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Abstract

This work develops exact finite-difference schemes for the two-dimensional
nonlinear coupled viscous Burgers equation using the analytic solution. We extend
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1 Introduction

The coupled viscous Burgers equation is a form of the Navier-Stokes equations having a
known form for the exact solutions. It is a simple model of physical flows and problems
and has become an important partial differential equation in fluid dynamics and various
physical applications [1].

Fletcher [2] proposed the analytic solution of two-dimensional coupled Burgers equa-
tions using the Hopf-Cole transformation. And the numerical solutions of coupled Burgers
equations have attracted considerable attention of many researchers [1, 3—8]. Srivastava
et al. [1, 5-7] gave the implicit finite-difference scheme, the Crank-Nicolson scheme,
the semi-implicit finite-difference scheme, and the Crank-Nicolson semi-implicit scheme
for the coupled Burgers equations. Bahadir [3] obtained a fully implicit finite-difference
scheme to solve the coupled Burgers equations. Jain and Holla [4] developed two algo-
rithms based on cubic spline method for the coupled Burgers equations. Kweyu et al. [8]
gave an explicit scheme for the coupled Burgers equations under varied initial and bound-
ary conditions.

Two-dimensional nonlinear coupled viscous Burgers equations can be expressed as

Up + Ully + VUL = }—e(uxx + Uyy), M
Ve+ UV + vy = 5 (Ve + ),

subject to the initial conditions
ux,90)=f(xy), &y e, (12)
v(xy,0)=gxy), ®y) e
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and the boundary conditions

u(x,y,t) =58, xye€d,t>0, (1b)
vix,y,t) =gi(x,9,t), xy€dR,t>0,

where Q = {(x,y) :a <x < b,a <y < b}, dQ isitsboundary, u(x, y, t) and v(x, y, t) are the ve-
locity components to be determined, f, g, f1, &1 are known functions, and R is the Reynolds
number. Among various techniques for solving the coupled Burgers equation, the non-
standard finite-difference (NSFD) schemes have been proved to be one of the most effi-
cient approaches in recent years. Compared with some other methods, NSFD method is
more stable [1, 3, 5]. But until now, no researchers have given the exact finite-difference
scheme and given the nonstandard finite difference based on the exact finite-difference
scheme for the coupled Burgers (1).

The main purpose of this paper is to give an exact finite-difference scheme for the cou-
pled viscous Burgers equations (1) using the analytic solution and give the explicit non-
standard finite-difference schemes on the basis of the exact finite-difference schemes. Two
classic examples will be presented and the results illustrate the efficiency and accuracy of
our methods.

The remainder of the paper is organized as follows. In the next section, exact differ-
ence schemes are proposed for solving (1). Then Section 3 gives two explicit nonstandard
finite-difference schemes on the basis of the exact finite-difference schemes in Section 2.

Numerical experiments and analyses are given in Section 4.

2 Analysis of exact finite-difference scheme for coupled Burgers equation
An analytic solution of Burgers equations (1) was given by Fletcher [2] using the Hopf-Cole

transformation as follows:

u(x,y,t) = 3_ L ,
4 4(1+e3£2 (y=da=t), 2)
v(x,,8) =3 + 1
4 4 4(1+e% (4y_4x_t))

From the analytic solution (2), we obtain v(x,y,t) = % —ulx,yt). If 4Ax = 4Ay = At,
we have u(x + Ax,y,t) = u(x,y — Ay, t) = u(x,y,t + At) and v(x + Ax,y,t) = v(x,y — Ay, t) =
v(x,y,t + At). Because the analysis process is very long, we divide it into two parts for the
readers’ convenience.

First, considering the first equation of (2), we have

1 R
=41y em D 3
% —u(x,y,t) ( ) (3)
and

1 ~RAx R (4y-ax-1)
mzél(l‘l'e §8%e52 (%Y ), (33)
1 ux + Ax,Yy,
E R v ! v ef Sre (W40, (3b)
7 —ulx - Ax,y,

! = 4(1 + e 5 Ven B4 (3¢)

2 ulvy—Ayt)
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%—u(x,y+ Ay, t) -

1 =4(1 +e§Aye£(43’_4x_t)).

Now for the second equation of (2), we can also get

R
- 41+ 837(4y—4x—t)
v(x,y,t) — % ( )
and
1 _RAx Rgy_4x-
_— :4(1+e 5 A% g3y (y—dx t)),
3
v(x + Ax, y,t) — 3
1
— - 4(1 + e%Axeg%(ZLy—A}x—t)),
v(x — Ax,y,t) — 1
v 4(1+ e’gAye’o%“y’“’t))
3 b
v(x,y — Ay, t) — 3
1
— —4(l4ebVentD),
v(x,y + Ay, t) — 1

(3d)

(42)

(4b)

(4¢)

(4d)

We will do some appropriate transformation to (3) and (4) in the following analysis.

2.1 Explicit exact-difference scheme
In this section, we will give the explicit finite-difference scheme for (1).

2.1.1 Discrete scheme for the first equation

Using (3a) minus (3), we obtain

1 1 (e_§ Ax 1)46% (4y—4x—1)

S —ulx + Ax,y,t) 2wy t) B

3
4

— (o Bax _ r
-l 1)(% - u(x,y,1) 4)'

By defining ¢; = (1 - e‘gm)/ (%), using (5), we get the following result:

u(x + Ax,y,t) — u(x,9,t) _ R (% —u(x + Ax,y, t)) (1 - 2u(x, 3, 1)).

If we set 1y, =

i 4

u(x+Ax,y,t)—2u(x,y,t)+u(x—Ax,y,t
$102

) and use (6), we obtain

ux + Ax,y,t) — 2u(x, y,t) + u(x — Ax,y,t)

Ro1¢2
u(x+Ax,y,t)—u(x,yt) _ u(x,,)—u(x—Ax,y,t)
$1 $1
Repy
2G —ulr+ Ax,y, )1 - 2u(x,y,1)) - £ - ulx,3,0)(A - 2u(x — Ax,y,t))

Ry
1 (% —ulx+ Ax,y,1) 1 - 2u(x,y,t)) - (% —u(x,9,8))(1 - 2u(x — Ax,y,1))
4 ®2
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_ulxy,b) —ulx + Ax,y, t)  3ulxyt)—ulx— Ax,y,t)

4¢2 2 4¢2
A ' ) t) - - A ' ) t
+u(x,y,t)u(x+ x,9,t) —u(x X, ). 7
26,
And if we use (3) minus equation (3c), we get
- 1 -3 1 _ (1 _ e—%Ay)4e%(4y—4x—t)
- u(x,y,t) i- u(x,y — Ay, t)
1
_ (1_e—%w)(37_4>. ®)
3~ u(x,y, t)
Setting ¢, = (1 - P )/ (g), we immediately obtain
u(x,y,t) —ulx,y—Ay,t) R{(3
) e A u(x,y — Ay, t) (2u(x,y, t)— 1). 9)
©»2 4\ 4
According to (9), if we define u,, = uy+ Ay ’t)fz'ﬁﬁ;yz’t)m(x’y —221) | we have
1 M(x;y + A}’, t) - 2”(%}’7 t) + M(x;y - Ay7 t)
iy =
R™ Rop1¢2
u(x,y+Ay,t)—u(x,y,t) _ u(x,y,t)—u(x,y—Ay,t)
_ ¥ v
Rgﬂl
_ 3G -y, ) Quxy + Ay,t) - 1) - (G —ulny - Ay, £) Qulx,y,1) - 1)
Ry
_ l (% - M(%% t))(zu(%)’ + Ay: t) - 1) - (% - M(%}’ - AJ’, t))(zu(xxyx t) - 1)
4 @1
u(x,y,8) —ulx,y— Ay,t) 3 ulx,y+ Ay, t) — u(x,y,t)
= + —
49, 2 4¢;
) A rt - ) — A ,t
_u(x,y,t)u(x y+Ay )2 ulx,y — Ay )' (10)
b1
Based on (7) and (10), we have the following result:
1 1 u(x,y,t) —ulx+ Ax,y,t) 3 ulxyt)—ulx— Ax,y,t)
— Uy + —Uyy = - =
R R 4¢, 2 4¢,
s w0 u(x + Ax,y,t) — u(x — Ax, y,t) . u(x, y,t) — u(x,y — Ay, t)
26 49,
3 u(x,y+ Ay, t) —u(x, y, 1) u(x,y + Ay, t) —ulx,y — Ay, t)
+ = —u(x,y,1)
2 49, 2¢
u(x,y,t) —ulx,y— Ay, t)  3ulx,y+ Ay, t) —u(x,y,t)
= + —
4¢ 2 4¢>
u(x + Ax,y,t) —ulx — Ax,y,t)  u(x,y,t) —ulx,y — Ay, t)
+u(x,y,t) +
2¢ 4¢;

3 ”(x,y + Ayr t) - ”(%)’7 t) M(x,y + A}’; t) - M(x;y - A_% t)
+ = —u(x,y,t)

2 4¢ 2¢1
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3ulx,y,t) —ulx,y— Ay, t)  1ulxy,t)—ulxy— Ayt)

2 4¢, 2 4
3ulx,y+ Ay, t) — u(x,y,t) u(x + Ax,y,t) — u(x — Ax, 5, t)
+ = +u(x,y,t)
2 4¢, 2¢,
Bulx,yt)—ulxy—Ay,t) 1ulxyt)—ulxy—Ayt)
+2 _Z
2 4¢, 2 4
. § u(x,y + Ay, t) — u(x,y,t) —u(y, t)u(x,y + Ay, t) —u(x,y — Ay, t)
2 4(p1 2(p1
_Bulx,y+ Ay t) —ulx,y—Ay,t)  1ulxyt) —ulxy—Ay,t)
) 4¢, 2 49>
s u ) u(x + Ax,y,t) — ulx — Ax,y,t)
2¢,
Bulx,y+ Ay, t) —ulx,y— Ay, t)  1u(xyt)—ulxy— Ay,t)
+ — —_——
2 4§01 2 4(p1
) A ;t - ) = A ,t
) ML OO M0y~ B, ()
2¢
Because 4Ax = 4Ay = At, ¢ = (e?%A‘ - 1)/(%), ¢2 = @1, we have
1 1 o9, t) u(x + Ax,y,t) — u(x — Ax, y,t)
— Uy + —Uyy = U, y,
R T M % 20
L3 ulx,y + Ay, ) —ulxy = Ay,t)  ulx,p,t) —ulxy— Ay,t)
2 2¢ 40
u(x,y + Ay, £) —ulx,y — Ay, t)
- u(xyyy t)
2¢,
u(x + Ax,y,t) —ulx — Ax,y,t)  ulx,y,t) —ulx,y,t+ At)
= M(x,y, t) -
2¢ 4¢
3 s Ay, t) — .Y — Ay, t
.\ (_ _M(W’t)) ux,y + Ay, t) —ulx,y — Ay, t)
2¢
ulx + Ax,y,t) —u(x — Ax,y,t)  ulx,y,t+ At) — ul(x,y,t)
=u(x,y,t) +
2¢, 141
’ A ;t - ) - A ,t
+V(x,y,t)u(x)w Y, t) — u(x,y — Ay, t)
2§01
= Ully + Up + VI, (12)

Equation (12) can be seen as a discrete format of the first equation of (1). This discrete
format is an explicit scheme. In the following section, we will consider the discrete scheme
for the second equation of (1).

2.1.2 Discrete scheme for the second equation
Using (4a) minus (4), we obtain

1 . 1 _ (e—gAx _ 1)463%(4_)/—406—!)

1 v(x,y,t)—% -

ety (o), 13)

V(x;_)’; t) - % -

v(x + Ax,y,t) —
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Setting ¢3 = (1 — e‘gm)/ (%), then according to (13) we have the following equation:

A » ) t - ) ;t R 3
vix+ A%y, 0~ V& 1) = —(vix+ Axy,0 - = |(1-vixp0). (14)
&3 2 4
In the same way as u,,, we define vy, = Yt Ay ’t)_zg;z;t)”(x_m’y 4 use (14), and we have
1 v(x + Ax, y,t) = 2v(x, ¥, £) + V(x — Ax, ¥, t)
e =
R™ Rpsps
v(x+Ax,y,t)—v(x,y,t) _ v(x,p,t)—v(x—Ax,y,t)
_ $3 #3
Repy
- g(V(x + Axryr t) - %)(1 - V(x:y: t)) - g(V(x,J/, t) - %)(1 - V(x - Axyyy t))
Ry
1+ Ay, 1) = - v(x,y,0)) = (W(x,9,8) = $)(1 = vl(x - Ax, 3, 1))
2 ()
vix + Ax,y,t) —v(x,9,t) 3 v(x,y,t) —vix— Ax,y,t)
= + —
2¢4 2 4'¢4
A ) ;t - - A ) ,t
—v(x,y,t)v(x+ x%,9,t) — vix — Ax, y )‘ 15)
264
Equation (4) minus (4c) yields
1 - 1 - = (1 _ e_gAy)4e§—2(4y—4x—t)
v(x,y,t) — b v(x,y — Ay, t) — 1
1
- (1_e§Ay)(—3 _4>. (16)
V(xryr t) T
Setting ¢4 = (1 - e’gAy)/(g), we obtain
] yt - ) — A ) t R 3
v(x, 9, t) — vx,y Y, t) = — (V(x,y— Ay, t) - —) (V(x,y, t)— 1), 17)
@a 2 4
Define vy, = Yy +Ay ’t)_z‘;(;x)*"(x’y ~894) | on the basis of (17), we obtain the following result:
1 v(x,y + Ay, t) = 2v(x, y,£) + v(x, ¥y — Ay, t)
. =
R R34
v(x+Ax,y,t)—v(x,y,t) _ v(x,y,t)—v(x—Ax,y,t)
_ (2 [
Reps
_ g(v(x,y, t)— %)(V(x,y + Ay, t)-1) - g(v(x,y - Ay, t) - %)(V(x,y, t)—1)
Rys
_ l (V(x;y, t) - %)(V(xry + AJ’, t) - 1) - (V(x’y - AJ’, t) - %)(V(x’y; t) - 1)
2 ¥3
v,y + Ay, 8) = vix,y = Ay,t)  v(x,y,8) = vix,y — Ay,t)
= V(?C, J’, t) -
2¢3 2¢3

3vix,y+ Ay, t) —v(x,y,t)

18
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On the basis of (15) and (18), we have

1 1 v(x + Ax, y,8) —v(x, y,£) 3 v(x,y,t) —vix — Ax,y,t)
R™TR™ 204 "2 4y
v(ix+ Ax, y,t) — v(x — Ax, y,t)
2¢4
v(x,y + Ay, t) —v(x,y — Ay, t)
2¢3
v(x,y,t) —v(x,y — Ay, t)  3vix,y+ Ay, L) —v(x,y,t)
- 2¢3 2 43
v(x + Ax,y,t) — v(x, 9, t) s Ev(x,y, 1) —vix — Ax,y,t)
2¢4 2 4¢y
v(x + Ax,y,t) —v(x — Ax, y,t)
2¢,
v(x,y + Ay, t) —v(x,y — Ay, t)
2¢3
. v(x + Ax,y,t) — v(x,9,t) s %v(x,y, t) —vix— Ax,y,t)
2¢3 2 4¢3

- V(x) _)/, t)

+v(x,9,t)

—v(x,9,t)

+v(x,9, 1)

For 4Ax = 4Ay = At, s0 ¢y = @3, set Yy = (e£“ - 1)/(%), we have

1 1 3v(x+ Ax,y,8) —v(x,y,t) 3 v(x,y,t)—vix— Ax,y,t)
—Vax + —Vyy = = + =
R R 2 204 2 2¢4
) v(x + Ax,y,t) — v(x — Ax, y,t)
2¢4
] A 7t - ) A ,t
+V(x,y,t)V(xw ¥, 8) = v(x,y — Ay,t)
2¢3
1 v(x + Ax, y,t) — v(x, 9, t)
2 204
_ (§ vy, t)) v(x + Ax,y,8) — v(x — Ax, y, t)
264
. v(x + Ax,y,t) — v(x, y,t) v 0) v(x,y + Ay, t) —v(x,y — Ay, t)
4y 2¢3
_ § v, 8) v(x + Ax,y,t) — vix — Ax, y,t)
2 204
v(x,y,t + At) —v(x,y,t)
+
Va
’ A ;t - ) A ,t
+V(x,y,t)V(xw ¥, 8) = v(x,y — Ay, t)
2¢3

= UVx + Vi + VY.
Equation (20) is the explicit discrete format of the second equation in (1).

2.2 Implicit exact-difference scheme
We will give the implicit format of (1) in the following analysis.

(19)
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2.2.1 Discrete scheme for the first equation
Furthermore, if we use (3) minus (3b)

1 _ 1 — (1 _ e%Ax)4e3R7(4y—4x—t)
% —u(x,y,t) 2 —ulx— Ax,y,t)

4
(1 — bt 1 _
=(1-e )(% s 4). (21)

According to (21), we assume ¢, = (egm -1)/ (%). We obtain another result:

u(x,y,t) —ulx — Ax,y,t) R

¢ 4

(Z —u(x - Ax,y, t)> (1 -2u(x,y,1)). (22)

If we substitute (22) into u,,, we will get the following result:

1 u(x + Ax,y,t) — 2u(x, y,t) + u(x — Ax,y,t)
—Uxy =
R Rop1¢p2
ulr+Axy,t)-ulxyt)  ulxyt)-ulx—Axyt)
_ [ [
Rn
_ 3G - u@y )1 - 2ul + Ax,y, 1) - §(G - ulx - Ax,y,6)(1 - 2u(x,, 1))
Rey
1 (3 —ulx,y,0))(1 - 2ux + Ax,y,1)) — (3 — ulx — Ax,y,8))(1 - 2u(x, y, )
4 i
Culx—Ax,y,t) —ulx,y,t)  3ulx+ Ax,y,t) —ulx,,t)
4¢n 2 4¢,
A 2] t - - A ) t
s ul) u(x + Ax,y )2¢u(x X, )‘ (23)
1

Equation (3d) minus (3) yields

1 1
%—u(x,y+ Ay, t) %—u(x,y,t) N

- (eéAy—1)<; 4). (24)

% - M(x;y; t) -

(egAy _ 1)4‘€£ (4y—4x—t)

By setting ¢; = (e52 _ 1)/(£), we have

u(x,y + Ay, t) — u(x,y,t) R

” 1 (Z —u(x,y + Ay, t)) (2u(x,y,t) - 1). (25)

Referring to (25), we get the following equation:

1 u(x,y + Ay, t) = 2u(x, y,t) + ulx,y — Ay, t)
R™ ™ Rp1¢2
ulxy+Ayt)—u(xyt)  ulny,t)-u(xy-~Ayt)
(2 91
Ry,
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RG —ulxy + Ay, 0)Qulx,y,8) - 1) — § (5 — ulx,y, ) Qulx,y — Ay, t) - 1)
Ry,

1(§ —uloy+ Ay 0)Qux,y,t) - 1) = (3 - ulxy,0))Qulx,y = Ay,t) = 1)
4 (%)

u(x,y + Ay, t) — u(x, y, t) . 3ulx,yt) —ulx,y— Ay, t)
4(p2 2 4(”2
u(x,y + Ay, £) —u(x,y — Ay, t)

—u(x,9,t) 20 . (26)

And on the basis of (23) and (26), we have

1 1 ulx— Ax,y,t) —ulx,y,t) 3 ulx+ Ax,y,t) —ulx,y,t)
R TR T 4¢, D) ¢,
u(x + Ax, y,t) — u(x — Ax, 5, t)
2¢
. u(x,y + Ay, t) — u(x,y,t) . § u(x,y,t) — u(x,y — Ay, t)
49, 2 4,
u(x,y + Ay, ) — ulx,y — Ay, t)
2¢2
ux,y + Ay, t) —ulx, y, t) . 3 ulx,y,t) —ulx,y - Ay, 1)
4¢, 2 4¢,
u(x + Ax,y,t) — ulx — Ax, y,t)
2¢1
. u(x,y + Ay, t) — u(x,y,t) . § u(x,y,t) — u(x,y — Ay, t)
49, 2 4,
u(x,y+ Ay, t) —ulx,y — Ay, t)
2¢2
Bule,y+ Ay, t) —ulx,y— Ay,t)  1ulxy+ Ay, t) —ulx,y,t)
2 4, 2 4¢
u(x + Ax,y,t) — u(x — Ax, y,t)
2¢1
3u(x,y+ Ay, t) —ulx,y— Ay,t)  1u(x,y+ Ay, t) —u(x,y,t)
" 2 49, 2 49,
u(x,y + Ay, t) —ulx,y — Ay, t)
2¢> ’

+ u(x,y,t)

—u(x,y,t)

+ u(x,y,t)

—u(x,y,t)

+ulx,y,t)

—u(x,y,t) (27)

Assume ¥, = (1 — 6_3%At)/(£). We already know 4Ax = 4Ay = At, so ¢ = ¢y, and we

obtain
1 1 (o9, 0) u(x + Ax,y,t) — u(x — Ax, y,t)
— Uy + —Uyy = ul(x,y,
R T M % 261
+ 3 M(x,}/ + Ayv t) - M(%)’— A}/, t) M(x,)“r A% t) - M(x,% t)
2 2¢o 49,

ulx,y+ Ay, t) —u(x,y — Ay, t)
2¢

- u(x,yy t)
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ulx + Ax,y,t) —ulx — Ax,y,t)  ulx,y+ Ay, t) — u(x,y,t)

=u(x,y,t)

2¢1 L1%)
3 3 Ay, t) — Y — Ayt
+ (—+u(x,y,t)> ubay+ Ay t) —ulxy - Ay, )
2¢9
u(x + Ax,y,t) —ulx — Ax,y,t)  ulx,y,t) —ulx,y,t — At)
=u(x,y,t) +
2¢1 )
’ A ;t - ) - A ) t
+V(x,y,t)u(x)w Y, t) — u(x,y Y, t)
2¢,
= Ully + Up + VI, (28)

Equation (28) is the implicit discrete format for the first equation of (1). Now, we will

give the implicit scheme for the second equation of (1).

2.2.2 Discrete scheme for the second equation
If we use (4) minus (4b), we immediately get

1 _ 1 _ (1 _ eg Ax)4e3%(4y—4x-t)
vix,,t) =3 v(x— Ax,y,0) -2

1
- (1_e§M)(73 —4>. (29)
V(xryr t) 4
Set ¢hy = (e85% = 1)/(%), then we have
] ,t - - A ' 2] t R 3
v(x,y,t) — vix %9, t) = —(V(x—Ax,y,t)— —)(1—V(x,y,t)), (30)
(o 2 4
Using (30), we obtain
1 v(x + Ax,y,t) = 2v(x, ¥, t) + V(x — Ax, y,t)
Y =
* R34
v(x+Ax,y,t)—v(x,y,t) _ v(x,p,t)—v(x—Ax,y,t)
_ P4 [
Reps
_ g(v(x,y, t)— %)(1 —v(x+ Ax,y,t)) — g(v(x - Ax,y,t) - %)(1 —v(x,9,t))
Res
1 (v(x, 9, ) — %)(1 —v(x+ Ax,y,8)) — (v(x — Ax, y,t) — %)(1 —v(x,9,1))
2 &3
_vxy, ) —vix— Ax,y, ) X 3 v(x + Ax,y,t) — v(x, 9, t)
2¢3 2 4¢3
A ) ’t - - A ) 1t
—V(x,y,t)v(x+ x%,9,t) — vix — Ax, y )‘ 31)
2¢3

Using (4d) minus (4), we immediately get

1 1
v(x,y+Ay,t)—% V(x,y,t)—% -

R 1
-y (st -e) (32)
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Setting @3 = (egAJ' - 1)/(%), we have

v(x,y + Ay, £) — v(x,y,t)
@3

= 152 <V(x, y+ Ay, t) - z> (vx,3,8) —1). (33)

According to (33), we have

1 v(,y + Ay, t) — 2v(x, 9, £) + v(x,y — Ay, t)
R

Rp304
vxy+ Ay —vxy,t)  vixyt)-vxy-Ayt)
_ ¥3 v3
Ry,
_ g(‘/(x,y + AJ’: t) - %)(V(xfyr t) - 1) - g(V(xryr t) - %)(V(x’y - Ay’ t) - 1)
Ry
C Ly + Ay ) = Dy 1) =1) = (W, 8) = Dy - Ay,t) - 1)
2 (2
vy, 8) v(x,y + Ay, t) —v(x,y — Ay, t) _ v(x,y + Ay, t) — v(x,y,t)
204 24
_3vlxyt) - vy — Ay, 1) (34)
2 4q, '
According to (31) and (34), we obtain
1 1 v(x,y,t) —vix — Ax,y,t) 3 vix+ Ax,y,t) —vix,y,t)
—Vax + =Vyy = + =
R R 2¢3 2 4¢p3
- v(x + Ax,y,t) —v(x — Ax, y,t)
2¢3
LY+ Ay, t) —v(x,y— Ay, t
+v(x,y,t)V(xy+ y,t) —v(x,y — Ay, t)
204
V(?C,y + A}’: t) - V(x)y) t) 3 V(x,y, t) - V(x,y — Ay, t)
204 2 44
v(x,y,t) —vix — Ax,y,£) 3 vix+ Ax,y,t) —vix,y,t)
= + —
2¢3 2 4¢3
v y,8) v(x + Ax,9,t) — v(x — Ax, y,t)
2¢3
S Ay, t) —v(x,y— Ay, t
+v(x,y,t)v(xy+ y,t) —v(x,y — Ay, t)
20,
11t_ _Ayyt 3 A;;t_ yyt
+v(xy ) —v(x— Ax,y )+_V(x+ x,9,t) —v(x,y )‘ (35)
2¢4 2 4¢4

Because 4Ax = 4Ay = At, 50 ¢35 = @4, setting 3 = (1 - e’%“)/(g), we have

1 1 3v(x,y,t) —vix— Ax,y,£)  3vix+ Ax,y,t) —v(x,9,t)
—Vax + —Vyy = = + =
R R 2 263 2 2¢3
) v(x + Ax,y,t) — v(x — Ax, y,t)
2¢3

v,y + Ay, t) —v(x,y — Ay, t) 1 v(x,y,t) —vix — Ax,y,t)
+ —

+v(x,,t)
’ 204 2 20
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v(x — Ax,y,t)

(3 v(x + Ax,y,t) —
- (5 e ”) 265

v(x,y + Ay, t) — v(x,y — Ay, t)

v(x,y,t) — v(x — Ax, y,t)
+

+ v(x, v, t)
4 Y 204
_ (§ e ,t)) v(x + Ax,y,8) — v(x — Ax, , t)
2¢3
s v(x,y,t) — v(x,y,t — At) ) v(x,y + Ay, t) —v(x,y — Ay, 1)
Y3 2¢4
= UV + VvV (36)

Now, we can find that (36) is the implicit discrete format of the second equation in (1).
In the next step, we will give the exact finite-difference schemes.

2.3 The exact finite schemes for coupled Burgers equation

We denote the discrete approximation of u(x, y, t) and v(x, y, £) at the mesh point (iAx; jAy;
nAt) by Uy, and Vi, respectively, i = 0,1,2,...,Ny; j = 0,1,2,...,N;; n = 0,1,2,....
Ax = JVx is the mesh size in x direction and Ay = Niy is the mesh size in y direction, and t

, where

represents the increment in time. Set Ax = Ay = i, we write Uy as

4(1+e32 (‘iyi’“l"z”)) (37)

3 1
= u(xz;y]) ty) = i R
3, 1 0
R ) i .
4 4(1+63—2(4y]—4xl—t,,))

V,-’} =v(x,Ypta) = 7 +

For 4Ax = 4Ay = At, Y = (egm - 1)/(%) = Y4, ¢2 = @1, Pa = @3, based on (12) and (20),
we have the explicit difference scheme

up, -2umeur U 2U U
Ro12 Rwuﬂz
1
_ Un l+1] ut”l} uin,; Uin Vn l/+1 uzj—l
irf 2¢o 141 i 2¢1 ? (38)
Vz’il/ ZVi,jJrViril,j Vz;+1 2V *" -1
Rz s prsm
+1
= z+1] Vn + sz} _Vzr; + V" l/+1 ‘/L"}—l
irf 2¢4 VY4 ij 2¢3

For 4Ax = 4Ay = At, Yy = (1 - e’TI;At)/(g) = Y3, ¢1 = @2, 3 = @4, according to (28) and
(36), we can obtain an implicit difference scheme

up, U U U U
Ro12 Rwuﬂz
-1
—ur Ui ~Utyy | up-uy LV Upj=Uiia
L 2¢1 1) 2 2¢2 ’ (39)
Vz’il/ ZVi,jJrViril,j Vz;+1 2V *Vz, 1
Rz s R<p3<ﬂ4
1
_un z+1] Vn + V:}—V;; Vn L]+1 Vz’tij—l
if 2¢3 ¥3 i 2¢4

Theorem 2.1 The difference schemes (38) and (39) are the exact explicit and implicit dif-
ference schemes for (1), where ¢;, i, V; are the expressions in Sections 2.1 and 2.2.

Proof We can see the analysis from Section 2.1 and Section 2.2 that the two schemes are

explicit and implicit exact finite schemes. d
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3 Nonstandard finite-difference scheme for coupled Burgers equation
We gave the exact finite-difference schemes in Section 2. In this section, we will give two

nonstandard finite-difference schemes using two different ways.

3.1 The first nonstandard finite-difference scheme

First, based on the exact schemes, we can see that the exact numerical schemes (38) and
(39) of (1) have some conditions in steps. If we select the exact schemes, but a different
stepsize, the exact scheme will become a nonstandard finite-difference scheme. In order

to facilitate the calculation, we choose this explicit form in our paper:

ur U+ Uut ur, ZUL” +Ur

i+1,j ijt i-1j ij+1 ij—1
Rep12 Rpr¢2
n n+l_gm
- Un z+1/ ui—l,j ij Woyoyn 11+1 ulvifl
b 2¢2 V1 2 2¢1 ’ (40)
n ", yn n
Vi ~2VitVii Vz;+1 -2v; *" -1
R34 R%m
N+l " "
= H-l] V i-1, + ij _vl} +yn l/+1 Vi,j—l
b 2¢4 Va o 293 7

where the step function is of the same form as in Section 2.

3.2 The second nonstandard finite-difference scheme

We already noticed that the stepsize for exact schemes in Section 2 must satisfy some fixed
conditions. In order to relax the conditions for stepsize, we would like to use a different way
of studying [9—14] to construct nonstandard finite-difference schemes for (1). Referring to

Zhang et al. [14], we set the exact scheme

1
L[;q,}'+ _uin] un+1 qu/ Ul -1,/ Vn 11+1 uln/ 1
#(AL) b 2y(Ax) b 2y(Ay)
uﬁ*—l/ Zui,j+ui—1,j L[”+1 ZU +Ul”] 1
Ry (Ax)? Ry(A ’
- ) V(B2 (41)
—V’7 -vr Ve -V
un z+l} i-1j Vn+1 ij+1 -1
( b 29 (Ax) 2 29 (Ay)
_ Vz+1; “2VEAVEL Vi =2V Vi
Rx//(Ax) Ry (Ay)?

Using the way of Zhang et al. [14] and the notation (37), setting Ax = Ay = /1, we obtain

u?'.+1 -uy;
(A =
Utn+1] 2Ufj+u;1—1,j uln/+1 2” +U” 1 un+1 ut+1] uz 1 _yn t/+1_ui},1j—1
Ry2(h) Ry/Z( ) iy 2y (h) i 2y (h)

= 2Ry () (U - Up) (2(U, - 2Up + Uy )+ 2(Uf;

ij+1

—2Ul+ U)

—Rw(h)un+1(ul'11] 11,) Rl/f(h)V”(L[l”]H uy;, )

42
V,".+1 -vr 42)
ij
p(At) =
Vt+11 2V +V + VL/+1 2\/ +VL} 1 n Vtﬁl,j_vﬁl,j _ yntl Vf},qurl_vL‘},/}—l
w2<h> RW( ) i 2y () W29

= 2Ry () (Vi = VI (Vi = 2V + V) + 2(Vi =2V + VL)

ij+1

=~ Ry U (Vi = Vi) =RV WV (Vi = Vija)).
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Ry
If we choose (k) = W, we have

- Bty ~Bn Ry
¢(At) _ 64(1-e 3277 )(1+e 8 s)(1+e8"s)
- R R R R ’
2(1+e 327 s)(s—1)e 8" +(1+e 87)(e 327 s+s+2
R At h h At
-Roaey ., B Ry
@(At) _ 64(1—e 327" )(1+e 8 s)(1+e8"s)

R R R R ’
R(+e 322 (s-1)e 8"+ (Lre 8)(e 322 54542))

R 4y d;— . .
where s =57, = % (yj=4%i=tn) e use s instead of s;; for convenience.

(43)

If  satisfy ¥ (Ax) = ¥ (Ay) = ¥ (h) = h+ O(h?) when h — 0, At — 0, we can easily obtain
¢(AL) — 32(1 - e‘%)/R and ¢(Af) — 32(1 - e‘%)/R, with ¢(At) = p(At) = At + O(AL?).
So when Ax, Ay and At approach zero, we obtain another nonstandard finite-difference

scheme for the Burgers equation as follows:

1
in,/'+ - ln,[ + Un+1 uﬁfl,jiuin—l,/ + Vn ui’,‘/+17uir,lj—l
(Al) ij 2y (Ax) i 2¢(Ay)
_ uﬁrl,j’zufﬁu:il,j LI;?/H—ZLIZ’/JrU;:’];l
Ry (Ax)? Ry(ay? 7
1
Vi LU Vi~ Vit 4yl Viia~Viia
o(A?) b 29 (Ax) o 2¢(Ay)
Vi 2Vt Vit | Va2V Vi
Ry (Ax)? Ry (Ay)? ’
R
¥(Ax) = Y(Ay) = 8(es” ~1)/R,

B(AL) = p(AL) = 32(1— e F)/R.

(44)

From the above analysis, we can see that our schemes are explicit. We will illustrate the

efficiency and accuracy of these two nonstandard finite-difference schemes in the numer-

ical simulation.

4 Numerical experiments

To illustrate the efficiency and accuracy of our nonstandard finite-difference schemes, we

simulate the following initial-boundary problem:

1

Up + Utk + Vidy = 3 (Uax + Uyy),
1

Ve + UV + vy = 5 (Vax + Vyy),

with the initial conditions

ulx,y,0)=f(xy), (xy) €,
v(x,9,0) =g(x,9), *9) €,

and the boundary conditions

u(x,y,t) =fi(x,5,t), xy€dR,t>0,
v(x,y,t) = g1(x,9,t), x,y€dR,t>0.

(45)

For the nonstandard finite-difference scheme (40), U;fj*l and VZ}” can be written as

=y [UL.”H JURAUT U U U _un uz o -ur
if 1 Re1¢2 Ro192 if 2¢1
ur. . -ur ..
_ n itlj i—1,j n
U= 1+ U

Vil oy [Vﬂl,/’zvt}fj*‘/ﬁl,/ Vi 2V U Vi Vi,
o T Y4 R3ba Rpsps b 204

v o -vn
_ n b+l ij—1 n
Vi~ 2 1+ Vi

(46)
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For the nonstandard finite-difference scheme (44), L[;fj"l and VZ}” can be written as

n n n n n
H(AD] uz+1/ Ul/ ui—l,j Ul/+1 ul/ Ul/ 1_yn ui,/'+17ui,/'—1 e
Ut - Ry (Ax)2 Ry/(Ay)2 ij  29(Ay) i
oo Ui ~Ui ’
(¢(At)W+1) 47
vt . _avh +V v 2Vt vy ( )
o(AD] i+l ijtli-1j ij+1 ij =l g Citlj Ti-1j ]+Vn
Vn+1 _ Ry (Ax)2 Ry (Ay)2 ij 29 (Ax)
ii = 7
b (0(AD) Vijs1=Vij1 )
¢ W)

We have two different initial-boundary conditions in the following examples.

Example1 The computational domain has been takenas Q = {(x,7):0 <x <1,0 <y <1}
and the Burgers equations (45) are taken with the initial conditions

1

S S

u(x,9,0) = 3 -
3

R
4 4(1+e§(4y—4x))

—_— ) 0 0
A(1Lre3s W40, Y (48)
v(x,y,0) = 0

and the boundary conditions

u(0,y,8) =3 - iTéFFF 0<y<05,t>0,
u(l,y,t)=3 - ;Egiﬁg? 0<y<05,t>0,
v(0,y,8) =3 + iﬁéﬁﬁ? 0<y<05,t>0,
v(Ly, ) =3+ ;;EtJJT 0<y<05,t>0,
u(x,0,8) =3 - ;;E%EE’ 0<x<051¢>0,
M%Lﬂ_%_umﬁzﬁﬁf 0<x<05t>0,
v(x,0,8) = 3 + mﬂgH#%, 0<x<05,t>0,
meﬂ_g—;;Eizgy 0<x<051¢>0,

where u(x,y,t) and v(x,y,t) are taken from the analytical solutions (2).
Base on the initial-boundary conditions, the numerical initial-boundary conditions can

be written as

”3=%‘;:;i215 i=0,1,...,1,j=0,1,...,],
VO = . ;;Eﬁ?zg’ i=0,1,...,1,j=0,1,...,],
ug, = 3. ;ﬂgiﬁiﬂ’ j=0,1,....,J,n=0,1,...,
UZ—%—;;EéFE%,j=QLH”Ln=QL“”
Wﬁ—% ;;}i@li’ j=0,1,....J,n=0,1,..., )
Vi = 3y 4_(1;%}1_”:_—@,j:0,1,...,],n=o,1,...,
ur =3- ;;EFEEE’iZOJ“”L”:QL””
g_g_;;gi:;m? i=0,1,...,I,n=0,1,...,
%%:%+;;Eiaiﬁ’ i=0,1,...,,n=0,1,...,
gzz_mﬂn“%wh i=0,1,...,,n=0,1,....
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Table 1 The numerical results of first scheme (46) and second scheme (47) for u with the
exact solution at t =0.01,t =0.5 and t = 2 with t =0.0001,and R=10

(x,y) t=0.01 t=0.5 t=2

First Second  Exact First Second  Exact First Second  Exact

( ) 062480  0.62481 062480 061522 061528 061525 058713 058718 058716
( ) 059419  0.59421 0.59420 058533  0.58544 058540 056120 056130  0.56127
( ) 056708 056708 056708 055979 055986  0.55983  0.54108  0.54114  0.54113
( ) 062480  0.62481 062480 061512 061538 061525 058701 058725  0.58716
( ) 059419 0.59421 059420  0.58522  0.58551 0.58540 056108 056136 056127
( ) 065543 065544 065543 064622 064635 064628 061712 061726 061720
(0.5,05) 062480  0.62481 062480 061503 061546 061525 058688 058734  0.58716
( )
( )
( )
( )
( )
( )

0.59419  0.59421 0.59420 058523  0.58551 0.58540 056108 056136 056127
065543 065544 065543 064612 064648 064628 061698 061739 061729
062480  0.62481 062480 061500 061550 061525 0.58680 058740  0.58716
068261 068262 068261 067478 067488 067481 064811 064823  0.64817
065543 065544 065543 064613 064647 064628 06169 061740  0.61720
062480  0.62481 062480 061512 061537 061525 058697 058728  0.58716

Table 2 The numerical results of first scheme (46) and second scheme (47) for v with the exact
solution at t =0.01, t=0.5 and t = 2 with t =0.0001,and R=10

(x,y) t=0.01 t=0.5 t=2

First Second  Exact First Second  Exact First Second  Exact

( ) 087519 087519 087520 0.88471 0.88472 0.88475 091280 091282 091284
( ) 090579 090579 090580 091454 091456 091460 093866 0.93870  0.93873
( ) 093291 093292 093292 094011 094014 094016 095883 095886  0.95887
( ) 087519 087519 087520 0.88461 0.88462 088475 091268 091275 091284
( ) 090579 090579 090580 091442 091449 091460 093853 093864  0.93873
( ) 084456  0.84456  0.84457 085366 085365 085372 0.88272 0.88274  0.88280
(0.5,05) 087519 087519 087520 088452 088454 088475 091255 091266 091284
( )
( )
( )
( )
( )
( )

0.90579 090579 090580 091444 091449 091460 093854 093864  0.93873
084456 084456 084457 085357 0.85352 085372 0.88257  0.88261 0.88280
087519 087519 087520 0.88449 0.88450 088475 091247 091260 091284
081739 081738 081739 082515 0.82512 082519 085178 085177  0.85183
0.84456  0.84456  0.84457 085358 0.85353 085372 0.88256  0.88260  0.88280
087519 087519 087520 088462 0.88463  0.88475 091266 091272 091284

The numerical simulation is performed using a uniform grid 20 x 20, with a mesh width
Ax = Ay =0.05.In Tables 1-2 are the numerical results for # and v compared with the exact
solution at ¢ = 0.01, £ = 0.5 and ¢ = 2 with At = 0.0001, and R = 10. And Figures 1-12 show
the numerical errors for # and v at ¢ = 0.01, £ = 0.5 and ¢ = 2 with Az =0.0001, and R = 10.
From Tables 1-2 and Figures 1-6, we can see that our explicit nonstandard finite-difference

schemes behave in a good manner.

Example 2 The computational domain has been takenas 2 = {(x,9): 0 <x<0.5,0 <y <

0.5} and the Burgers equations (45) are taken with the initial conditions

u(x,y,0) = sin(rx) + cos(ry), 0<x<050<y<0.5,

(50)
v(x,9,0)=x+y, 0<x<050<y<0.5,
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Figure 3 Error of V,.;.' for scheme (46) of v with R=10 at t =0.01.
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Figure 4 Error of V'.;.’ for scheme (47) of v with R=10 at t = 0.01.
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Figure 5 Error of U,f} for scheme (46) of u withR=10at t=0.5.
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Figure 6 Error of U,f} for scheme (47) of u withR=10at t=0.5.
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Figure 7 Error of V'.;.’ for scheme (46) of v with R=10 at t = 0.5.

Error for V

Error for V

AN

NN
2950 S AN
"'::“‘\\ 06

0.2

Figure 8 Error of V,.;.' for scheme (47) of v with R=10 at t = 0.5.
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Figure 9 Error of U,f} for scheme (46) of u withR=10at t = 2.
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Figure 10 Error of Ulfl’. for scheme (47) of uwithR=10at t = 2.
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Table 3 The numerical results of first scheme (46) and second scheme (47) for u and v with
Vineet, Bahadir and Jain’s solutions at t = 0.625 with t = 0.0001, and R = 50, 20 x 20 grid

(x,y) Computed values of U Computed values of V

First Second Srivastava Bahadir Jain First Second Srivastava Bahadir Jain
(0.1,0.1) 095754 0.96925 097146 0.96688 0.97258 0.09364 0.09774 0.098688  0.09824 0.09773
(0.3,0.1) 1.05187 1.14237 1.15280 1.14827 1.16214 0.11669 0.13760 0.14158 0.14112  0.14039
(0.2,0.2) 0.86076 0.86218 0.86308 0.85911 0.86281 0.16361 0.16678 0.16754 0.16681 0.16660
(04,0.2) 091200 0.97637 0.97985 097637 096483 0.15713 0.16910 0.17111 0.17065 0.17397
(0.1,03) 067190 0.66426 0.66316 0.66019 0.66318 0.26263 0.26355 0.26378 0.26261 0.26294
(0.3,03) 0.76523 0.77524 0.77233 0.76932 0.77030 0.22205 0.22650 0.22655 022576 0.22463
(0.2,04) 0.58001 0.58333 0.58181 057966 0.58070 0.30996 0.32554 0.32851 032745 0.32402
(04,04) 070944 076524 075862 075678 074435 030151 032120 032502 032441 031822
and the boundary conditions

u(0,y,t) = cos(my), 0<y<05,t>0,

u(0.5,y,¢) =1+ cos(wry), 0<y<0.5,t>0,

v(0,5,8) =, 0<y<05,t>0,

v(0.5,9,t) = 0.5+, 0<y<05,t>0,

u(x,0,t) =1 + sin(rx), 0<x<05,t>0,

u(x,0.5,¢) = sin(mwx), 0<x<05,t>0,

v(x,0,t) = x, 0<x<05,t>0,

v(x,0.5,t) =x + 0.5, 0<x<05,t>0.

The numerical initial-boundary conditions are described as follows:

Uy, = sin(ma;) + cos(wyy), i=0,1,...,1,j=0,1,...,],

VY =xi+ ) i=0,1,...,1,j=0,1,...,],

Uy, = cos(my;), j=0,1,...,J,n=0,1,...,

I’fj=1+cos(ny/), j=0,1,...,J,n=0,1,...,

Vo, =Y j=0,1,...,J,n=0,1,..., (51)

Vii=05+, j=0,1,..../,n=0,1,...,

U}y =1+ sin(rx;), i=0,1,...,I,n=0,1,...,

Uy, = sin(rrx;), i=0,1,...,I,n=0,1,...,

Vio =%, i=0,1,...,I,n=0,1,...,

Vi =x:+0.5, i=0,1,...,I,n=0,1,....

The numerical computations for the two schemes (47) and (48) are performed using
20 x 20 grids and ¢ = 0.0001. The steady state solutions for R = 50 are obtained at ¢ =
0.625. Table 3 is the numerical steady state solutions for our methods compared with
the methods of Srivastava et al. [1], Bahadir [3], and Jain and Holla [4]. From Table 3,
it can be seen that numerical results obtained by our methods are in good agreement

with Srivastava, Bahadir and Jain’s methods. Perspective views of u# and v for R = 50 at

t =0.0001 are given in Figures 13-16.

5 Conclusions

This paper presents exact finite-difference schemes and nonstandard finite-difference

schemes for the Burgers equations with the form (1) based upon the analytic solution.
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NSFD for U

Y 0 X

Figure 13 The computed value for scheme (46) of u for R =50 at t = 0.625.

NSFD for V

Figure 14 The computed value for scheme (46) of v for R=50 at t = 0.625.

NSFD for U

Y 0 X

Figure 15 The computed value for scheme (47) of u for R =50 at t = 0.625.
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NSFD for V

Figure 16 The computed value for scheme (47) of v for R=50 at t = 0.625.

Our nonstandard finite-difference schemes are explicit. The numerical simulations verify

that the nonstandard finite-difference schemes are efficient and accurate.
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