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Abstract

By introducing two sets of Lenard recursion equations, the second-order
Benjamin-Ono hierarchy is proposed. In view of the characteristic polynomial of Lax
matrix, a trigonal curve of arithmetic genus m - 1 is deduced. Then the trigonal curve
theory is used to derive the explicit algebro-geometric solutions represented in theta
functions to the second-order Benjamin-Ono hierarchy with the help of the
properties of Baker-Akhiezer function, the meromorphic function and the three kinds
of Abel differentials.
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1 Introduction

The principal aim of the present paper concerns the algebro-geometric solutions of the
second-order Benjamin-Ono hierarchy with the aid of the theory of trigonal curves [1-
3]. To the best of the authors’ knowledge, there have been no results about the algebro-
geometric solutions of the second-order Benjamin-Ono equation [4, 5]

Uy = a(u2) ” + ﬂuxxxx: (11)

x
which is used in the analysis of long waves in shallow water and many other physical appli-
cations, where « is a constant controlling nonlinearity and the characteristic speed of the
long waves, and g is the depth of the fluid, although there are some results about the exact
solutions of (1.1), such as the pulse-type and kink-type solutions, periodic solitary wave
and double periodic solutions, soliton solutions etc., by using the following methods: the
Jacobi elliptic function expansion method, the bilinear method, the extended homoclinic
test approach, the homogeneous balance method and the lattice Boltzmann method etc.
[6-10].

Before turning to the contents of each section, it seems appropriate to review the exist-
ing literature on algebro-geometric solutions, which are of great importance for revealing
inherent structure mechanism of solutions and describing the quasi-periodic behavior of
nonlinear phenomena. During the last few years, there have been fairly mature techniques
to construct algebro-geometric solutions of soliton equations associated with 2 x 2 matrix
spectral problems, such as the KdV, nonlinear Schrédinger, sine-Gordon, Toda equations
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and so on [11-15]. Unfortunately, the situation is not so good for soliton equations associ-
ated with 3 x 3 matrix spectral problems, which are more complicated and more difficult.
In [16], a unified framework was proposed to yield all algebro-geometric solutions of the
entire Boussinesq hierarchy. Recently, based on the characteristic polynomial of Lax ma-
trix associated with the 3 x 3 matrix spectral problems, we have developed the method
in [16] to deal with some important soliton equations by introducing the trigonal curves
of arithmetic genus m — 1 and deriving the explicit Riemann theta function representa-
tions of the entire hierarchies, such as the modified Boussinesq, the Kaup-Kupershmidt
hierarchies and others [17-19].

The present paper is organized as follows. In Section 2, based on two kinds of different
Lenard recursion equations, we derive the second-order Benjamin-Ono hierarchy, which
relates to a 3 x 3 matrix spectral problem. In Section 3, we introduce the Baker-Akhiezer
function and the associated meromorphic function. Then the second-order Benjamin-
Ono hierarchy is decomposed into the system of Dubrovin-type ordinary differential
equations. In Section 4, the explicit Riemann theta function representations of the Baker-
Akhiezer function and the meromorphic function, and especially of the solutions to the
entire second-order Benjamin-Ono hierarchy are displayed by resorting to the Riemann
theta functions, the holomorphic differentials, and the Abel map.

2 The zero-curvature representation to the second-order Benjamin-Ono
hierarchy

In this section, we shall derive the second-order Benjamin-Ono hierarchy associated with

the 3 x 3 matrix spectral problem

Y 0 1 0
Ve=Uy, v=|v.|, U=l u o 1], @.1)
Y3 v+A u 0

where u and v are two potentials, and A is a constant spectral parameter. To this end, we
introduce two sets of Lenard recursion equations

Kgi1=Jgj  &lww=0=0,j=0, (2.2)
1<<§1'—1 :]g, §j|(u,v)=0 =0,j>0 (2.3)

with two starting points
g1 = (1’ O)Tr §_1 = (0; I)T;

where the initial conditions mean to identify constants of integration as zero, and two
operators are defined as follows:

du +ud — 9 v+ 3v0
K= 1 1 1 2 ’
0 +0v £0°— 3(%u+ud®) - 3(0%ud + ud?) + u*d + du* + Fudu
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Hence gj and g; are uniquely determined, for example, the first two members read as

BRYA o1 (g —du?
&=73 ) 79\ e |

In order to generate a hierarchy of evolution equations associated with the spectral prob-

lem (2.1), we solve the stationary zero-curvature equation
Ve—I[U,V]=0, V = (Vij)3x3, (2.4)
which is equivalent to

Vine +uVia + (v + 2) Vi3 = Vo1 = 0,

Vigu + uViz + Vi1 — Va2 = 0,

Visa — Vaz + Vi =0,

Vore + u(Vay = Vin) + (v + A) Vaz — V31 = 0,

Voo +u(Vaz — Via) + Vo1 = V3 = 0, (2.5)
Vazw —uVis + Vay = Va3 =0,

Vi + u(Vaa = Var) + (v + 1) (Va3 — Vi) = 0,

Vaou+u(Vaz = Vo) = (v+ A)Via + V31 =0,

Vg — Va3 — (v+ 1) Vi3 + V32 = 0,
where each entry Vj; = Vj;(a, b) is a Laurent expansion in A:

1/1 1
V11:§<582_M>b_aa’ Vlzza_iab’ Vl?’:b’

1 1 1 1
Vo = (583 - gau - iua +V+ A)b +(u—-09%)a, Vo = g(—a2 +2u)b,

1 1 1 1 1
V23=a+§8b, Va1 = (684—58214—§8u8—§u82+u2)b+(v+)»)a, (2.6)
1 1 1
Vp=(-=0>+Z0u+-ud +v+ir )b+ (u-0%)a,
6 3 2
1/1
Va3 = §<§82 - u)b + 04,
a = Zd/‘_l)n_j, b= ij_l)n_j. (27)
j=0 j=0

A direct calculation shows that (2.5) and (2.6) imply the Lenard equation

KG=)MG, G=(ab)T. (2.8)
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Substituting (2.7) into (2.8) and collecting terms with the same powers of A, we arrive at

the following recursion relation:

KGj_, =]G;, JG1=0, j=>0, (2.9)
where G; = (a;, bj)T. Since the equation JG_; = 0 has the general solution

G_1 = aog1 + Pog-1s (2.10)
then G; can be expressed as

Gj=aog + Pog + - + g0 + Bigo + #jng + Big, j=0, (2.11)

where o; and B; are arbitrary constants.
Let 1 satisfy the spectral problem (2.1) and its auxiliary problem

o =V0u, VO = (V). (2.12)

g

where each entry Vi;’) = i?ii(gl(r)’;;(r)),

r r
a" = Zfl,q)»r*j, b = Zﬁ,q)»r*j
Jj=0 Jj=0
with
G =(a,b)" = aog + Pogi + -+ @igo + Bifo + &uig1 + Bng1, j=-L

Then the compatibility condition of (2.1) and (2.12) yields the zero-curvature equation,

u, - V9 + (U, V] = 0, which is equivalent to the hierarchy of nonlinear evolution equa-
tions
(s, ve) =X, r>0, (2.13)

where the vector fields }v(, = )N(,(u, V;QV),éV)) = I(éj_l = ]éj, and ¥ = (G, ...,a5), é(/) =

(Bos---» ﬁ,). The first nontrivial member in the hierarchy (2.13) is as follows:

Uy = Aoy + BOer
1 - (2.14)
Vi = QoVx — gﬁo(um — 8uuy).

For o =0, Bo =1 (ty = t), equation (2.14) is reduced to the second-order Benjamin-Ono

equation by canceling the variable v

4 1
Uy = g(uz)m = 5t (2.15)
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The second one in the hierarchy (2.13) (as &; = 0, B1 = 0) can be written as

1 ~ 15 2 3 2
Uy, = g(xo(vxx —4uv), - = Bo(6thrrax — 60utLy, — 4515 + 40u° + 450%)

1
vy == do (Bthsxxr — 36Utk — 18142 + 32u° +18V%) (2.16)
1 2
- 5/30 (Vxxxx =Sty V — 10uUvyy — St vy + 20u V)x'

Fordo =0, Bo = -9 (4 = ¢), equation (2.16) is reduced to a 5-order coupled equation

2 2 20 4
Ut = Unxgux — | 10Ul + U, -9V — —u” |,
3 /s (2.17)

Ve = Vignx — (5lnnV + 10UVy + 514,V — 20uzv)x.

3 The meromorphic function and Dubrovin-type equations

In this section, we shall consider the Baker-Akhiezer function and the associated mero-

morphic function. By introducing the elliptic kind coordinates, we decompose the second-

order Benjamin-Ono equation into the system of Dubrovin-type differential equations.
We first introduce the Baker-Akhiezer function v (P, x, x¢, ¢, to,r) by

‘Wx(P! X, %0, tr! to,r) = u(u(‘xl tr); V(x! tr)r )\'(P))W(Pi X, X0, tr: tO,r):
1//t, (P; X, %05 trs tO,r) = ‘7“) (u(x, tr): v(x, tr); )\(P))VI(P: X,%0, Lrs tO,r)y
VO (e, 1), (%, £,); M(P)) W (P, %, %0, s bor) = Y(P)Y (P, %, %0, s b )

wl(Per’xm tO,rr tO,r) = 1,

where V0 = V), = (V)33 and V" = Vi(a®, b)),

n n
a™ = Zﬂj_lknfj, " = ij_lkm/
j=0 Jj=0

with a;, b; determined by (2.11). The compatibility conditions of the first three expressions
in (3.1) yield that

u, -vo+ [u,v] =o, (3.2)
-V [u,v] =0, (3.3)
_Vt(rn) + [V(V), V(Vl)] =0. (3.4)

Through a direct calculation we can show that yI — V" satisfies equations (3.3) and (3.4).
So Fu(X,y) = det(yl - V) isan independent constant of the variables x and £,, from which

we can define a trigonal curve K,,,_1 : F,,(%,y) = 0 with the expansion

det(yI - V™) = > +9S,,(x) = T,u(3) = 0, (3.5)
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where

vie v v
C Ta=| ol v
i vl

>

1<i<j<3

(n) (n)
v vy
ji

(n)  y/n)

J

Immediately, from (2.10) if we choose Sy =1, «p an arbitrary constant or By = 0, g = 1, we
shall know that the corresponding values of m in (3.5) are 3n + 2 or 3n + 1, respectively.
For the convenience, the compactification of the curve IC,,,_; is denoted by the same sym-
bol ICpy—1. Thus KC,y1 becomes a three-sheeted Riemann surface of arithmetic genus m —1
when it is nonsingular or smooth.

Next we shall introduce the meromorphic function ¢;(P, x, t,), which is closely related

to ¥ (P,x, %0, to,r), Y

axl,[fl (P; X,%0, Lrs tO,r)
WI(P’ X, X0, tr’ tO,r')

¢1(P1xr tr) = ) Pe ’Cm—l;x S C¢ (36)

which implies from (3.1) that

e(m)Ey (X, x, L)
2 Vz(g)(k, %,t,) = YCon (M %, ) + Dyy(A, %, £

¢1(P:xr tr) =

PV 0,%,1) - yA,0u%,8,) + By, 1,)
- _S(M)Em—l ()": %, tr)

_ yVZ(g) (}‘" X, tr) + Cm()\f’ X, tr)

2 , (37)
yVis' (A%, t) + AR, %, t,)
where P = (A,y) € K,_1, (%, £,) € C?,

= VIV VL,

(n) (/1) A(n) (n) y (n) (n) (y,(n) y A(n) (n) y ,(n)
By =V (Vun Vs = Viz Vi) ) +Viy (Vnn Vyy = Viz Vop )7 (3.8)
Cn =V V3 - VPV,

(n) (y/(n)y ,(n) (n) y ,(n) (n) (7 /() y ,(n) (n) 1 7(n)
Dy, = Vzg (Vzg V3§ - Vzg ng ) + sz (Vli}’j Vzg - 13 Vzg )»
BV OV VPV GV -,

o =son) [V (VB VA = VI V)« VD (VD V) - VIS V),
and

-1 ifm=3n+2,

1 ifm=3n+1,

g(m) =

which is introduced to ensure that E,,_;, F,, are both monic polynomials. It is easy to see

that there exist various interrelationships between polynomials A,,, By, Cyy Dy, Ey-1, Fin
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and S,,;, T}, some of which are summarized as follows:

2
(M) Vi Fr = V33 Do = S(V33)" = C,

(M)A Fyy = Tru (VD) + CuDy

) (3.10)

eMViy Epr = Su(VE)" = VB, + A2,
2
—£(M)CnEpt = T (ViY)” + AuBoy
V33 B+ Vis D = VI V33 S + A Con = 0,
VIOV T + ViR AnSpi + Vi3 CouSin = BinCon = AuDin = 0, (3.11)
V2(g)Am Tm + Vl(g) Cm Tm - Em—lFm - BmDm = 0’
S(M)Em—l,x = 2Sm ‘/1(;) - 3Bm¢
(3.12)

Vo Eppe = =3V Fyy + £(m) (Vay = uVid) (Va5 Sy — 3D,).

For displaying the properties of ¢; (P, x, £,) exactly, we introduce the holomorphic map *,
changing sheets, as

Ko = Kot
p-= ()»,)’z()\)) — P = ()‘-1yi+1(m0d3)(}\))r i= 0,1,2;
P** .= (P*)*, etc.,

where y;(A), i = 0,1, 2, denote the three branches of y(P) satisfying F,,,(A,y) = 0. Then it is
easy to show the properties of ¢, (P, x, t,) immediately:

¢1,xx(P:x; tr) + 3¢1(Prx7 tr)d’l,x(Prx: tr) + ¢13(P’ X, tr) - 2u(x, tr)¢1(P!x7 tr)
=u(x, t) + v(x, £) + A, (3.13)

b1, (Pox, 1) = [V O, ty) + VI3 G, )0 (Pyx, 1)

+ V00 2,6) ($1,4(P, 3, 1) + 93 (P26, 1) — (. 1,) ], (3.14)
Fu(h %, t,)

P; ytr P*y ;tr P**; ;tr = L T v 3'15

o1 (P, x, 1)1 (P, %, 1) 1 (P, %, 1) E 1 Gunt) (3.15)
Em—lx()H X, tr)

P» ytr P*x ;tr P**: ytr :yi’ 3.16
o (Px, ) + 1 (P, 6) + @1 (P, %, 1) E Goxt) (3.16)
y(P)p1 (P, x, 1) + y(P*) 1 (P, %, 8,) + y(P™) 1 (P, %, 1)

3T,()Vay (o, ty) + 28(M AR, 3, 1) B17)

- _8(m)Em—l ()wx, tr) ’ '

1 1 1
+ +
¢1 (P; X, tr) ¢1 (P*x X, tr) ¢)1 (P**,x, tr)
B -3V (h,x,t,)
VZ(;I)()‘"‘X’ t,«) - u(x, tr)vz(g)()\'r X, tr)
. V33 O, 1) Fpy(h,) 518)

Vz(f)(k,x, t) — u(x, t.) Vz(g')()»,x, t,) Fu(hox,t,)

Page 7 of 22
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After tedious calculations, we have the following lemma.

Lemma 3.1 Assume (3.1), (3.2), and let (A, x,%0,t to,) € C°. Then

0 VS w o Vi w
r n T, n
En-ri (1) = Em—l,x(vm ) Viz ) + 3Em—1<V11 T ) Vi )r
V; %
13 13
() ()
~ Vo —uV.
Font, (A%, 87) = Fr <V2(g) - fi) > 2(};))

Vo' - qu(g)
() ()
~ Vo —uV-
(r) 21 23 y,(n)
+3E, (vzg - Yoy m Ve )
Vo —uVys

(3.19)

Moreover, by institute of (3.2), (3.6), (3.16), and (3.19), we arrive at the properties of
Y1(P, x, %9, £, b ») immediately.

Lemma 3.2 Assume (3.1), (3.6), P = (A, y(P)) € K,u_1 \ {Poo}, and let (A, x, %0, t,, to,) € C.
Then

wl,tr (P: X, X0, tr; tO,r)

PRI = VE ) [pr(Pox, 1) + 92(Pox, 1) — ulx, )]
1L W A0s by LO,r

+ VD 0ux t)1 (P, 1) + V) (1), (3.20)
Em—l ()‘r X, tr)
Eyua ()\) X0, tO,r) ’
F,(A,x,t,)
Em,l ()\’? X0» tO,r) ’

wl (P; X, X0, tr’ tO,r)I/fl (P*,x, X0, trr tO,r) wl (P**; X, %0, tr; tO,r) = (3'21)

Y1, (Ps %, %0, by o, ) W1, (P %, %0, by bo,p ) Y (P, %, %0, B B0 ) = (3.22)

Wl (P; X, X0, tr; tO,r)

= exp(/ o (P,x’,t,) dx’

X0

¢ (n) ’ (n) /

e (P =V 00 x0,8) V0, x0,)
of I:Vl(g)(k,xo,t)(y Ly Y 50 ) (o )

to,r V13 ()\,XO,t,) V13 ()‘-’xO) t/)

+ V8 (% x0,8) 1 (Pxo, ) + V7)) ()»,xo,t/)] dt/>, (3.23)

wl (P; X, %0, tr; tO,r)

_ |: Em—l()"xr tr) ]1/3
E, ()\; X0, tO,r)

( / YV 0o x,6) = Y(PY A (b, 1) + 2SIV (s 1)
X exp dx
X

0 —s(m)Em_l(k,x/, tr)

. / Ir [y(P)ZVfS)()\,xo,t’) — Y (P)Au(hy %0, ) + 2Su (W) VLY (%0, )
to,r _E(m)Em—l()‘q X0, t/)

‘71(? ()\-’ X0, t/)
V2 (h %0, 2')

A7) ’

Vi3 (A, xo, t

+ y(P)%} dt/). (3.24)
‘/13 ()\’IxOJ t/)

« (f/f;) (3o ') - yo (k,xo,t’)>
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By inspection of (3.9), one shall know that E,,,_; and F,, are both monic polynomials with

respect to A of degree m — 1 and m, respectively. Hence we may decompose them into

Ep(x,1y) = ]"[ (A~ 1), (3.25)
j=1
Fm()"y ) tr) l—[ - Ul(x; r) (3.26)
Define

Ay (i, tr), %, by
(n)(u,( ), %, tr) ) K
‘/13 (/’Lj(x’ tr),x; tr)

1<j<m-1,(xt,)eC? (3.27)

/:\Lj(x’ ty) = (Mj(x» tr)’y(ﬂj(x’ tr))) = <Mj(x; tr),—

513 = (165903 2)) = (o ), ~ D Y e

VI (0, 1), %, 8,)

0<l<m-1,(xt)eC (3.28)

The dynamics of the zeros j;(x, t,) and v;(x, £,) of E,,_1(X, %, ¢,) and Fy, (A, x,t,) are then
described in terms of Dubrovin-type equations as follows.

Lemma 3.3 (i) Suppose that the zeros ;(x, t,)/,:1 1 f En1(P,x, t,) remain distinct for
(x,t,) € Q, where Q,, € C? is open and connected. Then i, tr)].=1 .1 Satisfy the system

.....

of differential equations

eV (x5, ), % ) 352 (4 (5, 8)) + Sy, 1))
M/‘,x(x: t) = 1 ’
=1 (/’Lj(x’ tr) - ,LLk(x, tr))
k7

l<j<m-1, (3.29)
1 % 8) = [V (i ), 2,6,) V) (i, ), %, 8,)
- ‘/1g (/'Lj(x¢ t)”)? X, tr) ‘/1(;) (Mj(x: tr);x: tr)]

8(771)[33’2(1301(96; tr)) + Sm(//Lj(xr tr))]

T (i ) — i, 1)
k%

<j<m-1. (3.30)

,,,,,

,,,,,

equatzons

Vl,x (x; tr)

_ em)[Var i, 1), ) = uVy3 (o, ), %, 6)][8Y* (0, 1)) + S(vi (o, 8,))]
[T e, ) = v, 27))

k1l

’

0<l<m-1, (3.31)

Page 9 of 22
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Vi (6 8) = [(Vay (ni( 6,5 6) — u Vi (v 8,), %, 8,) ) Vas (v £, %, )
— (Vi (v ), 0, ,) = u Vi (wiloe, 1), 2, 8,) ) Vs (v 2, )]
y e(m)[3y*(Dy(x, 2,)) + S (i, )]

o i, £) — i, £,))
k#l

<l<m-1 (3.32)

Proof Using (3.10), we have (A = u;(x, £,))

S £)) (VI (5%, 8), %,8)) = B (1, 1,), 2,6, ) VS (1, 1,), %, 2,)

+ A2, (i, 1,),%,1,) = 0, (333)

that is,

A%n(:uj(x: tr), %, t;)
VD (usx, 6), 2,1,

=[S (1. 8)) + 92 (R ) ]V (1%, £, %, 2.

B (1, £), %, 8) = Sy (15(x, 1)) Vg) (1, 8), %, 8,) +

After substituting B,, into (3.12), we get

e(m)Ep 1 (:u'j(x, tr), %, tr)
=~ Vi3 (1 1,2, ) [397 (1 ) + S (s, 2)) - (3.34)

On the other hand, derivatives of the expression in (3.25) with respect to x and ¢, respec-

tively, are
m—1
Emcra (i, 6,5 1) =~y ) [ [ (0 2) — i, 22), (3.35)
k=1
kj
m-1
En1t, (I/Lj(x: tr), %, tr) =Wt (x,t) H(Mj(xr tr) — p(x, tr))‘ (3.36)
k=1
k%

Comparing (3.34) and (3.35), we can obtain (3.29). From (3.19), one can know

Em—l,tr (/'Lj(x: tr); X, tr)

VT T

= Lm-1x (M}(x’ tr)r X, tr)

144
m-1 (n) THr)  TH) (1)
Vi’ Viy = V'V,

= _Mj,x(xr tr) H(Mj(x, tr) - Mk(x; tr)) B ) Lo

k=1 Vi

k4
= —e(m)[3y” (A 1)) + S (11, 1)) ) (VIS Vi = Vi'V3)), (337)

then we have (3.30). Similarly, we can prove (3.31) and (3.32). O

4 Algebro-geometric solutions to the second-order Benjamin-Ono hierarchy
In our final and principal section, we obtain Riemann theta function representations for
the Baker-Akhiezer function and the meromorphic function; especially, the theta func-
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tion representations for general algebro-geometric solutions u, v of the second-order
Benjamin-Ono hierarchy. For the convenience, we assume that the curve C,,_; is non-
singular.

For investigating the asymptotic expansion of ¢ (P,x,t,) near Po,, we choose the local

coordinate ¢ = 7%, then we get the following lemma.

Lemma 4.1 Let (x,¢,) € C?, near Py, € K,,_1, we have

1o :
P, ) P (x, ] P P , 4.1
hPxL) = ,:ZOK’(x t,)¢)  asP— P (4.1)
where
1 0 2 1( )
Ko =1, k1 =0, Ky = —U, k3= =(V—uy),
0 1 2= 3 373 x
1 1 2
Ky = §uxx - gVx, K5 = §(Vxx — Ully — Uv), (4.2)
j-1 j-i
Kj= |:K] zxx+3ZK1 - lle+ZK,K] ,+ZZK,K;K, i1 — 2K 2:| (j>4).
i=2 =0

Proof In terms of the local coordinate ¢ = A3 , (3.13) reads
Proex + 311 + D7 — 2y = Ux + v+, (43)

Then, by inserting the power series ansatz of ¢;(P,x,¢,) in ¢ as follows:

1 o0
¢1(P1xr i E ZK/ X, r);l (4‘4)

j=0
into (4.3)
[o¢] o0 o0

¢ Zx,mcusz ZZK,KM;" 233N gk D — 2ug Zxc’

j=0 i=0 j=0 i=0 [=0
U +v+C73, (4.5)

and comparing the same powers of ¢ in (4.5), we arrive at (4.2). O

One infers, from (3.7), (3.25), (3.26), and (4.1), that the divisor (¢ (P, x, t,)) of ¢1(P, x, t,)
is given by

<¢1(P X, r)) D0 (Xt ) Vpr—1 (3,8 (P) DPOC 1 (Xt ) g1 (L) (P) (4'6)

That is, Do(x, ), ..., Vm_1(x, t.) are the m zeros of ¢1 (P, x, t,) and Py, i1 (X, £.), ..., Am-1(x, £)
are its m poles.
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A straightforward calculation reveals that the asymptotic behaviors of y(P) and S,,(})
near P, are

21+l + Bred + et + 0O(L%)] asP— Py,m=3n+2,

y(P) = (4.7)
§=0 731+ Big? + a g + O(¢%)] asP— Py,m=3n+1,
S0 = —3¢7%" B[ + (o1 + Bravo)C3 + O(¢®)] asP— Poo,m=3n+2, 48)
¢=0 130798, + O(23)] asP— Py,m=3n+1.

Next we will introduce the three kinds of holomorphic differentials and show some prop-
erties of them. The holomorphic differentials 7;(P) on K,,,_; are defined by

P 1 A da, 1<l<m-n-1, (4.9)
ni = .
3y(P)* + Sm | y(P)2l"mdr, m-n<I<m-1.

To construct the theta function and normalize the holomorphic differentials, we choose a

homology basis {:alj,bj}jmzil on IC,;,_; so that they satisfy
?aljolh)k=81',k, &Hl‘o?alk=0, bjOkaO, j,k:l,...,m—l.

Introducing an invertible matrix E = (Ejx)u-1)x(m-1) and e(k) = (e1(k), ..., e_1(k)), where

B[ m o= (EY),
A

and the normalized holomorphic differentials w; for j=1,...,m -1,

m-1
wj = Z e;(Dm, / wj =i

=1 R (4.10)
/ wj =Tk (Gx=Tx)sk=1,...,m—1

b
Let wg;,z(P) denote the normalized second Abel differential defined by
“ 1 Wdy,  m=3n+1,
(4.11)

(2)
O 2(P) ==Y g (P) ~
Foor? ]Xl: TR 3YPYR + S | y(P)ardh, m=3n+2,

which is holomorphic on /C,,_; \ {P} with a pole of order 2 at P, and the constants
{zj}1,..,m-1 are determined by the normalization condition

/ o ,(P)=0, j=1,...,m-1.
a

j

The b-periods of the differential “’220)02 are denoted by

1 ,
U = Wt U [ R mdemot D
J

Page 12 of 22
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On the other hand, a)fo)c,s(P) denotes the normalized third Abel differential which is holo-
morphic on /Cy,_1 \ {Px} with a pole of order 3 at Py,

w},z;yg (P) o ({_3 +0(1))d¢ asP— P, (4.13)
and the b-periods of it are defined by

1

() 2) ) (2) (2) ;

u;’ = (Usy,....,Us, ), Us; = 27”,/11]) wp. 3 j=L...,m=1
j

Furthermore, the normalized third Abel differential “’1(93;,00 @ (P) is holomorphic on /C,,,_; \
{Poo, Vo ()} with simple poles at Po, and Dy (x) with residues £1, respectively, that is,

of) s ®) =, (€4 0W)ds as P P,

@) 1 . (4.19)
wPoo,ﬁo(x)(P) o (—;“ + O(l)) d; asP— vo(x).
Then
P
/ 0y 5 P =Ing +eP(Po) + O() asP— Pu,
fo (4.15)

P
/ w}i)o,ao(x)(P) =—In¢ +e®(Py) + O(g) asP— Dy(x)
Py

with e®(Py) being an integration constant.
A straightforward Laurent expansion of (4.9), (4.10), and (4.11) near Py, yields the fol-
lowing results.

Lemma 4.2 Near P, in the local coordinate { = A‘%, the differentials w and wl(,i)oz have

the Laurent series

o= (01...,0m1) o (Bo +pC + 2253 +0(¢%)) de, (4.16)
with

—em-n-1), m=3n+2,
,0 =
=0 —e(m-1), m=3n+1,

—em—-1)+ape(m—-n-1), m=3n+2,
p =
= —e(m-n-1), m=3n+1,

2B —ade(m—n—1) +ade(m—1)—e(m-n—-2), m=3n+2, (4.17)
,0 =
= Naem-1) + pre(m —n—1) - e(m -2), m=3n+1,

(72 + Zp1 — 0 + (=P1 + &) — A Zmon-1 + Zm-1)C + O(?)) dE,
m=3n+2,
bl 300 :
& (C7 + Zpm-1 — ,Bl + (Zm—n—l - 20‘1); + O(; )) d;:

m=3n+1.
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From Lemma 4.2 we infer
P (2) (2)
f wp. 5(P) ;io e es (Po) —qi¢ + @i+ O(;B) as P — P, (4.18)
Py

where 6(22)(130) is an appropriate constant, and

~Zppa + 03, mM=3n+2,
q1 =
~Zm_1 + P, m=3n+1,
(4.19)
1 3
3(=B1+ g —0Zmp1 +2Zm1), m=3n+2,
=1,
5Zm-n-1— 01, m=3n+1.

Let (L) denote the Riemann theta function [20-22] associated with K,,_; and the
appropriately fixed homology basis {aj,lbj};fil. Next we choose a convenient base point
Py € K1\ {Pso}. For brevity, define the function A : K,,,_; x 6" 1K,,,.; — C by

A(Prg) = EPO _AP() (P) + gpo (D9)¢ p € ICm—l;

9 = (Qb LR Qm—l) € Umillcm—ly

where Ej is the vector of Riemann constants, and the Abel maps A (P) and a5, (P) are
defined by (period lattice L,,_; = {z € C"!z=N + tM,N,M € Z"'})

Apy: K1 — T K1) = C" L,

P P
P APO(P) = (APo,l(P)>~~tAP0,m—1(P)) = </1; a)h-n,/l; a)ml)(mOdLml),

0 0

and

%p, : Div(KC1) = T (K-,
Di>ap (D)= ) D(P)A,(P).

PelCiy1

In view of these preparations, we give the theta function representation of our funda-
mental object ¢ (P, x, t,).

Theorem 4.3 Let P = (A,y) € K1 \ {Poo}, and let (x,t,), (x0, to,) € Q,,, where Q,, C C?
is open and connected. Suppose also that D), or equivalently, Dy, is nonspecial for
(x,t,) € Q2. Then

OGP0 )P A5 8) P
) = GG Py 5, OGP, 5, 1) exp<e (P(’)_/po “”’w%(’“”))' 420

Proof Let @ denote the right-hand side of (4.20). From (4.15) it follows that

P
exp(e(3)(Po) - -/Po “’g,ﬁo(x,n)) o ¢+ oQ). (4.21)

Page 14 of 22
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Using (4.6) we immediately know that ¢; has simple poles at ji(x,t,) and Py, and simple
zeros at Do(x,t,), D(x,£,). By (4.20) and the Riemann vanishing theorem, we see that ®
has the same properties. Using the Riemann-Roch theorem [21, 22], we conclude that the
holomorphic function % =y, where y is a constant. Using (4.21) and Lemma 4.1, we have

®  (1+0Q)E o)
hiso cle0) ool TOW aPo P (4.22)

from which we conclude y =1. 0
Let “’go)c,s’ s=3r+2 (or 3r +1), r € Ny, be the normalized differential of the second kind
holomorphic on C,,_; \ {Px}, with a pole of order s at P,

w3 (P) = (¢7+0()d; asP—> Ps.

£50
Then we define the normalized differentials as

r

r
=2 5 ~2 ~ ~(2
Q;o)o,su = Z Bri(31 + z)w;o)c,am + (31 + 1)“)530)0,31&’
1=0 1=0

s=3r+2(or3r+1),r € Ny, (4.23)
where

~ ~ (&011); s=3r+ 2) ~
(C(o, .30) = g € C.
(1,0), s=3r+l1,

In addition, we define the vector of b-periods of them as

~@) _ (70 ~) ~o _ 1 [ 30
ug, = (us+1,1" (AR us+l,m—1)’ Us+1,j = 2_771 A QPoo,s+1’
j

j=1,....m—-1,s=3r+2 (or 3r +1),r € Ny. (4.24)

Motivated by the second integration in (3.23), one defines the function (P, x, ¢,), mero-
morphic on K,,_; x C2, by

LP,x,t,) = V0o, t,) + VE (o, t)n (P2, 8,) + V) O, 8) (d1,0(P 1 1,)

+ ¢12(P’ X, tr) - u(x’ tr))~ (425)

Denote by I(P,x,t,) the associated homogeneous one replacing \71(;) by ;\71(; ), where

) _
Vi lao-tiy=-=ty=po-i=-=fr-0r  $=3r+1,

v = i=1,2,3.

(r)
Vlj |BO=L&0=&1="'=&r=l§1="'=_r=0’ §=3r+2,

Lemma4.4 Lets=3r+2(or3r+1),r e Ny, (x,t,) € C?,and » = ¢ =3 be the local coordinate
near Ps,. Then

L(P,x, ) o -7 +0() asP— Py (4.26)

Page 15 of 22
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Proof For the sake of convenience, we introduce the notation Vl(;’s) = \71(;), j=1,2,3. From
(2.12) and (4.25), one easily gets

L(Pxt) = VI3, 8) + VIO (05, 6,) 1 (P4, )
+ VEI 0o x,8,) (d1.4(P,x, 1) + 92(P, %, 8,) — 1)

= 1 = —
= gb;(g’;f) ()‘-’xr tr) - gub(r’S) ()‘-7 X, tr) - Zlﬁ:'s) ()\-7 X, tr)
= (1) 1209
—a"" (A x, t) — be’ A, x, 1) |1 (P, x, t,)
+ b [¢>Lx(P, % t) + ¢2(P,x, t,) — u(x, t,)].
From (4.1), we can see
il = ¢3(P’x! tr) = ;—1 + O(C):
- 1
b= —ulx ) + 1P ty) = 61 (P ) — (@ ) = ¢+ O(¢).

So (4.26) is correct for s =1 and s = 2. Then one may rewrite (4.26) as

o0
is(P»xr L) {io I+ Z(Sj(X, tr)é'j as P — Py,

(4.27)
j=1
for some coefficients {5;(x, t,)}jen. From (3.20) and (4.25), we can see
8ij(P, X, tr)
= 3.(Vi ) x, 6)n (P 3, 1,) + V5 0 2,) (91,4(P 2, 1) + 92 (P, 1) — )
+ ﬁl(f‘s)()»,x, t,))
= ¢1,tr (P: X, tr),
that is,
[o¢] o0 [o¢]
Ox _;4 + S(x: tr)é‘l = ;71 + K’(xr tr)§]71 = K'+1(x; tr)C] . (4'28)
j j j
j=1 j=1 ty j=1 tr
Using (3.2), (4.2), and comparing coefficients of ¢ in (4.28), we should obtain
8ix(Xtr) = Kjry, (0 1), j=1,2,...
2 =
61,x(x) tr) =K, (x; tr) = gutr (x¢ tr) = _bE«T;CS) (x, tr);
1 1= , (4.29)
Br.e(, ) = 3, (0 1y) = 2 (-ulw 1) + vim 1), = SB[ t) - al (),

1 1 1=
53‘,:6(951 tr) = K4z, (x: tr) = (guxx(x; tr) - ng(x: tr)) = __b(r,S)

6 r,xxx(x’ t) +Zl$f;f,2(x, t).
tr

Page 16 of 22
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That is,
81(9‘:: tr) =" (tr) - ngr,s) (x: tr),
S (% t) = ya(t) + b D(x,t,) - a" (%, t,), (4.30)

83(x,t,) = y3(t) - _brxx(x’ )+ a (x’ t),

with y1(¢,), v2(¢-), y3(¢) being integration constants. From the definition of I, the power
series for ¢,(P,x,t,) and the coefficients of fz({,x, t), E({,x, t;), we deduce that y;(¢,) =
y5(t,) = y3(t,) = 0. Hence one concludes

- = 1= - 1= _
L(Px ) = ¢ =BV + (51)535’ - éﬁ””) £+ (—gbif;il + Zzifsf)) S
+0(¢*) asP— P. (4.31)

On the other hand, we will get

s+3(P X, r) = { 1 + ( (r+ls+3) 2b£’f;1 +3) )¢1 + Z’;f’HLHB) (¢l,x + ¢12 - Lt)

b (r+1,s+3) luZ(r+l,s+3) _ 5(r+1,s+3)

+ 6 rxx 3 r X
=77+ 0(). (4.32)
O
By (3.1) one knows that
P X, by Z,Br 1131+2 P %t )
1=0
+ Z&r_ﬂgm(P, x%,t), s=3r+2(ors=3r+1). (4.33)
1=0
Thus
& " /. 1 B 1
LPxv)dr = (&—t0,) ) | Btz + 173
to,r ¢=0 1=0 C C
0O() asP— P. (4.34)

Furthermore, integrating (4.23) yields

? o2
-/P QPoo,erl
0

ro Is r ¢
= Z ﬁr—l(gl + 2) / 0)5)20)0,3“3 + Z &"_1(31 + 1) / wgo)cﬁl*'z
1=0 % 1=0 ¢

0
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Zﬁ, (31 +2) / ——d¢ +Za, 1(31+1)/ ——dt +0(¢)
%o %o

1
N _Z’BV 1C3[+2 Zar l§31+1 + €s+1(P0) + O(;) asP - Poo, (435)

& =0

where e“l(Po) is a constant. Combing (4.34) and (4.35) indicates

ty P
f 1s(p,x,r)df{=0(t,_t0,,)( e, (py) - / Qf;’m) +0() asP— Ps. (4.36)
t e Py

0,r

Given these preparations, the theta function representation of ¥, (P, x, xo, t,, tp,») reads as
follows.

Theorem 4.5 Let P = (),y) € K1 \ {Poo} and let (x,t,), (xo,to,) € Q,, where Q,, C C?
is open and connected. Suppose that Dy, or equivalently, Dy,,) is nonspecial for
(x,t,) € Q.. Then

0P, (%, )0 (u(Poc, f1 o, o))
H(A(Poor E(x: tr)))g(i(l% E(xo: tO,r)))

P
X exp((x —x0)<e(22)(P0) —/ a)go)oz)
Py
(2) P (2)
+ (¢ — tO,r)(es+1(P0) - / QPOC'M)). (4.37)
Py

Proof Let y1(P,x,x0,t, %) be defined as in (3.23) and denote the right-hand side of (4.37)
by W(P, x, %0, tr, to ). In order to prove that ¥, = W, one uses (3.7), (3.12), (3.29), (3.30) and

1,01 (P7 X, %0, tr: tO,r) =

Vl(g)¢1 + Vl(g) (¢Lx + ¢ - ) + Vu =Y

to compute
21/(n)
V' —yA,, + B
¢1(P,x,tr)=y 13 ~YAm m
—e(m)Ey

2V — g + 2VES, — Le(m)E

_y 13 ) Wl+3 13 Ym 38(m) m-1x
_E(M)Em—l

2 o 397 +S, 1 Vo + s Y
==V ————+-0:InE, 1+ —————

3 7 —emEu1 3 e(m)Eyp 1

Mjx
= ————+001 = Oy In(X — wi(x, £,)) + O(1),
s 1y ty) )”_/Lj ( )A—>;L/-(x,tr) X ( I’L/( r)) 1

IS(P,JC, tr) = Vl(;)(pl + vg) (¢1,x + ¢12 - I/l) + ‘71({)

= 1 13 11 13 ) )
V13 Vl?:l Vlg
()
V V;
Vl(;) 1 13

ty
vV
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_ 1By (‘7@) ~0) Vl(:7>>y2 Vs —yAm+3SuViy VY
12

== _y\w_ iz

3 Em—l " Vl(f;l) _S(WI)Em—l y‘/l(g)
- B Lo

Ao uiloty) A= )

= 0 ln(k — (%, t,)) +0Q1) asP— f(x,1t).

hwyoty)
Hence
wl (P; X, X0, tr’ tO,r)
_ At A - pilxo,t) o)
A= Mj(x01 tr) A= /vLj(x(): tO,r)
()‘ - /'Lj(x: tr))o(l) for P near /lj(x: tr) 7! ,lll'(X(), tO,r):
=10() for P near {1;(x,t,) = 1;(x0, to,), (4.38)

(h = 11j(x0, 20,)) " O(1)  for P near i;(xo, to,) # (%, ),

where O(1) # 0 in (4.38). Consequently, all zeros and poles of ¥, and W on /)1 \ {Poo}
are simple and coincide. It remains to identify the essential singularity of ¥ and ¥ at P..
By (4.35) we see that the singularities in the exponential terms of ¥; and W coincide. The
uniqueness result for Baker-Akhiezer functions completes the proof that ; = W on Q,,.

O

The straightening out of the second-order Benjiamin-Ono flows by the Abel map is

showed in our next result.
Theorem 4.6 Let (x,t.), (xo,to,) € C2. Then

2 ~(2)
@y Diitua) = py (Diconto,) + Us (6 = x0) + Uy (b — to,),

—s+1

(4.39)
% py (P tr)ieir)) = Ly (Pig o 0,5 x0,t0,)) + U (22) (o —x0) + _uﬁ)l(tr tor)-
0 0

Our main result, the theta function representation of the algebro-geometric solutions

of the second-order Benjamin-Ono hierarchy, now quickly follows.

Theorem 4.7 Let (x,t,) € Q,,, where ,, C C? is open and connected. Suppose also that
Dix ), or equivalently, Dy, is nonspecial for (x,t,) € Q. Then

u(x, t,) = —;83 In(0 (A(Poo, (%, 1)) + ;ql,

V(x) tr) = _3axag(32) 111(9 (&(pocu E(x) tr)))) - 342,

(4.40)

with q1 and q, defined in (4.19), and 9,0 denotes the directional derivative 9,0 =
Us u.

3
m-17r(2) 9
p Us,j 55
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Proof Using Theorem 4.5, one can write v, near Py, in the coordinate ¢ as

1/’1 (P; X, X0, tr’ tO,r)

(2o LHa@)s + os(w )5 + O(c7)) exp [(’“ ~x0)(¢ 7 + g

@22+ 0(¢) + (6 - tOr)Z(ﬂ”;j,ﬂ+&,_l%>+0(¢>], (4.41)

where the terms o7 (x, £,) and o, (x, ¢,) in (4.41) come from the Taylor expansion about Pq,
of the ratios of the theta functions in (4.37). That is,

0P, L, 1,)))
0 ((Pocy A(x, 1))
3 0(E Epy ~ po (P) + %p, (D&(x,tr)))
=0 0(Ep, — Ap, (Poo) + 2p, (Dit(a))

0(..., Bpyj = Ary j(Poo) + apy j(Digsy) — P0,& = 5018 = Lpaitt+0(g%),..)

¢=0 9@1)0 = Ap, (Poo) + ap, (Dxs,))
920
60— X7 3?0 pojs =3 20" 320 prj= o, 3000, 004) > + O(5?)
£=0 e(gp —f_\p()(Poo)pr(Dmx,t,)))

{:01—8x1n00§+( 32In6p + (a 1n 6,)? 0, 1n90)¢ +0(¢?),

P— P, (4.42)

where 0 = 0(Ep, — Ap, (Poc) +p, (Dg(x,tr)))' Similarly, we can have

0P, f\(xo, o)
6P il 10,)) ¢ 50 O P P (4.43)

So, we give the Taylor expansion about v as follows:

l[fl (P) X, X0, tr’ tO,V)
:0(1—8x1n00§+< 32In6g + ~ (a In6y)? — 1n90>§ +0(¢ ))oa)

=

x exp[(x - x0) (" + 1 — q28° + O(¢?))]

(s 1 1
X |:(tr - tO,r) Z(lgrlm + &rlm) + O(C)i|r pP— Poo (4'44')
=0

Then it is clear that

le(x’ ) = _82 11’190,
1 (4.45)
Eal,xx (xx tr) — 0] (x¢ tr)al,x(x) tr) + U2,x(x¢ tr) = _ax BQ:(;Z) In 90-
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If we set

=, (1+ 0106, )¢ + 02(x,2,)2* + O(%)) exp(A), P — Po

with A = (x_xO)(§_1 +¢11§ —612§2 + O(gs)) + (tr - tO,r) ZL()(BV—Z@% + &r—l;s%) + O({)’ then
we can show

VYix o (0148 + 02,487 + O(23)) exp(A) + (£ + 1 — q28% + O(¢?)) ¥,
= ¢+ 0¥,
—0
Y1, ;io (Ol,x + (020 + OLxx)C + (020x + 61101,x)é“2 + O(;s)) exp(A)

+ (6 + @i~ 4287 + 0(¢7)) Y (4.46)
1pl,xxx {iO (gal,xx + 202,x + 20—1,36;710(()) exP(A) + (;72 + qu - 242§ + O(CZ))wl,xv

o 3(01ux + 020 — 01012 — )V + 3(01x + q1) Ve + 21 + OOV,

P— P.
On the other hand, we know that

1pl,xxx = (ux(x’ tr) + V(x: tr) + )‘) I//1 + 2u(x, tr)wl,x-

Hence

3
I/t(x, tr) = _(Ul,x + 611),
2 (4.47)

vix,t,) = 3(Gl,xx + 02 — 0101 — 42) — ug(x, t).

That is just (4.40). O
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