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Abstract

In this paper we introduce the unification of Bernstein and Bleimann-Butzer-Hahn
basis via the generating function. We give the representation of this unified family in
terms of Apostol-type polynomials and Stirling numbers of the second kind. More
generating functions of trigonometric type are also obtained to this unification.
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1 Introduction
In this paper, we introduce a two-parameter generating function, which generates not only
the Bernstein basis polynomials, but also the Bleimann-Butzer-Hahn basis functions. The

generating function that we propose is given by

Zl_kxktk e 1 ; 1+bx ad tn

Ko o EE 23 pledy

Gap (b, m) = [(1 + ax)k} (mk)!e ree = ) P ko m) n!’ M
n=0

where k,m € Z* :={1,2,...}, a,b € R, t € C. Here, x € I where I is a subinterval of R such
that the expansion in (1) is valid. The following two cases will be important for us.

1. The case a = 0, b = —1. In this case, we let x € [0,1] and we see that

1 > t"
. _ [ol-k k k™ tll-x] _ ©-1),. r
Go,1(t, %k, m) = [2 x<t ] (mk)!e = HEZO PV (x5 k, m)n!

generates the unifying Bernstein basis polynomials POV (x;k, m) := B, (mk, x) which were
introduced and investigated in [1]. We should note further that Gy _; (¢, x; 1, m) gives

1 nd i
Go,1(t,%51,m) = [xt]" — 1= = E B, (m, x)—
m! 5 n!

n=

which generates the celebrated Bernstein basis polynomials (see [2—8])

B, (m,x) := Bl (x) = (Z)xk(l —x) ",
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Note that the Bernstein operators B, : C[0,1] — C[0,1] are given by

Bo(f;x) = Zf(%) (:;)xk(l —X)"M meN:i={1,2,..)

m=0

and by the Korovkin theorem, it is known that B,(f;x) = f(x) for all f € C[0,1], where
C[0,1] denotes the space of continuous functions defined on [0,1], and the notation ‘=’
denotes the uniform convergence with respect to the usual supremum norm on CJ0,1].
Very recently, interesting properties of Bernstein polynomials were discussed in [7, 9-11]
and [12].
2. The case a = 1, b = 0. In this case, we let x € [0,00) and define

o S
1 +x)*

Gro(t, x5k, m) = [ (! e

n

> t
= > POk m)—.
n!
n=0

We will see that this generating function produces the generalized Bleimann-Butzer-Hahn

basis functions P,El’o)(x; k,m) := ‘H,(mk, x). Furthermore, the special case

i B xt "1 ]
gl,O(t:x;Lm) - [(1+x)] (mk)!e I

o) t"
=D Humx)—
s n!

generates the well-known Bleimann-Butzer-Hahn basis functions:

xm

H(m,x) = H (%) = (l’;) e

The Bleimann-Butzer-Hahn operators were introduced in [5] and defined by

1 " m ny\ .
L,(f;x) = Trar r;f(;)(y)x ; x€[0,00),meN.

Denoting Cg[0, 00) by the space of real-valued bounded continuous functions defined on
[0, 00), they proved that L, (f) — f as n — 0o. On the other hand, the convergence is uni-
form on each compact subset of [0, 00), where the norm is the usual supremum norm of
Cg[0, 00). For the review of the results concerning the Bleimann-Butzer-Hahn operators
obtained in the period 1980-2009, we refer to [13].

The following theorem gives the explicit representation of the basis family defined in
(1). Note that throughout the paper, we let P,S“’b) (x; k, m) := 0 for n < mk.

Theorem 1 Ifn > mk, we have

P@) (x4 k) = 20— xmk( n ) (1+ bx)™*

mk/) (1+ax)"
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Proof Direct calculations give

21_kxktk m 1 1+bx
a,b(E ;k1 = t[l“lx]
G, Kk, m) |:(1 + ax)k] (mk)!
_ QUKm 1y K i 1+bx\"t"
T (mk)! \1+ax c=\l+ax) n!
UK ik (1 + bx)"-"k
. 2
nzm:k (mk) 1 +ax)" n! @
Comparing (1) and (2), we get the result. O

Corollary 2 By taking a =0, b = -1 in Theorem 1, we obtain the explicit representation of
the unifying Bernstein basis polynomials [1]:

PO (s k, m) := B, (mk, x) = 2<1k>mxmk< " )(1 —x)" "k,
mk

Furthermore, B,(m, x) = Bl} (x) is the well-known Bernstein basis.

Corollary 3 Taking a =1, b = 0 in Theorem 1, we get the explicit representation of the
generalized Bleimann-Butzer-Hahn basis:

1

10 (1-k)m mk
) (s k, m) := H(mk, x) = 2 (mk) Qo

Moreover, H,(m,x) = H}}(x) is the Bleimann-Butzer-Hahn basis function.

We organize the paper as follows. In Section 2, we obtain the representation of this
unified family in terms of Apostol-type polynomials and Stirling numbers of the second
kind. In Section 3, we give more trigonometric generating functions for this unification
and obtain a certain summation formula. All the special cases are listed at the end of each

theorem.

2 Representation in terms of Apostol-type polynomials and Stirling numbers
Recently [14], the first author introduced the unification of the Apostol-Bernoulli, Euler
and Genocchi polynomials by

@ 21—ktk a o @ T
Q) (yne £ . Xt _ E @) (e
Pa,b(x, t,k,ﬁ) = <m> e = L anﬂ(x,k,ﬂ,b)a

(k € Nos;a,b e R\{0};, B € C). (3)

For the convergence of the series in (3), we refer to [14, p.2453].
Some of the well-known polynomials included by Q(HD‘; (%; k, a, b) are listed below.

Remark 4 Having k=a=b=1and 8 = X in (3), we get

Qm(x,l 1,1) = B"‘ (x; ).

Page 3 of 14
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Note that B (x; 1) are the generalized Apostol-Bernoulli polynomials defined through

the following generating relation:

o\ N
Xt _ ) (e 1)
<,\et—1> =) B, (x”\)n!
n=0
(1] <2 when A =1;[¢| < | logA| when A #1),

where o and A are arbitrary real or complex parameters and x € R. Note that when A #1,
the order o should be restricted to nonnegative integer values. These polynomials were
introduced by Luo and Srivastava [15] and investigated in [16, 17] and [18]. The Apostol-
Bernoulli polynomials and numbers are obtained by the generalized Apostol-Bernoulli

polynomials, respectively, as follows:
Bu;n) =B (5:4),  Ba(A) =Ba(0;2) (neNy).

Taking X =1 in the above relations, we obtain the classical Bernoulli polynomials B,,(x)

and Bernoulli numbers B,,.

Remark 5 Letting k = -2a=b=1and 28 = A in (3), we get
o) -1 o

Q " x;]-; _,]- =gy,(x})¥);
) 2

the Apostol-Genocchi polynomial of order « (arbitrary real or complex) which was de-
fined by [19, 20]. Here the parameter A is arbitrary real or complex. These polynomials

are given as follows:

2\, -« ¢

= Y A)—

(Ae‘+1) € ;g"(x )n!
(1l < when A = 1;|¢| < |log(-A)| when A #1).

Note that when A # —1, the order « should be restricted to nonnegative integer values. The

Apostol-Genocchi polynomials and numbers are respectively given by
Gu(:2) = Gu(6:2),  Gu(h) = Gu(0; ).

When XA = 1, the above relations give the classical Genocchi polynomials G,(x) and

Genocchi numbers G,,.

Although our results do not contain the Apostol-Euler polynomials, for the sake of com-

pleteness, we give their definitions as a special case of the polynomial family Q(:;; (x5 k,a,b).
Remark 6 Settingk+1=-a=>b=1and =21 in(3), we get

fof{(x; 0,-1,1) = EY9(x; 1).
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Recall that the Apostol-Euler polynomials £ (x; 1) are generalized by Luo [21] and given
by the generating relation

(X tn
(Aef+1) Zé‘ x,k);

(1 < when A = 1; |¢| < [log(-A)| when A #1;1% := 1)

for arbitrary real or complex parameters « and A and x € R. The Apostol-Euler polyno-

mials and numbers are given respectively by
Ei(x2) = E,(64),  Eu(A) = E(L;2).

When A =1, the above relations give the classical Euler polynomials E, (x) and Euler num-
bers E,.

Now, recall that the Stirling numbers of the second kind are denoted by S(j, /) and defined
by (see [22, p.58 (15)])

. iy N
(e —1) :l.ZS(],l)j—!.
j=i

The following theorem states an interesting explicit representation of the unified basis in
terms of Apostol-type polynomials and relation between Stirling numbers of the second
kind.

Theorem 7 The following representation:

. 1 x \"* & (m mi i
fPV(’ Pk m) = (mk)!(1+ax) Z<i>('3d_6d) pei

Py
Z( )5(, )0 _}ﬂ<1+bx te )

holds true between the unified Bernstein and Bleimann-Butzer-Hahn basis and Apostol-

type polynomials.

Proof We get, using (1), that

[e¢]

tVI
> P s k, m)—
n!

n=0

= ga,b(tix; kr Wl)

_ 217kxktk e 1 t[?—bx]
T @+ ax)k (mk)!

mk 1-ksk m
(> 270 N b (gt — )"
(mk)'\ 1+ ax Blet —

1 x mk Zliktk " 1+bx m
) (mk)!( ) [ﬁdet_cd] SRl (g1 - o 4 pilef 1)) (4)

1+ax
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On the other hand, since

we can write from (4) that
o0

t}’l
Z P,(,”’b ) (x; k, m)—
n!

n=0

1 X mk 21’ktk " f +bx]
= e ‘T+ax
(mk)!(l+ax) [ﬁbet—ab]

x 3 (T) (B” - ") Bty S0, i)]t,—!.
i=0 j=i

Now, using (3) in the above relation, we get

[e¢]

t}’l
> P s k, m)—
n!

n=0

1 mk 00 1+bx o
- (mk)‘(1+ﬂx) ZQnﬂ< ) d>;
N m d mz id
XZ(i)(ﬁ -8 lZS(]z)—
i=0

] i

mk 00 m
m—i id .
i (1728 Z{, (7)o ety

n=0

xzn: Ms6,0Q, (22 ka1
= j PR\ L vax’ n’

Whence the result. O

Now, we list some important corollaries of the above theorem.

Corollary 8 Since P (x;1,m) = B (x) and fofi(x; 1,1,1) = B9 (x; 1), we obtain the fol-
lowing [1]:

_x—‘;( )A 1’”%!2(})5(11)8 1 -x;2).

j=i

Furthermore, for ) = 1, we have the following known relation:

Bl(x) = x”’Z( )5(, m)By"\(1 - ).

Page 6 of 14
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Corollary 9 SinceP 1)(x,l m) = B (x) andQ )A( %1, 5 2 1)= G2 (x; 1), we get
ns

Bl (%) = 2:m! 3 (T) o+ )inin Y (7)5(/ DG (1 —x2).

i=0 j=i

Corollary 10 Since P (x;1,m) = H" (x) and fo‘i (x;1,1,1) = B (x; 1), we obtain

H' (x) = — 1 <1fx>mz<'?)(/\—1)m-w’i!

XZ< )S(] HB" (ﬁx)

Furthermore, when A = 1, we have the following:

= (35) 2 (w5

j=m

Corollary 11 Since P,(,I’O)(x; 1,m) = H}(x) and Q a)k( x;1, _21, 1) = G2 (x; 1), we get
ny

=0
- 1
j=i

3 Generating functions of trigonometric type
In this section, we obtain a trigonometric generating relation for the unified Bernstein and
Bleimann-Butzer-Hahn basis. Furthermore, we give a certain summation formula for this

unification. We start with the following theorem.

Theorem 12 For the unified family, we have the following implicit summation formulae:

9l-20,21 m (_t2)lm 1+ bx i v @b) 12
|:(1 + ax)21:| (2Im)! o t(l + ax) nZ PZ” (x, 2Lmye @2n)!
5)

2n+1

21—21x21 m (_t2)lm ] 1+ bx o (@)
|:(1 + ﬂx)”} (2Im)! smt(l + ax) - ZO(_I) Poyi (%524, m) (2n +1)!

n=

and
9-21,21+1 2 (_tz)(21+1);‘ 1+ bx £2n
1)” 520+ 1,2
[(1+ax)2m} oyl ) ( ) Z( rRE 2L
(6)
9-21,21+1 2 (_tz)(21+1);‘ . 14+ bx 00 @b ’ 2n+1
[(1 " ax)2l+1i| D) smt(1 " zzx) = ;(—1)”732n+1(x; 20+ 1,21)7(2’4 I
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Finally,
9220l YL (g2) @l 1+bx
tsint
[(1 +ax)21+1] j+ni+np " (1 +ax)
2n
np(ab)
= 1 520+1,2j+ 1
;< VP w2+ 1,2+ D
2—21x21+1 2j+1 (_tZ)(21f+l+/) 1+ bx
t t
[(1 + (,zx)21+1:| [j+DI+1)] o8 (1 + ax)
00 2n+1
npab
=Y NP (520 +1,2) +1) TS

Proof Writing k =2/ (I € Np) in (1), we get

21721x21t2[ " 1 1+hx s t"
elfiax) =y " P@b) (.21 ) —.
|: 1+ ax)¥ ] (21m)‘ HZ(; n ¢ )n!

Letting t — it, we get

Q120520 M (jp)2hm il (it)"
() _ (@b) (..
|: ] I+ E P57 (x5 21, m) -

1+ ax)? (2lm)! e

and hence

Q12U 2l A (_y2)lm cost 1+bx in 1+bx
A +ax)? | (2lm) 1+ax TSI T ax

_ZP“"( 2L m ZP”( 2, )(”)2"+1
2n (2 )! 2% (2n +1)!
2n

_nZa‘( ~1)" P (s 20, m) —— o
o (@h) 2n+1
+zZ( 1) Py (%21, m)m.

Equating real and imaginary parts, we get (5).
Now, taking k = 2/ + 1and m = 2j (I,j € Ny) in (1), we obtain

Q1-(21+1) 4 20412041 2j 1 . Libx
el =) " P@d(20 41,2 —
[ (1+ ax)?l ] @ii+)° 2{; ( ’)
Putting ¢t — it,
=20 2141 (j5)20+1 7% 1 o x i)
B , 1) = 3 plen(x;a1 41,28
(1 + ax)2+ (2j(21 + 1))‘ n!

n=0

7)
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Therefore, we get

92201 7Y (_g2) @b 1+ bx 1+bx
. cost| —— | +isint
A +ax)?1 | (22 +1))! 1+ax 1+ax

0 2n+1

n n a b) .
0( 1) (x, 1) 7)2n+1 X5 20+ 1, ZJ)W,
which is precisely (6).
Finally, for k=2/+1,m=2j+1,
21, 2141420+1 241 L
P (20 41,2 +1)—
|: (1 + ax)+1 j| [(2j+ 2L+ 1)) Z (20 +1,2] + )

Taking ¢t — it,

920, 211 YL () 1)(2+1) it 1 £

X @) ZP‘”’ x,2l+12]+1)(l)
1 + ax)2+1 [(2j+ 1)L+ 1)]!

Thus,

9-20,21+1 2j+1 (_t2)(2[j+l+j) 1+ bx 1+ bx

- —tsint + itcost
|:(1+ax)2l+1i| [(2/+1)(2[+1)]!|: <1+ax) <1+ax>]
2n
—Z( -1)" Py x,2l+12]+1)( 2
@ 2n+1
+ lZ( 1)"732n+1(x,21+ 1, 2}+1)( VT

Equating real and imaginary parts we get (7). O

Since we obtain the unified Bernstein family in the case a = 0, b = -1, we have the fol-

lowing corollary at once.

Corollary 13 For the unified Bernstein family, we have the following implicit summation

formulae:
(21’219621);“ﬂ cost(l—x) = i(—l)”B (2Im x)i
2Im)! s T oy
(21’219621);“ﬂ sint(l —x) = i(—l)”B (2im x)ﬁ
(2Im)! s 2T o 4 1)
and
(2—21x21+1)2jw cost(l —x) = i( 1By, ((21 N 1)(2]) x) £2n
(2j(2L + 1)) s @2n)
(_t2)(2l+1)j o 2n+1 (8)

(2725217 sint(1—x) = > (=1)" Byt (20 +1)(2)), %)
n=0

(2j(2L + 1) Qu+1)!
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Finally,
-2l 21+17%+1 M .
[2 X ] [(2j+1)(21+1)]!tslnt(1_x)
3 t2n
= ;(—l)nan((% +1)(2j + 1),x) @,
%)
-2l 21+17%+1 M
[2 ¥ ] (27 + )20+ 1)]!tCOS {1 - x)
3 . t2n+1
= Z(—l)”Bzml ((2[ +1)(2) + 1),x) — .

n=0

On the other hand, taking [ = 0 in (8) and (9), we get the following relations for the Bernstein

basis:
2 2n
x’((2 )31 cos (1 - x)—Z( 1)"B2( )(; -
2 ysmt(l x)—Z( 1)"B3 () e
@) 2n+1)!
and
N Sy Ll
g _ZO "B
2j+1 ( )1 = np2n+l t2n+1
x mtcost(l x) = ;(—1) sz+1 (X)W

Since the case a = 1, b = 0 gives the unified Bleimann-Butzer-Hahn family, we immedi-

ately obtain the following corollary.

Corollary 14 For the unified Bleimann-Butzer-Hahn family, we have the following implicit

summation _formulae:
01-21,21 Wl(_t2)lm t ~ o 2n
[(1 +x)2’] (2im)! cos(l +x) N ;( " Hon 2lm, ) 5o 2n)!’
21—21x21 Wl(_t2)lm ) t il ; 2n+1
|:(1 + x)”] (2im)! Sm(l + x) B ;(_1) Hanea(2m, 3) (2n +1)!
and
2 21 20+1 ( t2)(2l+1) t B o ., Zn
(o] (i) - 2 100
2- 21 20+1 ( t2)(2l+1) 0 2n+1 (10)
[(1 + x)21*11| Qi@+ ( ) X:(;( 1 Hann (214 1)) @n+1)!
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Finally,
9=20,21+1 2j+1 (- t2) (2l+1+) ® £2n
|:(1+x)2l+1] [(2”1)(2“1)]';: ( ) 20: Y Ha (20 +1)(2) +1),x )(211)!,
9-2L,21+1 2j+1 (_tZ)(21j+l+j) t
[(1 ¥ x)zm} [+ D@L+ 1)]!“05(1 v x) n
0 2n+1
= (1) Haua (21 +1)(2 +1), %) i

n=0

Taking | = 0 in (10) and (11), we get the following relations for the Bleimann-Butzer-Hahn

basis:
x 21(_t2)j ¢ ) 00 . s
[Hx} ) COS(1+x) ‘;(‘1) ')
X 214(—1’2)]’ . t B ° I t2n+1
[Hx} 2)) sm(ux)‘;(‘” By e
Finally,
x Py t - npn
[1+x} (2j+1)!t51n<1+x>=;( U Hy >( 2
X o (—tz)j t B ad I t2n+1
[1 +x} (27 + 1)!tcos<1 +x) - ;(_1) Hyjy (%) @)l

Finally, we obtain a summation formula for the unified Bernstein and Bleimann-Butzer-

Hahn basis as follows.

Theorem 15 For all n,l € Ny; a,b € R, the following implicit summation formula holds

true:

Lin T+,
(a,b) - n l (a,b) 1+ by 1+ bx L
;/7 = 5 KK, -
P ik, m) E (r) (p)Pm“p(x k m)|:1 vay Trax

pr=0

Proof Letting ¢t — ¢ + u in (1) and then using the fact that

S 3 AU =) Aln-1), (12)
n=0 [=0 n=0 [=0
we get

t+u)

2w 1" 1 gz ZP“%
1 + ax)k (rmk)! o

tnll

ZP‘”’)(x,k m)il‘

" I
ZPM( sk, ) — (13)

nl!
n,l=0
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and hence
1-k .k km "u!
25x5(t + u) 1 t+u)[ﬁZ§] ZP’HI (x; k, m) t .
(1 + ax)k (k) i

n,l=0

+u)[ Liby _ 1+bx]
Tray ~ T+ax , we

+11)

Multiplying both sides by e (53] and then expanding the function e

get, after using (12) twice, that

LA ) ol R ST
1 + ax)k (mk)!
!
(era0l iy~ ) tu
=e Tray 1 ZP}’H-I )n‘l'
n,l=0 o
) [1+by _ l+bxyr .l
t"u
_ Z Zpﬁi,b ( k ) l+ay l+ax (t + u)r
r! n!l!
n,l=0 r=0 ’ o
i 'P(ﬂ’b)( k ) 1+ by 1+bx e tn+rup+l
= 3 K, m - .
nsl l+ay l+ax nllrip!

Now, using (12) with the index pairs (n,r) and (/, p), we get

21—’<xk(t + u)k moq e(””)[ﬁ%]
1 + ax)k (mk)!
> 1+by 1+bx]™?t"u
Z Z n+l)r (xk,m) s - b . . (14')
4 l+ay l+ax nll!
n,l=0p,r=0

Since the left-hand side is equal by (13) to

21*"xk(t + M)k | (Hu)[w] ( b)
T+ay! — @ k 15
[ I+ axf ] Gk IZ Dskm)” (15)
the proof is completed by comparing the coefficients of £ ,’;, in (14) and (15). O

In the case a = 0, b = -1, we obtain the following result for the unified Bernstein family

at once.

Corollary 16 For all n,l € Ny, the following implicit summation formula:
Y\ (1
Bn+l(””k»y) = 2;) <r> (p)BnJrl—r—p(Vnk;x)[x —J/]”p (16)
pr=

holds true for the unified Bernstein family. Taking k = 1 in (16), we get the following relation
for the Bernstein basis:

In
BZ;I(_)/) _ Z <’:) C)Bf;l—r—p(x) [x _y]r+p'

pr=0
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Since the case a = 1, b = 0 gives the unified Bleimann-Butzer-Hahn family, we have the
following result.

Corollary 17 For all n,l € Ny, the following implicit summation formula:

Ln /
Hn+l("nk’ y) = Z (:_l> (P) Hn+l—r—p (Mkr x) [x - J’] P (17)

pr=0

holds true for the unified Bleimann-Butzer-Hahn family. Upon taking k = 1 in (17), we get
the following relation for the Bleimann-Butzer-Hahn basis:

Ln
H:ln+l(y) — Z (}:) (;)H'n;lrp(x) [x _y]r+p’

pr=0
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