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Abstract

In this article, we consider the boundary value problem u®™(t) + f(t,u(t)) =0,0 < t < 1,
subject to the boundary conditions u(0) = v/(0) = u”(0) =0 and v”(1) —au”(n) = A. In
this setting, 0 <n < 1Tand o € [0, %) are constants and A € [0, +00) is a parameter. By
imposing a sufficient structure on the nonlinearity f(t, u), we deduce the existence of
at least one positive solution to the problem. The novelty in our setting lies in the fact
that f(t,u) may be singularat t =0and t = 1. Our results here are achieved by making
use of the Krasnosel'skii fixed point theorem. We conclude with examples illustrating
our results and the improvements that they present.
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1 Introduction
In this paper, we consider the following nonlinear singular fourth-order three-point
boundary value problem:

u(t) +f(t,u(t) =0,
u(0) = u/(0) = u”(0) = 0,
u'(1) —au’(n) = A,

0<t<l],
1.1)

where 0 <7 <1, a € [0, %) are constants, A € [0, +00) is a parameter, f (£, u(£)) may be sin-
gular at ¢ = 0 and/or ¢ = 1. Here, by a positive solution we mean a function »*(¢) which is
positive on (0,1) and satisfies problem (1.1).

The theory of boundary value problems for ordinary differential equations arises in dif-
ferent areas of applied mathematics, physics and so on. The existence of positive solutions
for boundary value problems has become an important area of investigation and received
a great deal of attention in recent years (see [1-20] and the references cited therein). In
[14], by making use of the fixed point theorem and degree theory, Bai and Wang proved the
existence, uniqueness and multiplicity of positive solutions for the following fourth-order
two-point boundary value problem:

u® () - Af(tu(t) =0, 0<t<l,
u(0) = u(1) =u”(0) =u”(1) = 0.
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In [8], Yao studied the following nonlinear fourth-order ordinary differential equation:

u(4)(t) :f(t’ M(t), M,(t)), te [0>1] \E,
u(0)=u/(0)=u"(1)=u"Q1) =0,

where E C [0,1] is a closed set with measure zero and the nonlinear term f(¢,x,y) may be
singular for ¢ € E. The author showed the existence of # positive solutions by constructing
a suitable integral equation and applying fixed point theorems on a cone.

In [9], Sun considered the following third-order boundary value problems:

u”(t) +a(t)f(u() =0, O0<t<l,
u(0) =4/'(0) =0,
u' (1) —au'(n)=A.

The author obtained the existence and nonexistence of positive solutions by applying the
Guo-Krasnosel'skii fixed point theorem and Schauder’s fixed point theorem.
In [10], Zhang and Wang studied the following nonlinear singular fourth-order bound-

ary value problem:

u® @) =f(t,ult), O0<t<l,
u(0) =u(1)=u/(0)=u'(1) =0,

where the nonlinear term f(¢, ) may be singular at t = 0, £ = 1 and u = 0. The author
presented the existence of a positive solution by using the fixed point index theorem and
the properties of Green’s function.

In [15], by applying the Krasnosel'skii fixed point theorem, Graef, Qian and Yang estab-
lished the existence and nonexistence of positive solutions for the following fourth-order

three-point boundary value problem:

u® () = ag(O)f (u(t)), 0<t<l,
u(0) =u'(1) = u"(0) = u"(p) —u"(1) = 0,

where p € (0,1) is a constant.

Inspired and motivated by the works mentioned above, we deal with the existence and
nonexistence of positive solutions to problem (1.1) by making use of the fixed point theo-
rem together with the properties of Green’s function. The main features of the paper are as
follows. Firstly, we apply the Taylor expansion formula to prove a lemma, and then we give
a comparison lemma and construct a special cone. Secondly, we present the existence of
positive solutions for problem (1.1). To our best knowledge, no paper has considered prob-
lem (1.1). The arguments are based upon the fixed point theorem for the special cone.

The paper is organized as follows. In Section 2, we give some properties of Green’s func-
tion associated with problem (1.1) and construct a suitable cone and transform problem
(1.1) into an integral equation. In Section 3, we discuss the existence of at least one positive

solution for problem (1.1).
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2 Preliminary lemmas
Let E = C[0,1] be a Banach space of all continuous functions with the norm |u«| =
maxo<;<1 |u(f)|, C*[0,1] = {u € C[0,1] : u(¢) > 0, € [0,1]}.

Throughout the paper, we assume that

(H1) f:(0,1) x [0,+00) — [0, +00) is continuous.
(Hy) There exists a continuous function ¢ : (0,1) — [0, +00) such that

b 1
0< / s(L-s)g(s)ds < / s(1-s)q(s)ds < +oo  for [a,b] C (0,1).
a 0
(Hs) There exists a continuous function g : [0,1] x [0, +00) — [0, +00) such that
ft,u) <qt)g(t,uw), (t,u)€(0,1) x [0,+00).

Lemma 2.1 Suppose that p(t) € L}(0,1) and p(t) > 0. Then the linear boundary value prob-
lem

u® (@) +p(t) =0,
u(0) =4/(0) =u”(0) = 0, (2.1)
u' (1) —au’"(n) = A

has a unique positive solution, which can be expressed by

0 /1 9p6)ds + —— [ K opls)ds + -
u(t) = G(t,s)p(s s+7/1(n,s s)ds + ——,
0 P 6(1-an) Jo P 6(1—an)
where
Gltos) = B1-s)-t(t-9° 0=<s=<r<l,
31-5), 0<t<s<l,
and

9 12 (1—s) - 2(t-5)?,
9 s =12 1-s)-5(~s)
ot %

and

92 s(1-¢), 0<s<t<l,
K(t,s) = —ZG(t,s) =
ot tl-s), 0<t<s<l.

Proof In fact, if u(t) is a solution of problem (2.1), by the Taylor expansion formula, we

have

u(t)=aop +a L‘+61—2t2+@t3_l/t(t—3)3 (s)ds
L TR TR PR
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then
/ az , 1 2
W(t)=a) +axt+ —t"— = | (t-s)p(s)ds,
2 2/,
t
u'(t) = ay +a3t—/ (t - s)p(s) ds,
0

which together with the boundary condition implies ag = a; = a; = 0 and

1 1
as = / (1 -s)p(s)ds +
1-an Jy 1

o n
- 77[) (s—n)p(s)ds+1

Therefore

~ 1 t 3 t3 1
u(t) = _3/0 (t-s)°p(s)ds + m[) (1-s)p(s)ds

at? 1 A3
) /o (s=mp(s)ds + oo

= %/;[;53(1 —8) = (t-39)*]p(s)ds + %/tl (1 -s)p(s)ds

3 1 3
o [/ns(l —n)p(s)ds + / n(1-s)p(s) ds] + M
n

T e(—an) 6(1-an)
A3
/ G(t,s)p(s)ds el Tan / K(n,s)p(s)ds + —
an) 6(1—an)’
The proof is complete. O

Lemma 2.2 Forall (t,5) € [0,1] x [0,1], we have
1L
gt s(1-5) < G(t,s) <s(1-5s).

Proof If 0 <t <s <1, then

G(t,s) = ét:”(l —s)<=s*1-s)<s(1-3s),

1
6
and
1 1
G(t,s) = gt?’(l —5) > gtgs(l —-3).

If0<s<t<],then

Glts) = ~(1—3) - %(t—sf

IA

s[t* =2 +3t(t - 9)]

IA

ml»—t ml»—ﬂ O\I'—‘

[t2(1 —8)+3t(1 - s)] <s(1-s),
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and

G(t,s) = étg(l—s)— %(t—s)?’

v

1 1 1
gtgs(l —8)+ gt?’(l —s)3 - g(t—s)?’

v

%t‘?’s(l —8)+ és(l - t)[t2(1 —s)2 +t(1-s)t—s)+ (¢t - 5)2]

v

1
gtgs(l —3).
Therefore
1L
gt s(1-5) < G(t,s) <s(1-5s). O

Define a cone K C C[0,1] by
+ 1 3
K={ut)eC [O,l]:u(t)zgt llul,0 <t <1t,
then K is a positive cone in C[0,1]. Denote
Q ={uek:|ull<r}, Q= {ueK:|ul=r}

Fix R > r > 0. Define an operator A : (2z\22,) N K — K by

3

1 t3 1 Iy
Au(t) = ./o G(t,s)f(s, u(s)) ds + 6(%@7}) /0 K(n,s)f(s, u(s)) ds + m.

It is well known that problem (1.1) has a positive solution # = u(¢f) if and only if # is a fixed
point of A.

Lemma 2.3 Suppose that (H;)~(Hs) hold. Then A(K) C K.

Proof From (H;) and (Hs), we know that

0 < (Au)(®)

o

1 1 A
< /0 s(L—s)f (s, u(s)) ds + m/o K(n,s)f (s, u(s)) ds + 6(1—an)

1 1
< /0 s(1- s)q(s)g(s, u(s)) ds + 6(%0{77) /0 K(n,s)q(s)g(s, u(s)) ds +

< +0Q.

6(1-an)

On the other hand, for any u € K, we have u(t) > étS llu], t € [0,1], and

1 1
lAull < /0 S (o) s+ /0 Ko s)f (s, (s)) ds + =
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Therefore

1 1
(Au)(t) > %ts |:/(; s(1- s)f(s,u(s)) ds + I —aan /0 K(n,s)f(s,u(s)) ds + I

A
_an

1
= —t°||Aul.
6
The proof is complete. 0

Lemma 2.4 Suppose that (Hy)~(H3) hold. Then A : (Qx\,) N K — K is completely con-

tinuous.

Proof For any u € (Qz\R2,) NK, we have 0 < 1£%r < ££3||u|l < u(t) <R.
Let

inf__14(s), 0=<t<
qn(t) = q(t);

inf < q(8), "o <t<L

Then, from (H,) and (H3), we have lim,,_, o, fol(q(t) —qu,t)dt=0for0<t<landueKk.
Let

f(tr u), f(t, u) < qn(t)g(t: u),
Ju(t,u) =
an()g(t,u), f(t, u)>qa()g(t, u).

It is easy to see that f; is a continuous function on [0,1] x [0, +00) and f, is bounded on
any bounded set. Define

1 )\’tS
(Au)(t) = / G(&,8)f(s, uls)) ds rep— / K, 8)fu(s,uls)) ds + ———
0 an) 6(1-an)
By the Arzela-Ascoli theorem, we know that A, : Qr\Q, — C[0,1] is completely continu-
ous.

Let M(R) = max{g(t, u) : (t,u) € [0,1] x [0,R]}. For u € (Qz\2,) N K, we know that

0<t<1

A~ Auul| = max{ fo 1G(t,s>[f(sus)) ~fuls uls))] d }

+(}I<lt<1{6(1_ 77)./ I<(77»S) S,u(s)) fn(s, S))] }

1
max {./o G(t,9)[q(s)g(s, u(s)) — gn(s)g(s, u(s))] ds}

0<t<1

IA

+ gggg{m / K(n,9)[q()g(s, u(s)) — gn(s)g (s, u(s))] }

IA

1
M(R) max {/0 G(t, s)[q(s) - qn(s)] ds}

0=<t<1

Page 6 of 13
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+ M(R) max {ﬂ%in) /:K(n,s)[q(s) - q,,(s)] ds}

0<t<1

— 0 asn— oo.

It shows that a completely continuous operator A,, converges to an operator A uniformly
on (Qz\Q,) N K. Hence A is continuous.

Suppose that D C K is a bounded set, then there exists d > 0 such that ||u|| < d for any
u € D. From (Hs), we know that |f(¢, u)| < q(t)g(¢, u) < M(d)q(t) for (¢,u) € (0,1) x [0,d].
Then we have

6(1+Om)/OlK(n,s)f(s,u(s)) ds +

1
< / s(1—9)q(s)g(s, u(s)) ds +
0

1
[Aull < fo s(L=8)f (s, u(s)) ds + 6(1—an)

1
/ K(n,s)q(s)g(s, u(s)) ds +

o« _
6(1-an) Jo 6(1—an)

1
/ K(n,s)q(s)ds +

! o
< M(d)/o s(1—s)gq(s)ds +M(d)m A

< +0Q.

A
6(1-an)

Hence A is uniformly bounded.
On the other hand, for any u € D, we know that

t 1
|(Au)’(t)| < % /(; s(1- s)f(s,u(s)) ds + % / s(1 - s)f(s,u(s)) ds

t

at? ! At
+ m /(; 1<(n,5)_f(5, M(S)) ds + m

. 1
< % /0 s(1—5)q(s)g (s, u(s)) ds + % /t s(L-s)q(s)g(s, u(s)) ds

. X A2
+ %a) f K(n,5)q(s)g (s, u(s)) ds + 2(L-an)

%M(d)/ s(L—s)q(s)ds + M d)/ s(1—s)q(s)ds

2 2
i@ [ Kasods
Let
o 2 ’
o(0) M(d) f (U= $)q(s)ds + 7 M(d) / Kin sy ds+ 5oy
/’(p )| dt =M(d /dt/ —s(1-s)q ds+Md)/ dt/ 58(L—s)q(s)ds

A2
+M(d)/ —2(1 om)dt/ K(n,s)q(s)a,’s+/0 72(1_0“7)

= M(d) /01 %s(l —5)2q(s) ds + M(d) fo 532(1 —8)q(s) ds

o

1
Fo—an) @ /0 K(n,s)q(s)ds +

A
6(1—an)
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d)/ s(1—s)gq(s)ds + M(d)/ K(n,s)q(s)ds +

_r
6(1- 6(1—an)

< +0Q.

Therefore A is equicontinuous. Consequently, A is completely continuous. d

Lemma 2.5 [21, 22] Let E be a Banach space, and let P C E be a cone in E. Assume that
Q) and Q2 are open subsets of E with 0 € Q2 and QI C Q. Let T:PN(Q\Q) — Pbhea
completely continuous operator such that either

) 1 Tu|l < lull, ue PN o2 and || Tu|| > ||u|l, u € PN 32, or

(i) | Tull = ull, u € PN 02 and || Tu|| < ||ull, u € PN 0K25.
Then T has a fixed point in PN (Q,\21).

3 Main results
Theorem 3.1 Suppose that (H;), (Hy) and (Hs) hold. In addition, assume that the following
conditions hold:

(Ha) limu_>0+ sup max0<t<1 g(t_,u) =0;
(Hs) f( 1)

Then problem (1.1) has at least one positive solution for A small enough, and problem (1.1)

= +0Q.

has no positive solution for A large enough.

Proof For X >0 small enough, let

-1

1
N:%[/ s(L=s)qls)ds + )/ K(n,s)q( S)ds] : 3.1)

From (H,), there exists a constant R; > 0 such that g(¢, #) < Nu for (t,u) € [0,1] x (0, R;].
Let Q) ={u e K: |lul| <R}, 0 <Xt <(1-an)R;. Forany u € K N3, we get

3 3

1

1

1
< / s(1 - s)f(s, u(s)) ds + / K(n,s)f(s, s)) ds +
0

o
6(1-an) 6(1—an)
A
6(1—-an)
Ry(1-an)
6(1—an)

1
< /0 s(1- s)q(s)g(s, u(s)) ds + %a) f K(n,s)q(s)g(s, u(s)) ds +

< N/ s(1=s)q(s)u(s)ds + ——— 6(1 —an) / K(n,s)q(s)u(s) ds +

Ry

ollu|
<N||u||/ s)ds+6(1 0”7)/ K(n,s)q ()ds+g

:—R —R=R: .
61+61 1= llull

Therefore

JAu|| < lull, ueKNa.
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On the other hand, let
41

M= [/a ga s(1 - s)ds+ )/ K(n,s)ds] . (3.2)

From (Hs), there exists R > 0 such that f(¢,u) > 48Mu for (¢,u) € [a,b] x [R, +00). Let
Ry> %8 5 Ry, and let Q) = {u € K : ||u|| < Ry}. For any u € K N 32 and ¢ € [a, b], we know
that u(t) > 12)ull = 1a®R, > Rand

(Au)(%) = /:G(%,s>j(s,u(s))ds

1
'3 6(1— )/K n,s)f S,M(S))ds+

A
8 6(1 an)

1
> —/(; %s(l —s)f(s, u(s)) s+ —— ) / K(n,s)f s,u(s))

48(1

b
)/a K(n,s)f(s,u(s))ds

b
> l/ %S(l —S)f(S, M(S)) ds + ﬁ

8 Ja

b b
> M/ s(1—s)u(s)ds + loiMn/ K(n,s)u(s)ds

a

aMa®  [?
m/ﬂ 1((77,S)M(S)d3

bq 3 b
S| [ getst-gdss O [k OL9ds

= llul,

b
1
> Mf gass(l —s)u(s)ds +

which implies that
lAu| > |lu| forue KN oK,.

By Lemma 2.5 we know that problem (1.1) has at least one positive solution.

For A large enough, we prove that problem (1.1) has no positive solution. Otherwise,
there exists 0 < A; < Ay <Az < -+ <Ay < -+ with lim,,_, & A, = +00 such that problem (1.1)
has a positive solution u,(¢), then we get

o(3)- [ liaprnsne

o 1 A
—— | K(n, , ds + ———
T 281 —an) /0 01,5 (5,40(s)) ds + 43(1—an)
An
> ———> +00 asu— +00Q.
48(1 - an)

Hence ||u, || — +00 as n — +00.
Again from (Hs), there exist R > 0 and M > 0 such that

f(t,u)>96Mu for (¢,u) € [a,b] x [R/,+oo),

Page9of 13
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where M is defined by (3.2). Let n be large enough. Choose R), > such that ||u,| > R,
Thus, we get

- 1
llzen |l = Mn(i)
v 71
= / G(—,s)j(s, un(s)) ds
0 2

o 1
t 480 -an) / K(n,5)f (5, 00(s)) ds +

1

1
3 /0 %s(l - s)f(s, u,,(s)) ds+ ————

An
48(1 - an)

v

48(1_ ") / K(n,s)f (s, un(s)) ds

1

b1
> g_/a gs(l—s)f(s,un(s))ds+ M/a K(1,9)f (s, n(s)) s

b M b
> 2M/ s(1=8)u,(s)ds + 1 « / K(n,s)u,(s)ds
a —un Jg

b 1 aﬂ3 b
> 2M|:/ﬂ ga3s(1—s)ds+ m‘l K(n,s)dsilHuV,II =2|lu,l,

which is a contradiction. The proof is complete. d
Remark 3.1 The conclusion of Theorem 3.1 also holds if A = 0.

Theorem 3.2 Suppose that (Hy), (Hy) and (Hs) hold. In addition, assume that

(Hg) limy,_ 400 inf ming<;<; g(i”) =0;

(:

\.’

(H7) lim,, o+ sup max,<;<p = +00.

Then problem (1.1) has at least one positive solution for any X\ € [0, +00).

Proof From (Hy), there exist constants R; > 0 and M > 0 such that
f(t,u) > 48Mu for (t,u) € [a,b] x (0,Ry],

where M is defined by (3.2). Let @1 = {u € K : ||u|| < R;}. For any u € KN 3L;, we know that

1

(Au)(%) =/0 G(%rs>f(3,u(s))ds
1

s | KOsy ds

1 ('
> g/o gs(l—s)f(s,u(s)) ds + 180 ﬁ)/ K(n,8)f (s, u(s)) ds

48(1 —an)

b
> %/ﬂ és(l—s)f(s,u(s)) ds +

m/ﬂ K(n,s)f (s,uls)) ds

b b
zM/ s(1—s)u(s)ds + lji/[an‘/ K(n,s)u(s)ds

"1 d aa® b P
M — 1— _ e K(n, _ .
- [/ g9 s [ S}Ilull el
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Therefore
JAu|| = ||u|| forue KNa.
On the other hand, from (Hg), there exists a constant Ry > 0 such that g(¢, ) < Nu for

u > Ry, where N is defined by (3.1). Since g(¢, ) is continuous on [0,1] x [0, +00), there
exists M* > 0 such that maxo<;<1 g(t, u) < M* for (t,u) € [0,1] x [0,Ro]. Choose

M* A
Ry > max {2R;, —, Ry, .
N 1-an

Let Q9 ={u € K : |lu|| < Rz}. For any u € [0, R,], we get

1 1
f(tr I/l) = q(t)g(tr M) =< EM* + ENRQ.

Thus, for any u € K N 92, and ¢ € (0,1), we know that

at? 3

1 1 AL
Au(t) = /(; G(t,s)f(s,u(s)) ds + m/() K(n,s)f(s,u(s)) ds + m

1 o 1
< /0 s(1 - s)f(s, u(s)) ds + 76(1 mpo /0 K(n,s)f(s, u(s)) ds + 76(1 mpo

1 o 1 A
< /(; s(1—$)q(s)g(s, u(s)) ds + 6a_an /(; K(n,8)q(s)g(s, u(s)) ds + 60 _an

< 1(1 )()lM* 1NR d
_/()s—sqs(i t5 2)5

o 1 1 1 1
A / K s)a@)( 2o + LNr, ) ds+ 1R,
6(1-an) Jo 2 2 6

1T . )
EM |:‘/(; S(l —S)q(S) ds + m/(; I((n,s)q(s) dS:|

1 1 1 1
+ ;NRz[ [0 (1= ds + o= fo K(n,5)(s) ds] " 2Ry

5M* 5 1
< + ——NRy + =Ry
12N 12N 6

5 Ryt SRyt SRy =Ry = lu]
—_ + — + — = = .
Tt gt

IA

Therefore

lAull < |lull forue KN aky.

It follows from Lemma 2.5 that problem (1.1) has at least one positive solution. g

4 Examples
Now, we give examples to illustrate the main results in the paper.
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Example 4.1 Consider the following boundary value problem:

u®(t) + W(u2 +Ju)sin2u=0, 0<t<l,
u(0) = u/(0) = u"(0) = 0, (4.1)

(1) - L' () = 1.

Then problem (4.1) has at least one positive solution if w; + @y + w3 <1 and wy < 1.
Let

1

ooy +ws (1- t)3+w4 ’

g(t,u) =2(u® + /u) sin® 2u. (4.2)

q(t) =

Take [a, b] = [%, %]. Notice, for any fixed ¢ € (0,1), that f(¢,x) < g(£)g(¢,x) and 0 < fol s(1-
5)q(s) ds < +o0 for w; + wy + w3 <1 and wy < —1.

Obviously, conditions (H;)~(Hs) are satisfied.

Now, for any fixed ¢ € (0,1), (H4) and (Hs) follow immediately from

) 2(u? + /u) sin? 2u
lim sup max =0,
u—0+t 0<t<1 u

o . (u? + /u)sin® 2u
lim inf min = +00
U—> +00 %<t<% tlror+wr+3 (1 _ t)3+w4 u

Thus, the existence of a positive solution follows from Theorem 3.1 if w; + w; + w3 <1 and

wy < —1.

Example 4.2 Consider the following boundary value problem:

(4) 2,012 Inu(t) | +sin? u(t) _
ut () + S=2EEE =0, 0<t<],
u(0) =u'(0) =u"(0) = 0, (4.3)

u'(1) - Su’(3) =2,013.

Then problem (4.3) has at least one positive solution.

Let
o1 _ )
q(t) = DR gltu) = 2,013‘ln u(t)| + sin” u(t). (4.4)

Take [a, b] = [i, %]. Notice, for any fixed ¢ € (0,1), that f(¢,x) < q(£)g(¢,%) and 0 < fol s(1-
s)q(s) ds < +o0.

Obviously, conditions (H;)~(Hs) are satisfied.

Now, for any fixed ¢ € (0,1), (Hg) and (Hy) follow immediately from

2,012 Inu(t)| + sin” u(t)

lim sup max +00,
u—0* p %StS% A/ t(l — t)u
2,012 In u(t)| + sin® u(z)

=0.

lim inf min
U—+00 0<t<1 u

Thus, the existence of a positive solution follows from Theorem 3.2.

Page 12 0f 13
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