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1 Introduction
Boundary value problems for fractional differential equations have been discussed by
many authors; see the textbooks [, ], papers [–] and the references therein.
Fourth-order two-point boundary value problems are useful for material mechanics be-

cause the problems usually characterize the deflection of an elastic beam. The following
problem

{
u′′′′(t) = f (t,u(t)), t ∈ (, ),
u() = u() = u′() = u′() = 

()

describes the deflection of an elastic beam with both ends rigidly fixed. The existence of
positive solutions were studied extensively; see [–].
In [], the authors studied the existence of positive solutions of the following boundary

value problem for the fractional order beam equation:

{
Dα

+u(t) = f (t,u(t)), t ∈ (, ),
u() = u() = u′() = u′() = ,

()

where  < α ≤ , Dα
+ (Dα for short) is the Riemann-Liouville fractional derivative of or-

der α, and f : [, ]× [,∞) → [,∞) is continuous or f : [, ]× (,∞) → [,∞) is contin-
uous and f is singular at x = .We note that f in () depends on x, t → f (t,x) is continuous
and the solutions obtained in [] satisfy that both x and x′ are continuous on [, ] (hence
they are bounded on [, ]).
Motivated by [] and the above-mentioned example, in this paper we discuss the

boundary value problem for nonlinear singular fractional order elastic beam equation of
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the form
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Dα

+u(t) = f (t,u(t)), t ∈ (, ),
limt→ t–αu(t) = a,
limt→Dα–

+ u(t) = b,
u() =Dα–

+ u() = ,

()

where  < α < , Dα
+ (Dα for short) is the Riemann-Liouville fractional derivative of or-

der α, a,b ∈ R and f : (, )× R→ R is continuous. f may be singular at t =  and t = .
The purpose of this paper is to establish some existence results for solutions of BVP ()

by using Schauder’s fixed point theorem. The solutions obtained in this paper may be un-
bounded since limt→ t–αu(t) = a. The methods used in this paper are different from the
ones used in [, contraction mapping and iterative techniques], [, Guo-Krasnosel’skii
fixed point theorem], [, upper and lower solution methods], [, topological degree the-
ory in Banach space], [, Lie symmetry group methods], [, the contraction mapping
principle and Krasnoselskii’s fixed point theorem] and [, study the asymptotic behavior
of solutions], Schauder’s fixed point theorem [–].
A function u : (, ] → R is called a solution of BVP () if u ∈ C(, ] and all equations in

() are satisfied. The remainder of the paper is divided into three sections. In Section , we
present some preliminary results. In Section , we establish sufficient conditions for solv-
ability of BVP (). An example is given to illustrate the main result at the end of the paper.

2 Preliminary results
For the convenience of the reader, we present here the necessary definitions from frac-
tional calculus theory. These definitions and results can be found in the literature [, ].
Denote the gamma function and the beta function, respectively, by

�(σ) =
∫ +∞


sσ–e–s ds, B(σ,σ) =

∫ 


( – x)σ–xσ– dx, σi > , i = , , .

Definition . [] The Riemann-Liouville fractional integral of order α >  of a function
f : (,∞)→ R is given by

Iα+f (t) =


�(α)

∫ t


(t – s)α–f (s)ds,

provided that the right-hand side exists.

Definition . [] The Riemann-Liouville fractional derivative of order α >  of a contin-
uous function f : (,∞)→ R is given by

Dα
+ f (t) =


�(n – α)

dn

dtn

∫ t



f (s)
(t – s)α–n+

ds,

where n –  ≤ α < n, provided that the right-hand side is point-wise defined on (,∞).

Lemma . [] Let n –  < α ≤ n, u ∈ C(, )∩ L(, ). Then

Iα+D
α
+u(t) = u(t) +Ctα– +Ctα– + · · · +Cntα–n,

where Ci ∈ R, i = , , . . . ,n.
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For our construction, we choose

X =
{
x ∈ C(, ] : there exists the limit lim

t→
t–αx(t)

}

with the norm

‖u‖ = sup
t∈(,]

t–α
∣∣u(t)∣∣

for u ∈ X. It is easy to show that X is a real Banach space.

Lemma . Suppose that h ∈ C(, ) and there exist k > – and σ ∈ ( – α, ] such that
|h(t)| ≤ tk( – t)σ for all t ∈ (, ). Then x ∈ X is a solution of the problem

⎧⎪⎨
⎪⎩
Dαx(t) = h(t),  < t < ,
limt→ t–αx(t) = limt→Dα–

+ x(t) = ,
x() =Dα–

+ x() = ,
()

if and only if x ∈ X satisfies

x(t) =
∫ t



(t – s)α–

�(α)
h(s)ds

+


�(α – ) – �(α)

(
–


α – 

tα– + tα–
)∫ 


( – s)α–h(s)ds

+


�(α – ) – �(α)
(
tα– – tα–

)∫ 


( – s)h(s)ds

+


�(α – ) – �(α)
(
–(α – )tα– + α(α – )tα– – (α – )(α – )tα–

)
b

+


�(α – ) – �(α)
(
–�(α – )tα– + �(α)tα– +

(
�(α – ) – �(α)

)
tα–

)
a. ()

Proof Since h ∈ C(, ) and there exist k > – and σ ∈ (–α, ] such that |h(t)| ≤ tk(– t)σ

for all t ∈ (, ), then

∣∣∣∣
∫ t



(t – s)α–

�(α)
h(s)ds

∣∣∣∣ ≤
∫ t



(t – s)α–

�(α)
sk( – s)σ ds≤

∫ t



(t – s)α–

�(α)
sk(t – s)σ ds

≤
∫ t



(t – s)α+σ–

�(α)
sk ds = tα+σ+k

∫ 



( –w)α+σ–

�(α)
wk dw

= tα+σ+k B(α + σ ,k + )
�(α)

.

Similarly, we get

∣∣∣∣
∫ 


( – s)h(s)ds

∣∣∣∣ ≤ B( + σ ,k + ).

http://www.advancesindifferenceequations.com/content/2014/1/204
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So, for t ∈ (, ], Dαu(t) = h(t) together with Lemma . implies that there exist constants
ci (i = , , , ) such that

x(t) =
∫ t



(t – s)α–

�(α)
h(s)ds + ctα– + ctα– + ctα– + ctα–

with

Dα–
+ x(t) =

∫ t



(t – s)


h(s)ds + c

�(α)


t + c�(α – )t + c�(α – ).

Now, limt→ t–αx(t) = a implies that c = a.
limt→Dα–

+ x(t) = b implies c = b
�(α–) .

u() =Dα–
+ () =  implies that

c + c = –
∫ 



( – s)α–

�(α)
h(s)ds –

b
�(α – )

– a,

c
�(α)


+ c�(α – ) = –
∫ 



( – s)


h(s)ds – b.

It follows that

c =


�(α – ) – �(α)

∫ 


( – s)h(s)ds –


α – 


�(α – ) – �(α)

∫ 


( – s)α–h(s)ds

–
(α – )

�(α – ) – �(α)
b –

�(α – )
�(α – ) – �(α)

a,

c = –


�(α – ) – �(α)

∫ 


( – s)h(s)ds +


�(α – ) – �(α)

∫ 


( – s)α–h(s)ds

+
α(α – )

�(α – ) – �(α)
b +

�(α)
�(α – ) – �(α)

a.

Then

x(t) =
∫ t



(t – s)α–

�(α)
h(s)ds

+ tα–
(


�(α – ) – �(α)

∫ 


( – s)h(s)ds

–


α – 


�(α – ) – �(α)

∫ 


( – s)α–h(s)ds

–
(α – )

�(α – ) – �(α)
b –

�(α – )
�(α – ) – �(α)

a
)

+ tα–
(
–


�(α – ) – �(α)

∫ 


( – s)h(s)ds

+


�(α – ) – �(α)

∫ 


( – s)α–h(s)ds

+
α(α – )

�(α – ) – �(α)
b +

�(α)
�(α – ) – �(α)

a
)
+ tα–

b
�(α – )

+ tα–a

http://www.advancesindifferenceequations.com/content/2014/1/204
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=
∫ t



(t – s)α–

�(α)
h(s)ds

+


�(α – ) – �(α)

(
–


α – 

tα– + tα–
)∫ 


( – s)α–h(s)ds

+


�(α – ) – �(α)
(
tα– – tα–

)∫ 


( – s)h(s)ds

+


�(α – ) – �(α)
(
–(α – )tα– + α(α – )tα– – (α – )(α – )tα–

)
b

+


�(α – ) – �(α)
(
–�(α – )tα– + �(α)tα– +

(
�(α – ) – �(α)

)
tα–

)
a.

It is easy to see that x ∈ C(, ]. Furthermore, we have

t–α

∣∣∣∣
∫ t



(t – s)α–

�(α)
h(s)ds

∣∣∣∣ ≤ t+σ+k B(α + σ ,k + )
�(α)

→  as t → .

Then the following limit exists

lim
t→

t–αx(t).

Hence x ∈ X and x satisfies ().
On the other hand, if x ∈ X satisfies (), we can show that x is a solution of problem ().

The proof is completed. �

Define the operator T on X, for x ∈ X, denote fx(t) = f (t,x(t)), by

(Tx)(t) =
∫ t



(t – s)α–

�(α)
f
(
s,x(s)

)
ds

+


�(α – ) – �(α)

(
–


α – 

tα– + tα–
)∫ 


( – s)α–f

(
s,x(s)

)
ds

+


�(α – ) – �(α)
(
tα– – tα–

)∫ 


( – s)f

(
s,x(s)

)
ds

+


�(α – ) – �(α)
(
–(α – )tα– + α(α – )tα– – (α – )(α – )tα–

)
b

+


�(α – ) – �(α)
(
–�(α – )tα– + �(α)tα– +

(
�(α – ) – �(α)

)
tα–

)
a.

By Lemma ., we have that x ∈ X is a solution of BVP () if and only if x ∈ X is a fixed
point of T .

Lemma . Suppose that
(B) f (t,x) is continuous on (, )× R and satisfies that for each r >  there exist k > –,

σ ∈ ( – α, ] andMr >  such that

∣∣f (t, tα–x)∣∣ ≤Mrtk( – t)σ

holds for all t ∈ (, ), |x| ≤ r.
Then T : X → X is completely continuous.

http://www.advancesindifferenceequations.com/content/2014/1/204
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Proof We divide the proof into four steps.
Step . We prove that T : X → X is well defined.
For x ∈ X, there exists r >  such that

sup
t∈(,]

t–α
∣∣x(t)∣∣ < r.

Then there exist k > –, σ ∈ ( – α, ],Mr ≥  such that

∣∣f (t,x(t))∣∣ = ∣∣f (t, tα–t–αx(t)
)∣∣ ≤Mrtk( – t)σ ()

for all t ∈ (, ). Similarly to the proof of Lemma ., we can show that Tx ∈ X. So T : X →
X is well defined.
Step . T is continuous.
Let {xn ∈ X} be a sequence such that xn → x as n → ∞ in X. Then there exists r > 

such that

sup
t∈(,]

t–α
∣∣xn(t)∣∣ ≤ r

holds for n = , , , . . . . Then there existMr > , k > – and σ ∈ ( – α, ) such that

∣∣f (t,xn(t))∣∣ = ∣∣f (t, tα–t–αxn(t)
)∣∣ ≤Mrtk( – t)σ

holds for all t ∈ (, ), n = , , , . . . . Then

t–α
∣∣(Txn)(t) – (Tx)(t)

∣∣
≤ t–α

∫ t



(t – s)α–

�(α)
∣∣fxn (s) – fx (s)

∣∣ds
+


|�(α – ) – �(α)|

∣∣∣∣– 
α – 

t + t
∣∣∣∣
∫ 


( – s)α–

∣∣fxn (s) – fx (s)
∣∣ds

+


|�(α – ) – �(α)|
∣∣t – t

∣∣ ∫ 


( – s)

∣∣fxn (s) – fx (s)
∣∣ds

≤ Mrt–α

∫ t



(t – s)α–

�(α)
sk( – s)σds

+
Mr

|�(α – ) – �(α)|
(


α – 

+ 
)∫ 


( – s)α–sk( – s)σds

+
Mr

|�(α – ) – �(α)|
∫ 


( – s)sk( – s)σds

≤ Mrt–α

∫ t



(t – s)α–

�(α)
sk(t – s)σds

+
MrB(α + σ ,k + )
|�(α – ) – �(α)|

(


α – 
+ 

)
+
MrB( + σ ,k + )
|�(α – ) – �(α)|

≤ Mrt+σ+k
∫ 



( –w)α+σ–

�(α)
wkdw

http://www.advancesindifferenceequations.com/content/2014/1/204
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+
MrB(α + σ ,k + )
|�(α – ) – �(α)|

(


α – 
+ 

)
+
MrB( + σ ,k + )
|�(α – ) – �(α)|

≤ Mr
B(α + σ ,k + )

�(α)
+
MrB(α + σ ,k + )
|�(α – ) – �(α)|

(


α – 
+ 

)
+
MrB( + σ ,k + )
|�(α – ) – �(α)| .

By the dominant convergence theorem, we have ‖Txn – Tx‖ →  as n → ∞. Then T is
continuous.
Let � ⊂ X be a bounded subset. Then there exists r >  such that

sup
t∈(,]

t–α
∣∣x(t)∣∣ ≤ r, x ∈ �.

Then there existMr > , k > – and σ ∈ ( – α, ) such that

∣∣f (t,x(t))∣∣ = ∣∣f (t, tα–t–αx(t)
)∣∣ ≤Mrtk( – t)σ

holds for all t ∈ (, ), x ∈ �.
Step . Prove that T� is a bounded set in X.
Similarly to Step , we can show that

t–α
∣∣(Tx)(t)∣∣ ≤Mr

B(α + σ ,k + )
�(α)

+
MrB(α + σ ,k + )
|�(α – ) – �(α)|

(


α – 
+ 

)

+
MrB( + σ ,k + )
|�(α – ) – �(α)| .

So T maps bounded sets into bounded sets in X.
Step . Prove that T� is a relatively compact set in X.
We can prove easily that {t–α(Tu)(t) : u ∈ �} is equicontinuous on (, ]. Therefore, T�

is relatively compact.
From the above discussion, T is completely continuous. The proof is complete. �

3 Main results
In this section, we prove the main results.

Theorem . Suppose that
(B) φ ∈ C(, ) satisfies that there exist k > –, σ ∈ ( – α, ] andM >  such that

|φ(t)| ≤Mtk ( – t)σ for all t ∈ (, );
(B) f : (, )× R→ R is continuous and there exist numbers k > –, σ ∈ ( – α, ],

μ ≥ , A ≥  such that

∣∣f (t, tα–x) – φ(t)
∣∣ ≤ Atk ( – t)σ |x|μ

holds for all t ∈ (, ), x ∈ R. Let

�(t) =
∫ t



(t – s)α–

�(α)
φ(s)ds

+


�(α – ) – �(α)

(
–


α – 

tα– + tα–
)∫ 


( – s)α–φ(s)ds

http://www.advancesindifferenceequations.com/content/2014/1/204
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+


�(α – ) – �(α)
(
tα– – tα–

)∫ 


( – s)φ(s)ds

+


�(α – ) – �(α)
(
–(α – )tα– + α(α – )tα– – (α – )(α – )tα–

)
b

+


�(α – ) – �(α)
(
–�(α – )tα– + �(α)tα–

+
(
�(α – ) – �(α)

)
tα–

)
a

and

P =
B(α + σ + k,k + )

�(α)
+


�(α) – �(α – )

α + 
α – 

B(α + σ,k + )

+


�(α) – �(α – )
B( + σ,k + ).

Then BVP () has at least one solution if
(i) μ <  or
(ii) μ =  with AP <  or
(iii) μ >  with

‖�‖(μ – )μ–

(‖�‖μ)μ ≥ AP.

Proof It is easy to show that (B) and (B) imply (B). Let the Banach space X and the
operator T defined on X be defined in Section . By Lemma ., T : X → X is well defined,
completely continuous, x ∈ X is a positive solution if and only if x ∈ X is a fixed point of T .
It is easy to see that � ∈ X.
For r > , denote �r = {x ∈ X : ‖x –�‖ ≤ r}. One sees that

‖x‖ = sup
t∈(,]

t–α
∣∣x(t)∣∣ ≤ ‖x –�‖ + ‖�‖ ≤ r + ‖�‖, x ∈ �r .

Hence for x ∈ �r , we have

∣∣f (t,x(t)) – φ(t)
∣∣ = ∣∣f (t, tα–t–αx(t)

)
– φ(t)

∣∣
≤ Atk ( – t)σ

∣∣t–αx(t)
∣∣μ

≤ Atk ( – t)σ
[
r + ‖�‖]μ.

We have

t–α
∣∣(Tx)(t) –�(t)

∣∣ ≤ t–α

∫ t



(t – s)α–

�(α)
∣∣f (s,x(s)) – φ(s)

∣∣ds
+


�(α – ) – �(α)

(
–


α – 

t + t
)

×
∫ 


( – s)α–

∣∣f (s,x(s)) – φ(s)
∣∣ds

+


�(α – ) – �(α)
(
t – t

)∫ 


( – s)

∣∣f (s,x(s)) – φ(s)
∣∣ds

http://www.advancesindifferenceequations.com/content/2014/1/204


Chen and Liu Advances in Difference Equations 2014, 2014:204 Page 9 of 12
http://www.advancesindifferenceequations.com/content/2014/1/204

≤ t–α

∫ t



(t – s)α–

�(α)
∣∣f (s,x(s)) – φ(s)

∣∣ds
+


�(α – ) – �(α)

α + 
α – 

∫ 


( – s)α–

∣∣f (s,x(s)) – φ(s)
∣∣ds

+


�(α – ) – �(α)

∫ 


( – s)

∣∣f (s,x(s)) – φ(s)
∣∣ds

≤ t–α

∫ t



(t – s)α–

�(α)
Ask ( – s)σ

[
r + ‖�‖]μ ds

+


�(α – ) – �(α)
α + 
α – 

∫ 


( – s)α–Ask ( – s)σ

[
r + ‖�‖]μ ds

+


�(α – ) – �(α)

∫ 


( – s)Ask ( – s)σ

[
r + ‖�‖]μ ds

≤ A
[
r + ‖�‖]μ

[
t–α

∫ t



(t – s)α+σ–

�(α)
sk ds

+


�(α – ) – �(α)
α + 
α – 

∫ 


( – s)α+σ–sk ds

+


�(α – ) – �(α)

∫ 


( – s)+σsk ds

]

= AP
[
r + ‖�‖]μ.

It follows that

‖Tx –�‖ ≤ AP
[
r + ‖�‖]μ.

Case . μ < .
Since there exists r >  sufficiently large such that

AP
[
r + ‖�‖]μ < r.

Choose �r = {x ∈ X : ‖x –�‖ ≤ r}. From the above discussion, we have

‖Tx –�‖ ≤ Ap
[
r + ‖�‖]μ ≤ r.

Then Tx ∈ �r . By Schauder’s fixed point theorem, T has at least one fixed point x ∈ �r .
Then x is a solution of BVP ().
Case . μ = .
Choose

r >
AP‖�‖
 –AP

.

Let �r = {x ∈ X : ‖x –�‖ ≤ r}. From the above discussion, we have

‖Tx –�‖ ≤ AP
[
r + ‖�‖] ≤ r.

Then Tx ∈ �r . By Schauder’s fixed point theorem, T has at least one fixed point x ∈ �.
Then x is a positive solution of BVP ().

http://www.advancesindifferenceequations.com/content/2014/1/204
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Case . μ > .
Choose r = ‖�‖

μ– . Let �r = {x ∈ X : ‖x –�‖ ≤ r}. From the above discussion, we have

‖Tx –�‖ ≤ AP
[
r + ‖�‖]μ

= AP
[ ‖�‖

μ – 
+ ‖�‖

]μ

≤ ‖�‖(μ – )μ–

(‖�‖μ)μ
[ ‖�‖

μ – 
+ ‖�‖

]μ

=
‖�‖
μ – 

= r.

Then Tx ∈ �r . By Schauder’s fixed point theorem, T has at least one fixed point x ∈ �r .
Then x is a positive solution of BVP ().
The proof of Theorem . is completed. �

4 An example
In this section, we give an example to illustrate the application of Theorem ..

Example . Consider the following boundary value problem:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
D.

+ u(t) = t– 
 ( – t)– 

 ( + g(t,u(t))), t ∈ (, ),
limt→ t.u(t) = a,
limt→D.

+ u(t) = b,
u() =D.

+ u() = ,

()

where a,b ≥ , g : [, ] × R → R is defined by g(t,x) = At.μxμ with A ≥  and μ ≥ 
continuous.
Corresponding to BVP (), we have α = ., a,b ≥  and f (t,x) = t– 

 ( – t)– 
 ( + g(t,x)).

Chooseφ(t) = t– 
 (–t)– 

 . So |φ(t)| ≤Mtk (–t)σ for all t ∈ (, ) with k = –., σ = – 


andM = . Furthermore, we have

∣∣f (t, tα–x) – φ(t)
∣∣ ≤ Atk ( – t)σ |x|μ

with A ≥ , k = –. and σ = – 
 . It is easy to see that (B) and (B) in Theorem . hold.

By using Mathlab, we get 
�(.)–�(.) ≈ –.. By direct computation, we find that

∣∣�(t)
∣∣ = ∣∣∣∣

∫ t



(t – s).

�(.)
s–.( – s)–


 ds

+


�(.) –�(.)

(
–


.

t. + t.
)∫ 


( – s).s–.( – s)–


 ds

+


�(.) –�(.)
(
t. – t.

)∫ 


( – s)s–.( – s)–


 ds

+


�(.) –�(.)
(
–t. + .t. – .t.

)
b

+


�(.) –�(.)
(
–�(.)t. + �(.)t. +

(
�(.) –�(.)

)
t–.

)
a
∣∣∣∣

http://www.advancesindifferenceequations.com/content/2014/1/204
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≤
∫ t



(t – s).

�(.)
s–.(t – s)–


 ds

+


�(.) –�(.)
(
–.t. – t.

)
B(./, /)

+


�(.) –�(.)
(
–t. – t.

)
B(/, /)

+


�(.) –�(.)
(
–t. – .t. – .t.

)
b

+


�(.) –�(.)
(
–�(.)t. – �(.)t. +

(
�(.) –�(.)

)
t–.

)
a.

So

t.
∣∣�(t)

∣∣ ≤ t.t


B(./, /)

�(.)
+

–.t – t

�(.) – �(.)
B(./, /)

+
–t – t

�(.) –�(.)
B(/, /) +

–t – .t – .t
�(.) – �(.)

b

+
–�(.)t – �(.)t + (�(.) –�(.))

�(.) – �(.)
a

≤ B(./, /)
�(.)

+
–. – 

�(.) – �(.)
B(./, /)

+
– – 

�(.) –�(.)
B(/, /) +

– – . – .
�(.) – �(.)

b +
–�(.)

�(.) – �(.)
a

≈ . + .b + a.

It follows that ‖�‖ ≤ . + .b + a. Furthermore, we have

P =
B(/, .)

�(.)
+


�(.) – �(.)

.
.

B(./, .)

+


�(.) – �(.)
B(/, .) ≈ ..

Using Theorem ., we know that BVP () has at least one solution if
(i) μ <  or
(ii) μ =  with A < . or
(iii) μ >  with

(. + .b + a)(μ – )μ–

(. + .b + a)μμμ
≥ .A.
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