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Abstract

This paper is motivated by some recent contributions on the existence of solution of
impulsive fractional differential equations and the theory of fractional hybrid
differential equations by Agarwal, Ahmad, Baleanu, Benchohra, Feckan, Nieto, Sun,
Bai, Zhou, Zhang and Wang. Here, we derive new existence results of a mild solution
of impulsive hybrid fractional differential equations. Finally, an example is given to
illustrate the result.
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1 Introduction
The study of differential equations of fractional order is motivated by the intensive devel-
opment of the theory of fractional calculus itself (see [1-7]) and the application of frac-
tional differential equations in the modeling of many physical phenomena. There have
been many works on the theory of fractional calculus and applications of it. Fractional
differential equations, including Riemann-Liouville fractional derivative or Caputo frac-
tional derivative, have received more and more attention (see [8—-18]).

In recent years, hybrid differential equations have attracted much attention. The theory
of hybrid differential equations has been developed, and we refer the readers to the articles
[19-22]. The authors [23] discussed the following fractional hybrid differential equations

involving Riemann-Liouville differential operators:

DY [7ils] = gt u(t)), ae.te]:=[0,T],

)
u#(0) =0,

where LD{ , is the Riemann-Liouville fractional derivative of order g € (0,1) with the lower
limit zero, f € C(J x R,R \ {0}) and g € C(J x R,R). They developed existence of so-
lutions under mixed Lipschitz and Carathéodory conditions. Moreover, they have estab-
lished some fundamental fractional differential inequalities and the comparison principle.
Some recent papers have treated the problem of the existence of solutions for impulsive
fractional differential equations.
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The authors [24] considered the following basic impulsive Cauchy problems:

DY u®) =ftu@®), te] =]\{t,....tm},
Aulty) = L)), k=1,2,...,m, (2)
u(0) = uo,

where ‘D{, is the generalized Caputo fractional derivative of order ¢ € (0,1) with the
lower limit zero and Iy : R — R and # satisfy 0 =ty <t; < - <ty <ty = T, u() =
limg_, o+ u(tx + €) and u(f;) = lim,_, o- u( + ¢) represent the right and left limits of () at
t = tx. They established some sufficient conditions for the existence of solutions.
In the recent paper [25], Herzallah obtained the existence of a mild solution for the
fractional order hybrid differential equations:
{cpg,t[ﬂg%] =g(t,u(t)), aete], )
u(0) = ug € R.

In the present paper, we study the following impulsive hybrid fractional differential
equations (IHFDE):

Df ] =gt u(®),  t€] =]\ {tr,.. b},
u(ty) = u(ty) + L(u()), k=1,2,...,m, (4)
u(0) = u,

where ”Dg,t is the generalized Caputo fractional derivative of order g € (0,1) with the lower
limit zero, f € C(J x R,R\ {0}) and g € C(J x R, R).

This paper is arranged as follows. In Section 2, we recall some concepts and some frac-
tional calculation law and establish preparation results. In Section 3, we give the main re-
sults based on the Dhage fixed point theorem. In Section 4, we give an example to demon-
strate the application of our main result.

2 Preliminaries

In this section, we recall some basic definitions and properties of the fractional calculus
theory and preparation results. Throughout this paper, /; denotes the interval [#, £;] and
Jk+1 denotes the interval (¢, tx], k =1,2,...,m. Let C(J,R) be the Banach algebra of all
continuous functions from J into R with the norm ||u«||, = sup{|u(¢)| : £ € J} for u € C(J,R)
and with multiplication (uv)(s) = u(s)v(s) for u,v € C(J,R). Define PC(J,R) = {u:] - R:
u € C((tx tra1l, R), k = 0,1,...,mand there exist u(t;) and u(t}), k = 1,2,...,m, with u(£;) =
u(ty)} with the norm ||u| pc := sup{|lu(¢)|| : ¢ € J} that is a Banach space.

We introduce the following known definitions. For more details, one can see [2].

Definition 2.1 The fractional integral of order y with the lower limit zero for a function
f:10,00) — Ris defined as I} f () = fo (tfs(sl > dx, t >0,y >0 provided the right-hand
side is point-wise defined on [0, 00), where I'(-) is the gamma function.

Definition 2.2 The Riemann-Liouville derivative of order y with the lower limit zero
for a function f : [0,00) — R can be written as “Djj f(t) = r(n > dt” fo = y+1 —ds, t >0,
n-l<y<n.
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Definition 2.3 The Caputo derivative of order y for a function f : [0,00) — R can be

written as
n-1 tk
D}y f(t) =D}, |:f(t) -3 Eﬂ“(@}, t>0,n—-1<y<n.
k=0 "

Remark (i) We have to explain that we follow the ideas from the recent contributions on
impulsive fractional differential equations by Feckan et al. [26, 27].

(ii) In Definition 2.3, the integrable function f can be discontinuous.

(iii) For more details and explanations on such interesting problems, one can refer to
[26, Discussions I-V, p.4214] and [27, Remark 2.21(iii)].

Lemma 2.4 ([28]) Let S be a non-empty, closed convex and bounded subset of the Banach
algebra X, and let A: X — X and B: S — X be two operators such that

(a) A is Lipschitzian with a Lipschitz constant o;

(b) B is completely continuous;

() uy =AmBuy = uy € S forall uy € S;

(d) aM <1, where M = || B(S)|| = sup{||B(&)| : u € S}.

Then the operator equation AuBu=u has a solution in S.

Lemma 2.5 ([24]) Let q € (0,1) and h : [0,Ty] — R be continuous. A function u €
C([0, To], R) is a solution of the fractional integral equation

1 4 1 g
u(t) = ug — —— / (a—-38)Th(s)ds + — / (t =) h(s) ds,
*T@ o @ Jo
if and only if u is a solution of the following fractional Cauchy problems:

D ,u(t) = h(t), tel0,T),
u(a) =ug, a>0.

We introduce the following hypotheses in what follows.

(H1) The function u f( 5 Is increasing in R for every ¢ € J1.

(H2) There exists a constant L > 0 such that |[f(¢, u1) — f (¢, uz)| < Li|u — us| for all
teli(k=1,2,...,m+1)and uy,u; € R.

(H3) There exists a function /i € L*(J;) (k=1,2,...,m + 1) such that
lgt, u®)| < (), teJx (k=1,2,...,m+1) for all u(t) € R.

(H4) f(t,u(t)) is continuous on Jx (k=1,2,...,m + 1) for every u € PC(J,R).

Lemma 2.6 Assume that hypotheses (H1) and (H4) hold. Let q € (0,1) and h:] — R be
continuous. A function u is a solution of the fractional integral equation

f(&,u®) 5% + i fo’t-sq—lh()ds] te,
S u®) s + ’151 j,m; F(q) it =97 h(s) ds], teh,
1(u(t])) o (u(ty))
ue) = 17Ol + Tty * Tt 5)
Tq)/o —8)2 1 h(s) ds], tejs,
Flu0) s + Y s 4 s [~ ) h(s)ds), te)
N FOu) + iz Fautey T T Jo\b )T S Asl, L€ Sms
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if and only if u is a solution of the following impulsive problem:

u(ty) = u(ty) + L(u()), k=12,..., m, (6)

DY [rds]=h(t), tel,
M(O) = Up.

Proof Assume that u satisfies (6). If ¢ € J;, then

cnd u(t) _
0.¢ m] =h(t), teh, (7)
1(0) = uy. (8)

Operating by I{, on both sides of (7), one can obtain

u(t) u(0) 1 [t -
- — )T (s)d
FGu) ~ f0,u0) " T(q) /0 (¢ —5)" h(s) ds

Ug

- L ' _ g1
f(O,u0)+I‘(q),/o(t )T h(s) ds,

u(t) f(t u(t))|:/(0 ) %q)/(; (t—s)q‘lh(s)dsi|.

If t € J,, then

ca [ 1.
D"'tL(t,u(t))]‘h(t” teh ©)
u(tl) = u(ty) + Lu(f)). (10)

According to Lemma 2.5 and the continuity of f(¢, u(t)), we have

W uled) o
Feu®) " Flenule) r(q)/ (=s h(s)d“m (€9 s

_ @)+ 0@ 1
Sf(t,utr)) I'(q

) A 1(L‘l -8 h(s) ds + Tq) /0 (t —9)7 h(s) ds

Since

1t -]

there exists

I(u(ty))
f(t, u(tr))

-1
f(t u t)) [/(o o) | F(q tl s)? h(s)ds] +

q)/ (t = s)T7 h( s)ds+%)/ (£ —9)1" h(s) ds

_ W L(u(f)) o
fO o) f(tlyu(tl) l—w(q)/o(t )T h(s) ds,

Page 4 of 14
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Ugp Il(u(tl 1
u(®) =£(¢, u(t))[/( 00) +f(t 0) F(q /(t $)1 h(s)ds]

If t € J3, we have

u(t) B ) L g
Fltu®) f(tz,u(tz)) r(q)/ (=) hS) ds+ 05 | (=9 s

LGRS ICICY) S S AP P S (R PR
Sf(&, u(t)) F(q)/o (b2 = )T h(s)dis + F(q)/o (t — )" h(s)ds.

For

% L(u(ty)) 1 2 g ]
(0 MO) f(tl, tl)) l"(q)/o (t2 S) h(S)dS ,

u(ty) =f (2, u(tz))

we have that

u(t) Uo L(u®)) o
f(tru(t)) f(O Uop) f t, u(ty)) F(q) / (t2 —8)T " h(s)ds
I (u(8)) 1 (2

1 -1
P Hbult) T Jy 2T e ﬁ (¢ - 97 h(s) ds
_ Lu@®))  Lu)) 1 B
_f(O, uo) +f(t1,bt(t1)) +f(t2,u(t2)) + I'(q) A (t—8)T"h(s)ds,

) o W) | b)) [
u=f (t’”(”)[f(o,uoﬁ;f( u@) * Futt) ()/o(t ) h(s)ds]'

If £ € Jis1 (k=3,4,...,m), using the same method, we get

Ii(u(t;)) 1 (f 0
u(®) =£(t, u(t))|: o Z . Flerue) " 7@ /0 (£ —s)1 h(s)ds:|‘ (11)

Conversely, assume that u satisfies (5). If ¢ € /1, then we have

1 t
u(t Lu(t — t—s)" (s dx]. 12
O =fleu0)] 0o+ s [ -9 @)
Then, dividing by f (¢, u(t)) and applying “°Df , on both sides of (12) (7) is satisfied. Again,

substituting ¢ = 0 in (12) we have (0 f(OM . Since u — f( ) is increasing in R for
t € /i, the map u — f(O 7 1s m)ectlve in R Then we get (8).

If ¢t € J,, then we have

B 0 Lty 1
u(t)—f(t,u(t))[/ouo) f(tbu(tl)) @ / t—s)1" h(s)dx] (13)
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Then, dividing by f (¢, u(¢)) and applying °Df on both sides of (13), (9) is satisfied. Again, by
(H4), substituting ¢ = £; in (12) and taking the limit of (13), then (13) minus (12) gives (10).
Ift € Jiw1 (k=2,4,...,m), similarly we get

cht[f tult ] = h(t) te (tkr tk+1]r

(14)
u(tf) = u(tk) + D (u(t).
This completes the proof. O
Now we give the following definition.
Definition 2.7 If a function u € PC(J, R) satisfies the fractional integral equation
f(t M(t)) fOMO) fo ( ))dS] te]lr
S u(®) 73 + ’;fl j,m; —_ fo (¢ —5)"g(s, u(s))ds], e,
L(u(t))) I (u(t;))
f@ ”(t))[ Gy + Ferata) * Flpatia)
wt) =1+ pls fult -5 g(s,u(s)) ds), tes (15)

)
f (& uO) 007 + Lt Faratan
rq) o (&= 5)72g(s, u(s)) dsl, t € Jmsts

it is said to be a mild solution of (4).

3 Main results
In this section, we prove the existence of a mild solution for IHFDE (4) by Lemma 2.4 and

Lemma 2.6.

Theorem 3.1 Assume that hypotheses (H1)-(H4) hold. Further, if

kz ) i sl | <1
Ouo = [t ui(ty) F(q+1 = jHiL ’

k=12,....mm+1

for all u;(t) € C(J;,R) and u;(t;) is bounded, then IHFDE (4) has a mild solution defined

on].

Proof By Lemma 2.6, IHFDE (4) is equivalent to the fractional integral equation (15).
If t € J;, we have

u(t) =f(t, u(t))[/ / (t—5)7"g(s, u(s)) d ] (16)
1 0)
Set Xj = C(/;,R) and

Si={ueXy|ul <N}, 17)

Page 6 of 14
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where

N - Fo(luoT (g +1) + £ (0, 20)| 1711 [l 1¢) 18)

YT T (g + D0, u0)] — Li(juo|T(g + 1) + £11£(0, )| /[l o=)

and Fy = sup,; [f(£,0)].
Define two operators A; : X; — X; and B; : §; — Xj by

Awu(t) =f(tu(t)), teh (19)
and
Biu(t) :f(OuOuO) + %6])/0 = s)q_lg(s, u(s)) ds, tej. (20)

We will show that the operators A; and B; satisfy all the conditions of Lemma 2.4.
First, we will show that A; is a Lipschitz operator on X; with the Lipschitz constant L;.
Set 11, u5 € X;. Then, by hypotheses (H2) and (H3), we have
|Avu (8) = Ava (8)| = |f (£, 1(0)) = f (£, 2 (1)) |
§L1|u1(t)—u2(t)| < Lillus — us| (21)

for all ¢ € J;. Taking supremum over ¢, we have
|Arzey — Aqua |l < Ly|lug — us || (22)

for all uy,uy € Xj.
Next, we will show that B; is a compact and continuous operator on S; into X;. We show
that B; is continuous on S;. Let {u,,} C S; converge to a point u € S;. Then, by the Lebesgue

dominated convergence theorem, we have

1 t
nlergoBlun(t) zf(()bjouo) + nler;O ) /0 (t—s)’Hg(s, u,,(s)) ds
1 ¢ .
- o Wq)/o (=)™ lim g(s,us(s) ds
Ugp 1

t -1
£(0,uy) * Fq) /0 (t—9)""g(s,uls)) ds
= Byu(t) 03

for all £ € J;. So, we have obtained that B; is continuous on S;.
Next we will show that B; is a compact operator on S;. We show that B;(S;) is a uniformly
bounded and equicontinuous set in S;. Let u € S; be arbitrary. Then, by hypothesis (H3),

we have
|Bu®)| < f(obf"uo) +%q) /0 t(t—s)q’1|g(s,u(s))’ds
ok %q)(fot(t_s)q_lhl“)ds)
= [F|* r(qti py Wl 4

Page 7 of 14
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for all ¢ € ;. Taking supremum over ¢, we have

q

B
1Bl < Py

172l

f(ox 0)

for all u € S;. We have obtained that B;(S;) is uniformly bounded.
Let t11, tip € J1 with 3 < t1p. Then, for any u € S;, we have

| Biu(tiy) —Blu(f12)|

‘ ra /) (tu - s)q’lg(s, u(s)) ds — m " (t12 — s)q’lg(s, u(s)) ds
0 1 t2 1
‘ ra ) tlz —s)? g( u(s )) ds — Tq) (tp — 8)7 g(s, u(s)) ds
hy | zoo
< ﬁ (;Hfl) [|¢h — ) — (2 — 20)?| + (812 — 11)7)- (25)

Hence, for ¢ > 0, there exists a constant § > 0 such that
ltn —ti2| <8 = |B1M(t11) _Blu(t12)| <€ (26)

for all 3, £15 € [0, #] and for all u € S;. This obtains that B;(S;) is an equicontinuous set
in X;. By the Arzela-Ascoli theorem, we know that B is compact. As a result B; is a com-
plete continuous operator on S;.

Next, we show that hypothesis (c) of Lemma 2.4 is satisfied. Let u#;; € X; and any u;; € $;
such that u;; = AjunBiuiz. Then, by assumption (H2), we have

lun (@) < [|f(6un®) - £ 0)] +

Uo
IR P ]
+F(q)/0 (t - 8)7 g(s, u12(9)) | ds

— /t (&= 95)T Iy (s) ds:|

< [L1]un ()] +F0]H]ﬁ

= [Lifum @) +Fo][ Forsil F(qtl 5 ||h1||Loo}. (27)
Thus,
@) < Fo(luolT (g +1) + £ |f (0, uo) /|l ) (28)
(g +DIf (0, u0)l = L1(Juo|T (g + 1) + 2] £ (0, o) /1l 1<)
Taking supremum over ¢, we have
Fo(luo|T (g +1) + /£ (0, 20) 17| 0) _ N (29)

lunll < T(q + DIf(0,u0)| = Li(luo|T(q + 1) + £11£ (0, o) || || 1)

Finally, we have

q

M = |By(Sy) | = sup{l|Biul : u € S} F(q 5

171 llzoc,

f(0 uo)


http://www.advancesindifferenceequations.com/content/2014/1/211

Ge and Xin Advances in Difference Equations 2014, 2014:211 Page 9 of 14
http://www.advancesindifferenceequations.com/content/2014/1/211

and so

q

1
+F(q+1)

LiM < L1|:

e I ||Loc} ‘1L "

So, the operator equation A;uB;u = u has a solution denoted by () in ;.
If t € J5, we set

_ Uy I (u (1)) 1 [ o
un=f (t’”(t))L(o,uo) * m@) r(q)/o (¢-s)* g(s’”l(s))ds]

+f(t, u(t)) /t(t - s)q‘lg(s, u(s)) ds.

Set X; = C(J,R) and

Sy={ueXy|llul <Na}, (31)
where
FoH,

Ny=—", 32

2L, (32)
Uo L(ui(t)) ¢l (tr— )1

H, = + + 1|l zoe + ——— Ao || oo (33)

2T Om) T fEm@)| T+ T T+

Define two operators A, : X5 > X5 and By : Sy — X; by
Au(t) =f(t,u®)), tel (34)

and

Ho L(ui(t)) . 1
fO,u) flt,m(t) T(g

+ %q) /t(t - s)q‘lg(s, u(s)) ds, tej,. (35)

Bzu(t) =

) /0 1(t - s)q’lg(s, ul(s)) ds

The operators A, and B, satisfy all the conditions of Lemma 2.4. First, we prove that A,
is a Lipschitz operator on X, with the Lipschitz constant L,. Set uy;, 127 € X;. Then, by
hypothesis (H2), we have

|Agtann (£) = Aguny (£)| < Lo |uaa(£) — una(£)|

< Lolluz1 — uns || (36)
for all ¢ € J,. Taking supremum over ¢, we have
|Aze01 — Asuina || < La|lum — tas || (37)
for all uyy, sy € Xs.

Next, we prove that B, is a compact and continuous operator on S; into X,. We show that
B, is continuous on S;. Let {u,} € S, converge to a point u € B,. Then, by the Lebesgue


http://www.advancesindifferenceequations.com/content/2014/1/211

Ge and Xin Advances in Difference Equations 2014, 2014:211
http://www.advancesindifferenceequations.com/content/2014/1/211

dominated convergence theorem, we have

) U 5i(m (1)) 1
nlggoBzu"(t) :f(O, ug) +f(t1,bt1(t1)) ’ I'(g

+ %q) /t:(t -9t nlin;og(s, un(s)) ds

U 5i(m (1)) I =
= Fom) | e me) | T@ /0 (t =97 g(s1(9) ds

+ %q) /t (t - s)T"g(s,uls)) ds

= Bz M(t) (38)

) ./0 1(t - s)q’lg(s, ul(s)) ds

for all ¢ € J,. So, B; is continuous on S,.
We will prove that B, is a compact operator on S,. We show that B;(S;) is a uniformly
bounded and equicontinuous set in S,. Let u € S, be arbitrary. Then, by hypothesis (H3),

we have
Uo L(ui(t))
|Bou(t)| < 70, 10) ft1,u1(t1)) ‘F(q)/ 'g(s,u1(s)) ds
-1
+ @ ), (t—S)q g(s,u(s)) ds
Uo Li(ui(t))
= ‘f(O,uo) +f(t1,u1 t)) / (E—s) s,ul(S))|ds

_ )1
F( )/(t s) |g(s,u(s))|ds

U I(u1(ty)) -
= FOu0) " Flenm@)| F(q)/ (£ =) I(s)ds

+%/ﬁ:(t—s)q_1h2(s)ds

‘ L(m1(t)) t T

FO,u0)  fltnm@n)| Tqen

(L —1)1

* Tarp el (39)

for all ¢ € J,. Taking supremum over ¢, we have

Uo L((8)) tq (L —t1)1
1B2l = | 70,00 * Flenm@y)|  T@+n " Tgv

1722 |0

for all # € S,. So, By(S,) is uniformly bounded.
Let £33, tay € Jo with £y < ty3. Then, for any u € S, we have

’Bzu(tzl) — Byu(ty,)|

“Ir@ f (ta1 — )7 g (s, u1(s)) ds r(lq) /0 1(tzz—S)q‘lg(s,ul(S)) ds

Page 10 of 14
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’F( )/ (tn —5)1"'g (s,u(s))ds—r( )/ (tzo — )T ' g(s, u(s)) ds

— )71 _L 2 AY !
i) /tl (122 =9 g5, uls) ds - s ftl (t22 = )7 g (s, u(s)) ds

7211l oo
=Tq+1) |63, = 3 + (22 = 1) ~ (t1 — 11)"]
||h Il o
2]l 100 [|(L‘ 20 —0)T — (b1 — t1)7 + (b22 — £21) { +(ty — tzl)q]
F(q +1

Hence, for ¢ > 0, there exists a constant § > 0 such that
[t —t2| <8 = |32M(t21) —Bzu(t22)| <e (40)

forall £y, 25 € Jo and forall u € S,. So, By(S,) is an equicontinuous set in X;. By the Arzela-
Ascoli theorem, we know that B, is compact. As a result, B, is a complete continuous
operator on S,.

Next, we show that hypothesis (c) of Lemma 2.4 is satisfied. Let uy; € X; and any uy; € S
such that g = AyuzBaugy. Then, by assumptions (H2) and (H3), we have

L (1))
)] = [/ (6 ) 16,00 [0 0] 0 AL

%q) /0 1(t —s)t |g(s, ul(S)) | ds + %q) / T |g(s, uzz(s)) } dsi|

wo Li(u(f))
f(0,u0)  f(t1,m(tr))

q-1 - ql
F()/ (t=8)T Iy (s) ds+F()/(t s) hz(s)ds:|

< [Lo|un(®)| + F0]|:

Li(u(f))
< [La|uxn(t)| + F H +
[Lalun(@)] + Fo] f(0,u0) ~ fltrm(tr)
el ( 2 — )7
il joo + ———— ||l
+F(q+1)” 1llz I‘(q )|| 2|z
Thus,
FoH,
) < ——. 41
’M21()’_1_L2H2 (41)
Taking supremum over ¢, we have
FoH,
< —= =N,. 42
leeo1 || < 1= L, 2 (42)
Finally, we have
u LG (¢ t t
: 1a(n) e + 270 (43)

f(O Uo) f(tbul 0)|  Tq+D "T+D)
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and
L(ui(t)) td
Loy < Lo| | 7 + thMA+Nq1ﬂhM
(tz )7
F( Yy |h2||L°°j| (44)

So, the operator equation AyuB,u = u has a solution denoted by u;(¢) in S,.
If ¢t € jis1 (k=2,3,...,m), repeating the same process, we obtain u,1)(¢) € C(Jk+1,R)
(k=2,3,...,m). So, we get a mild solution of IHFDE (4). The proof is completed. O

4 Example
In this section we give a simple example to illustrate the usefulness of our main result.

Example 4.1 Let us consider the impulsive hybrid fractional differential equations

0 2 (o)
Db Lt un) = ety £ € [0\ &,
u(ty) = u(tl )+ (=2u(t)), t#0,1 (45)

u(0) =

where v; >0, vy > 0 are constants and 0 < g < 1.
Set

e |u(t)]

f(6u(®) = e + |u(t) 1+ )T+ [u(e)])

, o g(tu®) =

for all (¢,u) € [0,1] x R.
Obviously,

f(tu®)#0 and f(¢,u(f)) =1 (6 u(E))
for all (¢, u) € [0,1] x R. There exist constants Ly =1 (k = 1,2) such that
Lf(t, w) ~f(t, M2)| < Lilug — up|

forall t € Jy (k=1,2) and uy, u; € R.

By
ev1t
u(t) _ 1- eult—;ujf?’ u(t) >0 (46)
f(tr M(t)) -1+ —u()’ M(t) <0
we have that the function u — m is increasing in R for [0, #].
For all #z € R and each ¢ € [0,1], we have
—vt ul(t e—ut e—uzﬁ
g(tu() = O _ < (47)

A+e)A+u@)) ~1+e = 27
So, choosing some vy, vy > 0 large enough, we have

g

—2u(ty)
o ]| T e

1-t) ||/l +1) ||h2||L1:| <l
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Thus all the assumptions in Theorem 3.1 are satisfied, our results can be applied to prob-
lem (45).
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