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Abstract
This paper is motivated by some recent contributions on the existence of solution of
impulsive fractional differential equations and the theory of fractional hybrid
differential equations by Agarwal, Ahmad, Baleanu, Benchohra, Fečkan, Nieto, Sun,
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1 Introduction
The study of differential equations of fractional order is motivated by the intensive devel-
opment of the theory of fractional calculus itself (see [–]) and the application of frac-
tional differential equations in the modeling of many physical phenomena. There have
been many works on the theory of fractional calculus and applications of it. Fractional
differential equations, including Riemann-Liouville fractional derivative or Caputo frac-
tional derivative, have received more and more attention (see [–]).
In recent years, hybrid differential equations have attracted much attention. The theory

of hybrid differential equations has been developed, andwe refer the readers to the articles
[–]. The authors [] discussed the following fractional hybrid differential equations
involving Riemann-Liouville differential operators:

{
LDq

,t[
u(t)

f (t,u(t)) ] = g(t,u(t)), a.e. t ∈ J := [,T],
u() = ,

()

where LDq
,t is the Riemann-Liouville fractional derivative of order q ∈ (, ) with the lower

limit zero, f ∈ C(J × R,R \ {}) and g ∈ C(J × R,R). They developed existence of so-
lutions under mixed Lipschitz and Carathéodory conditions. Moreover, they have estab-
lished some fundamental fractional differential inequalities and the comparison principle.
Some recent papers have treated the problem of the existence of solutions for impulsive
fractional differential equations.

©2014Ge and Xin; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.

http://www.advancesindifferenceequations.com/content/2014/1/211
mailto:fdxinjie@sina.com
http://creativecommons.org/licenses/by/2.0


Ge and Xin Advances in Difference Equations 2014, 2014:211 Page 2 of 14
http://www.advancesindifferenceequations.com/content/2014/1/211

The authors [] considered the following basic impulsive Cauchy problems:

⎧⎪⎨
⎪⎩

cDq
,tu(t) = f (t,u(t)), t ∈ J ′ := J \ {t, . . . , tm},

�u(tk) = Ik(u(t–k )), k = , , . . . ,m,
u() = u,

()

where cDq
,t is the generalized Caputo fractional derivative of order q ∈ (, ) with the

lower limit zero and Ik : R → R and tk satisfy  = t < t < · · · < tm < tm+ = T , u(t+k ) =
limε→+ u(tk + ε) and u(t–k ) = limε→– u(tk + ε) represent the right and left limits of u(t) at
t = tk . They established some sufficient conditions for the existence of solutions.
In the recent paper [], Herzallah obtained the existence of a mild solution for the

fractional order hybrid differential equations:

{
cDq

,t[
u(t)

f (t,u(t)) ] = g(t,u(t)), a.e. t ∈ J ,
u() = u ∈R.

()

In the present paper, we study the following impulsive hybrid fractional differential
equations (IHFDE):

⎧⎪⎨
⎪⎩

cDq
,t[

u(t)
f (t,u(t)) ] = g(t,u(t)), t ∈ J ′ := J \ {t, . . . , tm},

u(t+k ) = u(t–k ) + Ik(u(t–k )), k = , , . . . ,m,
u() = u,

()

where cDq
,t is the generalizedCaputo fractional derivative of order q ∈ (, ) with the lower

limit zero, f ∈ C(J ×R,R \ {}) and g ∈ C(J ×R,R).
This paper is arranged as follows. In Section , we recall some concepts and some frac-

tional calculation law and establish preparation results. In Section , we give the main re-
sults based on the Dhage fixed point theorem. In Section , we give an example to demon-
strate the application of our main result.

2 Preliminaries
In this section, we recall some basic definitions and properties of the fractional calculus
theory and preparation results. Throughout this paper, J denotes the interval [t, t] and
Jk+ denotes the interval (tk , tk+], k = , , . . . ,m. Let C(J ,R) be the Banach algebra of all
continuous functions from J into R with the norm ‖u‖c = sup{|u(t)| : t ∈ J} for u ∈ C(J ,R)
and with multiplication (uv)(s) = u(s)v(s) for u, v ∈ C(J ,R). Define PC(J ,R) = {u : J → R :
u ∈ C((tk , tk+],R), k = , , . . . ,m and there exist u(t–k ) and u(t

+
k ), k = , , . . . ,m, with u(t–k ) =

u(tk)} with the norm ‖u‖PC := sup{‖u(t)‖ : t ∈ J} that is a Banach space.
We introduce the following known definitions. For more details, one can see [].

Definition . The fractional integral of order γ with the lower limit zero for a function
f : [,∞)→R is defined as Iγt f (t) = 

�(γ )
∫ t


f (s)
(t–s)–γ dx, t > , γ >  provided the right-hand

side is point-wise defined on [,∞), where �(·) is the gamma function.

Definition . The Riemann-Liouville derivative of order γ with the lower limit zero
for a function f : [,∞) → R can be written as LDγ

,t f (t) =


�(n–γ )
dn
dtn

∫ t


f (s)
(t–s)γ+–n ds, t > ,

n –  < γ < n.
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Definition . The Caputo derivative of order γ for a function f : [,∞) → R can be
written as

cDγ
,t f (t) =

LDγ
,t

[
f (t) –

n–∑
k=

tk

k!
f (k)()

]
, t > ,n –  < γ < n.

Remark (i) We have to explain that we follow the ideas from the recent contributions on
impulsive fractional differential equations by Fečkan et al. [, ].
(ii) In Definition ., the integrable function f can be discontinuous.
(iii) For more details and explanations on such interesting problems, one can refer to

[, Discussions I-V, p.] and [, Remark .(iii)].

Lemma . ([]) Let S be a non-empty, closed convex and bounded subset of the Banach
algebra X, and let A : X → X and B : S → X be two operators such that
(a) A is Lipschitzian with a Lipschitz constant α;
(b) B is completely continuous;
(c) u = AuBu ⇒ u ∈ S for all u ∈ S;
(d) αM < , where M = ‖B(S)‖ = sup{‖B(u)‖ : u ∈ S}.
Then the operator equation AuBu=u has a solution in S.

Lemma . ([]) Let q ∈ (, ) and h : [,T] �→ R be continuous. A function u ∈
C([,T],R) is a solution of the fractional integral equation

u(t) = u –


�(q)

∫ a


(a – s)q–h(s)ds +


�(q)

∫ t


(t – s)q–h(s)ds,

if and only if u is a solution of the following fractional Cauchy problems:
{

cDq
,tu(t) = h(t), t ∈ [,T],

u(a) = u, a > .

We introduce the following hypotheses in what follows.
(H) The function u �→ u

f (t,u) is increasing in R for every t ∈ J.
(H) There exists a constant Lk >  such that |f (t,u) – f (t,u)| ≤ Lk|u – u| for all

t ∈ Jk (k = , , . . . ,m + ) and u,u ∈ R.
(H) There exists a function hk ∈ L∞(Jk) (k = , , . . . ,m + ) such that

|g(t,u(t))| ≤ hk(t), t ∈ Jk (k = , , . . . ,m + ) for all u(t) ∈R.
(H) f (t,u(t)) is continuous on Jk (k = , , . . . ,m + ) for every u ∈ PC(J ,R).

Lemma . Assume that hypotheses (H) and (H) hold. Let q ∈ (, ) and h : J → R be
continuous. A function u is a solution of the fractional integral equation

u(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f (t,u(t))[ u
f (,u)

+ 
�(q)

∫ t
 (t – s)q–h(s)ds], t ∈ J,

f (t,u(t))[ u
f (,u)

+ I(u(t– ))
f (t,u(t))

+ 
�(q)

∫ t
 (t – s)q–h(s)ds], t ∈ J,

f (t,u(t))[ u
f (,u)

+ I(u(t– ))
f (t,u(t))

+ I(u(t– ))
f (t,u(t))

+ 
�(q)

∫ t
 (t – s)q–h(s)ds], t ∈ J,

...
f (t,u(t))[ u

f (,u)
+

∑m
i=

Ii(u(t–i ))
f (ti ,u(ti))

+ 
�(q)

∫ t
 (t – s)q–h(s)ds], t ∈ Jm+,

()
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if and only if u is a solution of the following impulsive problem:

⎧⎪⎨
⎪⎩

cDq
,t[

u(t)
f (t,u(t)) ] = h(t), t ∈ J ′,

u(t+k ) = u(t–k ) + Ik(u(t–k )), k = , , . . . ,m,
u() = u.

()

Proof Assume that u satisfies (). If t ∈ J, then

cDq
,t

[
u(t)

f (t,u(t))

]
= h(t), t ∈ J, ()

u() = u. ()

Operating by Iq,t on both sides of (), one can obtain

u(t)
f (t,u(t))

=
u()

f (,u())
+


�(q)

∫ t


(t – s)q–h(s)ds

=
u

f (,u)
+


�(q)

∫ t


(t – s)q–h(s)ds,

i.e.,

u(t) = f
(
t,u(t)

)[ u

f (,u)
+


�(q)

∫ t


(t – s)q–h(s)ds

]
.

If t ∈ J, then

cDq
,t

[
u(t)

f (t,u(t))

]
= h(t), t ∈ J, ()

u
(
t+

)
= u

(
t–

)
+ I

(
u
(
t–

))
. ()

According to Lemma . and the continuity of f (t,u(t)), we have

u(t)
f (t,u(t))

=
u(t+ )

f (t,u(t))
–


�(q)

∫ t


(t – s)q–h(s)ds +


�(q)

∫ t


(t – s)q–h(s)ds

=
[u(t– ) + I(u(t– ))]

f (t,u(t))
–


�(q)

∫ t


(t – s)q–h(s)ds +


�(q)

∫ t


(t – s)q–h(s)ds.

Since

u
(
t–

)
= f

(
t,u(t)

)[ u
f (,u)

+


�(q)

∫ t


(t – s)q–h(s)ds

]
,

there exists

u(t)
f (t,u(t))

=
[

u

f (,u)
+


�(q)

∫ t


(t – s)q–h(s)ds

]
+

I(u(t– ))
f (t,u(t))

–


�(q)

∫ t


(t – s)q–h(s)ds +


�(q)

∫ t


(t – s)q–h(s)ds

=
u

f (,u)
+

I(u(t– ))
f (t,u(t))

+


�(q)

∫ t


(t – s)q–h(s)ds,
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i.e.,

u(t) = f
(
t,u(t)

)[ u

f (,u)
+

I(u(t– ))
f (t,u(t))

+


�(q)

∫ t


(t – s)q–h(s)ds

]
.

If t ∈ J, we have

u(t)
f (t,u(t))

=
u(t+ )

f (t,u(t))
–


�(q)

∫ t


(t – s)q–h(s)ds +


�(q)

∫ t


(t – s)q–h(s)ds

=
u(t– ) + I(u(t– ))

f (t,u(t))
–


�(q)

∫ t


(t – s)q–h(s)ds +


�(q)

∫ t


(t – s)q–h(s)ds.

For

u
(
t–

)
= f

(
t,u(t)

)[ u
f (,u)

+
I(u(t– ))
f (t,u(t))

+


�(q)

∫ t


(t – s)q–h(s)ds

]
,

we have that

u(t)
f (t,u(t))

=
u

f (,u)
+

I(u(t– ))
f (t,u(t))

+


�(q)

∫ t


(t – s)q–h(s)ds

+
I(u(t– ))
f (t,u(t))

–


�(q)

∫ t


(t – s)q–h(s)ds +


�(q)

∫ t


(t – s)q–h(s)ds

=
u

f (,u)
+

I(u(t– ))
f (t,u(t))

+
I(u(t– ))
f (t,u(t))

+


�(q)

∫ t


(t – s)q–h(s)ds,

i.e.,

u(t) = f
(
t,u(t)

)[ u
f (,u)

+
∑
i=

Ii(u(t–i ))
f (ti,u(ti))

+
I(u(t– ))
f (t,u(t))

+


�(q)

∫ t


(t – s)q–h(s)ds

]
.

If t ∈ Jk+ (k = ,, . . . ,m), using the same method, we get

u(t) = f
(
t,u(t)

)[ u

f (,u)
+

k∑
i=

Ii(u(t–i ))
f (ti,u(ti))

+


�(q)

∫ t


(t – s)q–h(s)ds

]
. ()

Conversely, assume that u satisfies (). If t ∈ J, then we have

u(t) = f
(
t,u(t)

)[ u

f (,u)
+


�(q)

∫ t


(t – s)q–h(s)dx

]
. ()

Then, dividing by f (t,u(t)) and applying cDq
,t on both sides of (), () is satisfied. Again,

substituting t =  in (), we have u()
f (,u()) =

u
f (,u)

. Since u �→ u
f (t,u) is increasing in R for

t ∈ J, the map u �→ u
f (,u) is injective in R. Then we get ().

If t ∈ J, then we have

u(t) = f
(
t,u(t)

)[ u

f (,u)
+

I(u(t– ))
f (t,u(t))

+


�(q)

∫ t


(t – s)q–h(s)dx

]
. ()
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Then, dividing by f (t,u(t)) and applying cDq
t on both sides of (), () is satisfied. Again, by

(H), substituting t = t in () and taking the limit of (), then () minus () gives ().
If t ∈ Jk+ (k = ,, . . . ,m), similarly we get

{
cDq

,t[
u(t)

f (t,u(t)) ] = h(t), t ∈ (tk , tk+],
u(t+k ) = u(t–k ) + Ik(u(t–k )).

()

This completes the proof. �

Now we give the following definition.

Definition . If a function u ∈ PC(J ,R) satisfies the fractional integral equation

u(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f (t,u(t))[ u
f (,u)

+ 
�(q)

∫ t
 (t – s)q–g(s,u(s))ds], t ∈ J,

f (t,u(t))[ u
f (,u)

+ I(u(t– ))
f (t,u(t))

+ 
�(q)

∫ t
 (t – s)q–g(s,u(s))ds], t ∈ J,

f (t,u(t))[ u
f (,u)

+ I(u(t– ))
f (t,u(t))

+ I(u(t– ))
f (t,u(t))

+ 
�(q)

∫ t
 (t – s)q–g(s,u(s))ds], t ∈ J,

...
f (t,u(t))[ u

f (,u)
+

∑m
i=

Ii(u(t–i ))
f (ti ,u(ti))

+ 
�(q)

∫ t
 (t – s)q–g(s,u(s))ds], t ∈ Jm+,

()

it is said to be a mild solution of ().

3 Main results
In this section, we prove the existence of a mild solution for IHFDE () by Lemma . and
Lemma ..

Theorem . Assume that hypotheses (H)-(H) hold. Further, if

Lk

[∣∣∣∣∣ u
f (,u)

+
k–∑
i=

Ii(ui(t–i ))
f (ti,ui(ti))

∣∣∣∣∣ + 
�(q + )

k∑
j=

(tk – tj)q‖hj+‖L∞

]
< ,

k = , , . . . ,m,m + 

for all ui(t) ∈ C(Ji,R) and ui(ti) is bounded, then IHFDE () has a mild solution defined
on J .

Proof By Lemma ., IHFDE () is equivalent to the fractional integral equation ().
If t ∈ J, we have

u(t) = f
(
t,u(t)

)[ u

f (,u)
+


�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds

]
. ()

Set X = C(J,R) and

S =
{
u ∈ X | ‖u‖ ≤N

}
, ()

http://www.advancesindifferenceequations.com/content/2014/1/211
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where

N =
F(|u|�(q + ) + tq |f (, t)|‖h‖L∞ )

�(q + )|f (,u)| – L(|u|�(q + ) + tq |f (, t)|‖h‖L∞ )
, ()

and F = supt∈J |f (t, )|.
Define two operators A : X �→ X and B : S �→ X by

Au(t) = f
(
t,u(t)

)
, t ∈ J ()

and

Bu(t) =
u

f (,u)
+


�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds, t ∈ J. ()

We will show that the operators A and B satisfy all the conditions of Lemma ..
First, we will show that A is a Lipschitz operator on X with the Lipschitz constant L.

Set u,u ∈ X. Then, by hypotheses (H) and (H), we have
∣∣Au(t) –Au(t)

∣∣ = ∣∣f (t,u(t)) – f
(
t,u(t)

)∣∣
≤ L

∣∣u(t) – u(t)
∣∣ ≤ L‖u – u‖ ()

for all t ∈ J. Taking supremum over t, we have

‖Au –Au‖ ≤ L‖u – u‖ ()

for all u,u ∈ X.
Next, we will show that B is a compact and continuous operator on S into X. We show

that B is continuous on S. Let {un} ⊆ S converge to a point u ∈ S. Then, by the Lebesgue
dominated convergence theorem, we have

lim
n→∞Bun(t) =

u
f (,u)

+ lim
n→∞


�(q)

∫ t


(t – s)q–g

(
s,un(s)

)
ds

=
u

f (,u)
+


�(q)

∫ t


(t – s)q– lim

n→∞ g
(
s,un(s)

)
ds

=
u

f (,u)
+


�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds

= Bu(t) ()

for all t ∈ J. So, we have obtained that B is continuous on S.
Next wewill show thatB is a compact operator on S.We show that B(S) is a uniformly

bounded and equicontinuous set in S. Let u ∈ S be arbitrary. Then, by hypothesis (H),
we have

∣∣Bu(t)
∣∣ ≤

∣∣∣∣ u
f (,u)

∣∣∣∣ + 
�(q)

∫ t


(t – s)q–

∣∣g(s,u(s))∣∣ds
≤

∣∣∣∣ u
f (,u)

∣∣∣∣ + 
�(q)

(∫ t


(t – s)q–h(s)ds

)

≤
∣∣∣∣ u
f (,u)

∣∣∣∣ + tq
�(q + )

‖h‖L∞ ()
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for all t ∈ J. Taking supremum over t, we have

‖Bu‖ ≤
∣∣∣∣ u
f (,u)

∣∣∣∣ + tq
�(q + )

‖h‖L∞

for all u ∈ S. We have obtained that B(S) is uniformly bounded.
Let t, t ∈ J with t < t. Then, for any u ∈ S, we have

∣∣Bu(t) – Bu(t)
∣∣

≤
∣∣∣∣ 
�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds –


�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds

∣∣∣∣
+

∣∣∣∣ 
�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds –


�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds

∣∣∣∣
≤ ‖h‖L∞

�(q + )
[∣∣tq – tq – (t – t)q

∣∣ + (t – t)q
]
. ()

Hence, for ε > , there exists a constant δ >  such that

|t – t| < δ ⇒ ∣∣Bu(t) – Bu(t)
∣∣ < ε ()

for all t, t ∈ [, t] and for all u ∈ S. This obtains that B(S) is an equicontinuous set
in X. By the Arzela-Ascoli theorem, we know that B is compact. As a result B is a com-
plete continuous operator on S.
Next, we show that hypothesis (c) of Lemma . is satisfied. Let u ∈ X and any u ∈ S

such that u = AuBu. Then, by assumption (H), we have

∣∣u(t)∣∣ ≤ [∣∣f (t,u(t)) – f (t, )
∣∣ + ∣∣f (t, )∣∣][∣∣∣∣ u

f (,u)

∣∣∣∣
+


�(q)

∫ t


(t – s)q–

∣∣g(s,u(s))∣∣ds
]

≤ [
L

∣∣u(t)∣∣ + F
][∣∣∣∣ u

f (,u)

∣∣∣∣ + 
�(q)

∫ t


(t – s)q–h(s)ds

]

≤ [
L

∣∣u(t)∣∣ + F
][∣∣∣∣ u

f (,u)

∣∣∣∣ + tq
�(q + )

‖h‖L∞
]
. ()

Thus,

∣∣u(t)∣∣ ≤ F(|u|�(q + ) + tq |f (,u)|‖h‖L∞ )
�(q + )|f (,u)| – L(|u|�(q + ) + tq |f (, t)|‖h‖L∞ )

. ()

Taking supremum over t, we have

‖u‖ ≤ F(|u|�(q + ) + tq |f (, t)|‖h‖L∞ )
�(q + )|f (,u)| – L(|u|�(q + ) + tq |f (, t)|‖h‖L∞ )

=N. ()

Finally, we have

M =
∥∥B(S)

∥∥ = sup
{‖Bu‖ : u ∈ S

} ≤
∣∣∣∣ u
f (,u)

∣∣∣∣ + tq
�(q + )

‖h‖L∞ ,
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and so

LM ≤ L
[∣∣∣∣ u
f (,u)

∣∣∣∣ + tq
�(q + )

‖h‖L∞
]
< . ()

So, the operator equation AuBu = u has a solution denoted by u(t) in S.
If t ∈ J, we set

u(t) = f
(
t,u(t)

)[ u

f (,u)
+

I(u(t))
f (t,u(t))

+


�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds

]

+ f
(
t,u(t)

)∫ t

t
(t – s)q–g

(
s,u(s)

)
ds.

Set X = C(J,R) and

S =
{
u ∈ X | ‖u‖ ≤N

}
, ()

where

N =
FH

 – LH
, ()

H =
∣∣∣∣ u
f (,u)

+
I(u(t))
f (t,u(t))

∣∣∣∣ + tq
�(q + )

‖h‖L∞ +
(t – t)q

�(q + )
‖h‖L∞ . ()

Define two operators A : X �→ X and B : S �→ X by

Au(t) = f
(
t,u(t)

)
, t ∈ J ()

and

Bu(t) =
u

f (,u)
+

I(u(t))
f (t,u(t))

+


�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds

+


�(q)

∫ t

t
(t – s)q–g

(
s,u(s)

)
ds, t ∈ J. ()

The operators A and B satisfy all the conditions of Lemma .. First, we prove that A

is a Lipschitz operator on X with the Lipschitz constant L. Set u,u ∈ X. Then, by
hypothesis (H), we have

∣∣Au(t) –Au(t)
∣∣ ≤ L

∣∣u(t) – u(t)
∣∣

≤ L‖u – u‖ ()

for all t ∈ J. Taking supremum over t, we have

‖Au –Au‖ ≤ L‖u – u‖ ()

for all u,u ∈ X.
Next, we prove thatB is a compact and continuous operator on S intoX.We show that

B is continuous on S. Let {un} ⊆ S converge to a point u ∈ B. Then, by the Lebesgue

http://www.advancesindifferenceequations.com/content/2014/1/211
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dominated convergence theorem, we have

lim
n→∞Bun(t) =

u
f (,u)

+
I(u(t))
f (t,u(t))

+


�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds

+


�(q)

∫ t

t
(t – s)q– lim

n→∞ g
(
s,un(s)

)
ds

=
u

f (,u)
+

I(u(t))
f (t,u(t))

+


�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds

+


�(q)

∫ t

t
(t – s)q–g

(
s,u(s)

)
ds

= Bu(t) ()

for all t ∈ J. So, B is continuous on S.
We will prove that B is a compact operator on S. We show that B(S) is a uniformly

bounded and equicontinuous set in S. Let u ∈ S be arbitrary. Then, by hypothesis (H),
we have

∣∣Bu(t)
∣∣ ≤

∣∣∣∣ u
f (,u)

+
I(u(t))
f (t,u(t))

∣∣∣∣ +
∣∣∣∣ 
�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds

∣∣∣∣
+

∣∣∣∣ 
�(q)

∫ t

t
(t – s)q–g

(
s,u(s)

)
ds

∣∣∣∣
≤

∣∣∣∣ u
f (,u)

+
I(u(t))
f (t,u(t))

∣∣∣∣ + 
�(q)

∫ t


(t – s)q–

∣∣g(s,u(s))∣∣ds
+


�(q)

∫ t

t
(t – s)q–

∣∣g(s,u(s))∣∣ds
≤

∣∣∣∣ u
f (,u)

+
I(u(t))
f (t,u(t))

∣∣∣∣ + 
�(q)

∫ t


(t – s)q–h(s)ds

+


�(q)

∫ t

t
(t – s)q–h(s)ds

≤
∣∣∣∣ u
f (,u)

+
I(u(t))
f (t,u(t))

∣∣∣∣ + tq
�(q + )

‖h‖L∞

+
(t – t)q

�(q + )
‖h‖L∞ ()

for all t ∈ J. Taking supremum over t, we have

‖Bu‖ ≤
∣∣∣∣ u
f (,u)

+
I(u(t))
f (t,u(t))

∣∣∣∣ + tq
�(q + )

‖h‖L∞ +
(t – t)q

�(q + )
‖h‖L∞

for all u ∈ S. So, B(S) is uniformly bounded.
Let t, t ∈ J with t < t. Then, for any u ∈ S, we have

∣∣Bu(t) – Bu(t)
∣∣

≤
∣∣∣∣ 
�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds –


�(q)

∫ t


(t – s)q–g

(
s,u(s)

)
ds

∣∣∣∣
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Ge and Xin Advances in Difference Equations 2014, 2014:211 Page 11 of 14
http://www.advancesindifferenceequations.com/content/2014/1/211

+
∣∣∣∣ 
�(q)

∫ t

t
(t – s)q–g

(
s,u(s)

)
ds –


�(q)

∫ t

t
(t – s)q–g

(
s,u(s)

)
ds

∣∣∣∣
+

∣∣∣∣ 
�(q)

∫ t

t
(t – s)q–g

(
s,u(s)

)
ds –


�(q)

∫ t

t
(t – s)q–g

(
s,u(s)

)
ds

∣∣∣∣
≤ ‖h‖L∞

�(q + )
∣∣tq – tq + (t – t)q – (t – t)q

∣∣
+

‖h‖L∞

�(q + )
[∣∣(t – t)q – (t – t)q + (t – t)q

∣∣ + (t – t)q
]
.

Hence, for ε > , there exists a constant δ >  such that

|t – t| < δ ⇒ ∣∣Bu(t) – Bu(t)
∣∣ < ε ()

for all t, t ∈ J and for all u ∈ S. So, B(S) is an equicontinuous set inX. By the Arzela-
Ascoli theorem, we know that B is compact. As a result, B is a complete continuous
operator on S.
Next, we show that hypothesis (c) of Lemma . is satisfied. Let u ∈ X and any u ∈ S

such that u = AuBu. Then, by assumptions (H) and (H), we have

∣∣u(t)∣∣ ≤ [∣∣f (t,u(t)) – f (t, )
∣∣ + ∣∣f (t, )∣∣][∣∣∣∣ u

f (,u)
+

I(u(t))
f (t,u(t))

∣∣∣∣
+


�(q)

∫ t


(t – s)q–

∣∣g(s,u(s))∣∣ds + 
�(q)

∫ t

t
(t – s)q–

∣∣g(s,u(s))∣∣ds
]

≤ [
L

∣∣u(t)∣∣ + F
][∣∣∣∣ u

f (,u)
+

I(u(t))
f (t,u(t))

∣∣∣∣
+


�(q)

∫ t


(t – s)q–h(s)ds +


�(q)

∫ t

t
(t – s)q–h(s)ds

]

≤ [
L

∣∣u(t)∣∣ + F
][∣∣∣∣ u

f (,u)
+

I(u(t))
f (t,u(t))

∣∣∣∣
+

tq
�(q + )

‖h‖L∞ +
(t – t)q

�(q + )
‖h‖L∞

]
.

Thus,

∣∣u(t)∣∣ ≤ FH

 – LH
. ()

Taking supremum over t, we have

‖u‖ ≤ FH

 – LH
=N. ()

Finally, we have

M ≤
∣∣∣∣ u
f (,u)

+
I(u(t))
f (t,u(t))

∣∣∣∣ + tq
�(q + )

‖h‖L∞ +
(t – t)q

�(q + )
‖h‖L∞ ()
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and

LM ≤ L
[∣∣∣∣ u
f (,u)

+
I(u(t))
f (t,u(t))

∣∣∣∣ + tq
�(q + )

‖h‖L∞

+
(t – t)q

�(q + )
‖h‖L∞

]
< . ()

So, the operator equation AuBu = u has a solution denoted by u(t) in S.
If t ∈ jk+ (k = , , . . . ,m), repeating the same process, we obtain u(k+)(t) ∈ C(Jk+,R)

(k = , , . . . ,m). So, we get a mild solution of IHFDE (). The proof is completed. �

4 Example
In this section we give a simple example to illustrate the usefulness of our main result.

Example . Let us consider the impulsive hybrid fractional differential equations

⎧⎪⎨
⎪⎩

cDq
,t[

u(t)
eυt+|u(t)| ] =

e–υt |u(t)|
(+et )(+|u(t)|) , t ∈ [, ] \ t,

u(t+ ) = u(t– ) + (–u(t– )), t �= , 
u() = ,

()

where υ > , υ >  are constants and  < q < .
Set

f
(
t,u(t)

)
= eυt +

∣∣u(t)∣∣, g
(
t,u(t)

)
=

e–υt|u(t)|
( + et)( + |u(t)|)

for all (t,u) ∈ [, ]×R.
Obviously,

f
(
t,u(t)

) �=  and f
(
t+ ,u

(
t+

))
= f

(
t– ,u

(
t–

))
for all (t,u) ∈ [, ]×R. There exist constants Lk =  (k = , ) such that

∣∣f (t,u) – f (t,u)
∣∣ ≤ Lk|u – u|

for all t ∈ Jk (k = , ) and u,u ∈R.
By

u(t)
f (t,u(t))

=

{
 – eυt

eυt+u(t) , u(t) ≥ ,
– + eυt

eυt–u(t) , u(t) < ,
()

we have that the function u �→ u
f (t,u(t)) is increasing in R for [, t].

For all u ∈R and each t ∈ [, ], we have

g
(
t,u(t)

)
=

e–υt|u(t)|
( + et)( + |u(t)|) ≤ e–υt

 + et
≤ e–υt


. ()

So, choosing some υ,υ >  large enough, we have

L
[∣∣∣∣ –u(t– )
eυt + |u(t)|

∣∣∣∣ + 
�(q + )

(
( – t)q‖h‖L + 

)‖h‖L
]
< .
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Thus all the assumptions in Theorem . are satisfied, our results can be applied to prob-
lem ().
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24. Fečkan, M, Zhou, Y, Wang, J: On the concept and existence of solutions for impulsive fractional differential equations.

Commun. Nonlinear Sci. Numer. Simul. 17, 3050-3060 (2012)
25. Herzallah, MAE, Baleanu, D: On fractional order hybrid differential equations. Abstr. Appl. Anal. 2014, Article ID 389386

(2014)
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