1 Simulations of model (1)
The simulations in this subsection demonstrate our theoretical results or the complex
dynamics of the model. The parameter values for those simulations are selected mathe-
matically to let the model exhibit required dynamics.

When § = 0, we choose u = 0.01, y = 0.006, A =20, and 8 = 0.03, then y < u, “ﬂﬂ =
1.6, and Ry = 1.875 > 1.6. Theorem 4 implies that the endemic equilibrium E*(S*,I*, R*)
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of (1) is globally asymptotically stable. The number of the infectious individuals for two
solutions with different initial values are shown in Figure 1(a). From Figure 1(a) we see that
the number of infected people approaches its equilibrium value as ¢ tends to infinity. For
the same values of §, 11, y, and A, the straightforward calculation yields Ry € (1,1.6) if 8 €
(0.016,0.0256), which does not satisfy the condition Ry > ”% of Theorem 4. On the other

hand, the simulation shows that the endemic equilibrium of model (1) may be globally

asymptotically stable even if the condition Ry > £ of Theorem 4 does not hold. The

n
solution curves of the infected people for 8 = 0.02 and two different initial values are given
in Figure 1(b). Those simulations remind us that the condition R, > % of Theorem 4 may

not be necessary for the global stability. It is a pity that we cannot prove the global stability
Hty

o

For the case § > 0, we choose § = 0.001, u = 0.01, y = 0.006, and A = 20. Then we have

L L (L 2

max{ﬂ_‘g_y, %} =17, 1+ ﬁ ﬁ =107.86, u? > %, and > 8 + y. The-
orem 5 implies that the endemic equilibrium E* is globally asymptotically stable when
1.7 < Ry < 107.86. Figure 1(c) shows the global stability of the endemic equilibrium of
model (1) for B = 0.03 and Ry = 1.765 > 1. The straightforward calculation shows that
Ry € (1,1.7) for those parameter values and 8 € (0.017,0.0289). Although R, € (1,1.7) does

not satisfy the conditions of Theorem 5, the numerical simulation shows that the endemic

without the condition Ry >

equilibrium of model (1) may still be globally asymptotically stable for Ry € (1,1.7). Fig-
ure 1(d) gives the number of the infected people for § = 0.02 and R, = 1.176, where the

condition of Theorem 5 does not hold, but the number of infected people approaches its

equilibrium.
(a) 3=0,R =1.875 (b) 8=0,R=1.25
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Figure 1 The global stability of the endemic equilibrium of model (1).
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Figure 2 The bifurcation diagram of the endemic equilibria and periodic solutions of model (1).

From the epidemiological interpretation, we assume that the inequalities 0 < +8+y <1
and B + u < 1 hold. If those two inequalities hold, then all solutions of model (1) with pos-
itive initial values are non-negative, and the numerical simulations show that model (1)
does not exhibit complex dynamics. If those two inequalities do not hold, then model
(1) may exhibit much more complicated dynamical behaviors. The numerical simulation
demonstrates that there exists a sequence of period-doubling bifurcation to chaos. Let us
take u = 0.01, y = 0.001, § = 0.001, and A = 20 to investigate the period doubling pro-
cess of model (1). For small Ry (a linear function of 8), the endemic equilibrium is unique
and globally asymptotically stable (see Figure 2(a)). When Ry passes through 186.8, the
endemic equilibrium losses its stability, and a stable periodic solution of period 2 appears
(see Figure 2(b)). When R, passes through 226.8, the periodic solution of period 2 losses
its stability, and a stable periodic solution of period four appears (see Figure 2(c)). As Ry in-
creases further, the periodic solution of period 4 becomes unstable, and a periodic solution
of period 8 appears. The numerical simulation shows that the period-doubling bifurcation

may continue and go to chaos (see Figure 2(d)).

5.2 Application of model (1)

The simulation in this subsection is an application of the SIR model to the mumps in-
fection in China. The model parameters are estimated according to the demographic and
epidemiological data in China from 2005 to 2010. We have compared the model simu-
lation result of the number of annual mumps cases to the reported number of notifiable

diseases.
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Mumps, caused by the mumps virus, is an acute respirator infectious disease and it is
spread from person to person by coughing or sneezing. Mumps usually starts with a fever
and headache for a day or two. It then presents with swelling and soreness of the parotid
salivary gland. The main symptom of mumps is the swollen, painful salivary glands on one
or both sides of the face. The entire course of mumps infection is 10 to 14 days. The infected
people will obtain permanent immunity after they get recovered from infection. The SIR
model is suitable to describe the infection of mumps due to its permanent immunity. The
host population is chosen to be individuals who are younger than 20 since mumps is com-
mon in children and adolescents, but rare among adults. The values of model parame-
ters are estimated from the demographic and epidemiological data in China from 2005 to
2010.

In the application of the SIR model, the simulation time unit is taken as one day. All
the parameter values will be estimated on the basis of that time unit. From the statistical
yearbook of China, we know that the number of the host population (less than twenty
years old) in 2005 is 359 million [18]. The annual birth rate in China from 2005 to 2010
is approximately 12/1,000, and the recruitment rate is taken as A = 44,054 [18—-21]. The
annual death rate of the population is 7.06/1,000 [22, 23], hence, the daily death rate is
19.34/1,000,000. Since the age of the host population is less than twenty, an individual
should be removed when his/her age is over twenty. The daily removed rate is taken to
be 1/7,300, and the value of parameter p is estimated to be ;= 0.00001934 + 0.000137 =
0.00015634. From the fact that the entire course of mumps infection is 10 to 14 days, we
take y =1/12 = 0.0833 [24]. From the report on notifiable infectious diseases in China, we
take 6 =0.0000003.

The initial time is taken to be January first of 2005. From the data of China population
and notifiable diseases in 2005 [25], the initial values are taken to be S(1) = 353,117,392,
I(1) = 8,508, and R(1) = 6,000,000, respectively. By using the method of parameter estima-
tion in [26], we have 8 = 0.08518. After the parameters and initial values are set, we apply
the SIS model to simulate the mumps infection in China from 2005 to 2015. The simu-
lation results are shown in Figure 3. The top left plot is the number of the susceptibles,
S(t), which shows a slow downward tendency. From the demographic data in China, we
know that the number of the population younger than twenty is 359 million in 2005, 320
million in 2009, and 302 million in 2010 [18, 20, 23]. The change of the host population
in our simulation is consistent with the observed data. The top right is the number of the
infective, I(£), which shows the slow upward tendency. The bottom left is the number of
the recovered R(¢). The curve in the bottom right plot is the number of new mumps infec-
tion cases from 2005 to 2015 by a model simulation. The piecewise curve with stars is the
number of annually reported mumps cases out of notifiable infectious diseases from 2005
to 2011 [25]. The comparison between the model simulation and the notifiable disease
report demonstrates that our model can give a good prediction for infection diseases.

6 Conclusion

SIR models are suitable to describe the transmission of infectious diseases with life long
immunity. A lot of continuous SIR models with various transmission rates have been for-
mulated and studied. The global stability of the endemic equilibrium of the continuous
SIR model has been investigated extensively and many sufficient conditions have been ob-
tained. Nevertheless, the discrete SIR model and its dynamics are quite few. In this paper,


http://www.advancesindifferenceequations.com/content/2013/1/42

Ma et al. Advances in Difference Equations 2013, 2013:42
http://www.advancesindifferenceequations.com/content/2013/1/42

x 10° x 10*
8 4
= =
26 =3
o Q
“ o
o ()
Q
g 4 § 2
g < /_
g 2 é-) 1
0 0
2005 2010 2015 2005 2010 2015
time (year) time (year)
x 10 x 10°
2 10
=
S 8
5 1.5 .5
g S 6
@ D |
£ <
S s 4
€ o5 3 M
g0 2
0 0
2005 2010 2015 2005 2010 2015
time (year) time (year)
Figure 3 The simulation of mumps infection in China from 2005 to 2015.

we have formulated a discrete SIR epidemic model and studied its asymptotical behaviors.
Especially, we have got some sufficient conditions for the global stability of the endemic
equilibrium. We have also applied the SIR model to the mumps infection in China. The
model simulation results match the reported data of the notifiable diseases well.

Although the SIR model considered in this paper is quite simple, it exhibits very compli-
cated dynamical behavior. The complicated dynamics of the simple SIR model reminds us
that we cannot expect to have the global stability of the endemic equilibrium when Ry > 1.
Other conditions should be given for the global stability. In this paper we have obtained
sufficient conditions for the global stability of the endemic equilibrium. Although those
conditions given in our paper are not satisfactory, our result is a good exploration of the
challengeable problem. We expect to prove the global stability of the endemic equilib-
rium when Ry is not large. The comparison principle used in this paper and the Lyapunov
function may help us to have better results.
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