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Abstract

By using the Manasevich-Mawhin continuation theorem and some analysis skills, we
establish some sufficient condition for the existence and unigueness of positive
T-periodic solutions for a generalized Rayleigh type ¢-Laplacian operator equation.
The results of this paper are new and they complement previous known results.
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1 Introduction

During the past few years, many researchers have discussed the periodic solutions of a
Rayleigh type differential equation (see [1-10]). For example, in 2009, Xiao and Liu [7]
studied the Rayleigh type p-Laplacian equation with a deviating argument of the form

(Bp(¥@)) +f(£,5 () +g(t,2(t - T(2))) = e(®).

By using the coincidence degree theory, we establish new results on the existence of pe-
riodic solutions for the above equation. Afterward, Xiong and Shao [9] used the coinci-
dence degree theory to establish new results on the existence and uniqueness of positive
T-periodic solutions for the Rayleigh type p-Laplacian equation of the form

(@ (x @))) +£ (6% ) + g(,%(2)) = e(®).

In this paper, we consider the following Rayleigh type ¢-Laplacian operator equation:

(p(x'@®)) +£(t. % ®) +g(t,x(2)) = e(®), 1.1)

where the function ¢ : R — R is continuous and ¢(0) = 0. f,g € Car(R x R,R) is an L?-
Carathéodory function and p = %, m > 2, which means it is measurable in the first vari-
able and continuous in the second variable. For every 0 < r < s, there exists /4, € L[0, T]
such that |g(¢,x(¢))| < h,, for all x € [r,s] and a.e. t € [0, T]; and f, g is a T-periodic func-
tion about ¢ and f(¢,0) = 0. e € L?([0, T],R) and is T-periodic.

Here ¢ : R — R is a continuous function and ¢(0) = 0, which satisfies
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(A1) (@(x1) = P(x2))(¥1 —x2) > O for Yoy # %2, x1,%2 € R;
(Ay) there exists a function & : [0, +00] — [0, +00], a(s) — +00 ass — +00, such that ¢(x) -
x> a(|x|)|x| for Vx € R.

It is easy to see that ¢ represents a large class of nonlinear operators, including ¢, : R —
R is a p-Laplacian, i.e., ¢, (x) = [x["~%x for x € R.

We know that the study on ¢-Laplacian is relatively infrequent, the main difficulty
lies in the fact that the ¢-Laplacian operator typically possesses more uncertainty than
the p-Laplacian operator. For example, the key step for ¢, to get a priori solutions,
foT(@; (x(2))) x(t) dt = — fOT |« (£)|? dt, is no longer available for general ¢-Laplacian. So, we
need to find a new method to get over it.

By using the Manasevich-Mawhin continuation theorem and some analysis skills, we
establish some sufficient condition for the existence of positive T-periodic solutions of
(1.1). The results of this paper are new and they complement previous known results.

2 Main results

For convenience, define
ClT = {x e CY(R,R): xis T—periodic},

which is a Banach space endowed with the norm || - ||; define ||x|| = max{|x|o, |x"|o} for all
x, and

xlo = max |x(8)],  |«'], = max ['(8)].
te[0,T] te0,T)

For the T-periodic boundary value problem
(6 () =f(t.xx), (21)
heref": [0, 7] x R x R — R is assumed to be Carathéodory.

Lemma 2.1 (Manasevich-Mawhin [11]) Let Q be an open bounded set in C.. If
(i) foreach A € (0,1), the problem

(0(¥)) =af(txx),  x0)=x(T),  #'(0)=«/(T)

has no solution on 02;
(i) the equation

F(a) := —/Tf(t,x,x/)dtzo
0

has no solution on 9Q NR;
(iii) the Brouwer degree of F

deg{F,QNR,0}#0.
Then the periodic boundary value problem (2.1) has at least one periodic solution on Q.

Lemma 2.2 If ¢(x) is bounded, then x is also bounded.
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Proof Since ¢(x) is bounded, then there exists a positive constant N such that |¢(x)| < N.
From (A;), we have a(|x])|x] < ¢(x) - x < |¢p(x)| - |x] < N|x|. Hence, we can get a(|x]) <N
for all x € R. If x is not bounded, then from the definition of «, we get «(|x|) > N for some
x € R, which is a contradiction. So x is also bounded. O

Lemma 2.3 Suppose that the following condition holds:
(Az) (31 —x2)(g(t;%1) — g(£,%2)) < O for all £, x1, %, € R, %1 7 %5.

Then (1.1) has at most one T-periodic solution in C.
Proof Assume that x;(¢) and x,(t) are two T-periodic solutions of (1.1). Then we obtain
(p(x1®) = d(H5 () +£ (£, %,(0) —f(£,25(8)) + g(t, 21 (D) — g(£,%2(8)) = 0. (2.2)
Set u(t) = x1(£) — x2(¢). Now, we claim that
u(t) <0 forallteR.
In contrast, in view of x;,%, € C'[0, T, for t € R, we obtain

max u(t) > 0.
teR

Then there must exist £* € R (for convenience, we can choose t* € (0, T')) such that

u(t*) = max u(t) = maxu(t) >0,
( ) te[0,T]) () teR ()

which implies that
W () = () (¢ =0
and
x1(£°) —x2(£%) > 0.
By hypothesis (A3) and (2.2), we have
(6 () o () = - (¢ () = f (¢,2(£7))]
- [g(#,m(£7) - g (¢, %2(")) ]

= —[g(t", 2 (¢7)) - g(¢,%2(¢7))] > 0,

and there exists & > 0 such that (¢(x}(£)) — ¢(x5())) > 0 for all ¢ € (t* — &,¢*]. Therefore,
o (x1(£)) — P(x5(2)) is strictly increasing for ¢ € (£* — &, ¢*], which implies that

P (x1(0)) — d(x5(0)) < P(x;(£°)) — P (x3(t*)) =0 forallt € (¢* —&,%).
From (A;) we get

u'(t) = x)(£) —x3(£) <0 forallz € (t* —&,t%).
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This contradicts the definition of £*. Thus,
u(t) =x1(t) —x,(t) <0 forallt eR.

By using a similar argument, we can also show that
x(t) —x1(£) < 0.

Therefore, we obtain
x1(£) =x,(t) forallteR.

Hence, (1.1) has at most one T-periodic solution in C%. The proof of Lemma 2.3 is now
complete. O

For the sake of convenience, we list the following assumptions which will be used re-
peatedly in the sequel:

(H;) there exists a positive constant D such that g(¢,x) —e(t) < 0 forx > Dand t € R, g(¢,x) —
e(t)>0forx<0andteR;

(Hp) there exist constants o > 0 and m > 2 such that f (¢, u)u > o|u|” for (t,u) € [0, T] x R;

(H3) there exist positive constants p and y such that |[f(t,u)| < plu™ + y for (t,u) €
[0,T] x R;

(Hy4) there exist positive constants «, 8, B such that

|g(t,x)| <alx|”t+B for|x|>BandteR.
By using Lemmas 2.1-2.3, we obtain our main results.

Theorem 2.1 Assume that conditions (H;)-(Hy) and (As) hold. Then (1.1) has a unique
positive T-periodic solution if o — 0‘;':1 > 0.

Proof Consider the homotopic equation of (1.1) as follows:

(p(X(@®)) +1f (6,2 (1)) + Ag(t, x(t)) = re(?). (2.3)

By Lemma 2.3, it is easy to see that (1.1) has at most one T-periodic solution in CIT. Thus,
to prove Theorem 2.1, it suffices to show that (1.1) has at least one T-periodic solution
in C%.. To do this, we are going to apply Lemmas 2.1 and 2.2. Firstly, we will claim that the
set of all possible T-periodic solutions of (2.3) is bounded. Let x(t) € C}. be an arbitrary
solution of (2.3) with period T. As x(0) = x(T'), there exists ¢y € [0, T] such that x'(to) = 0,
while ¢(0) = 0, we see

6 @) -

[ o) as

0

T T T
EA/O V(t,x(t))!dt+k/0 |g(t,x(t))|dt+k/0 le(t)] dt, (2.4)

where ¢t € [tg,ty + T1.


http://www.advancesindifferenceequations.com/content/2014/1/225

Xin and Cheng Advances in Difference Equations 2014, 2014:225 Page 5 of 10
http://www.advancesindifferenceequations.com/content/2014/1/225

We claim that there is a constant & € R such that

[x(£)| < D. (25)

Let £, t be, respectively, the global maximum point and the global minimum point of x(z)
on [0, T]; then x'(£) = 0, and we claim that

(¢ @) =<o0. (2.6)
Assume, by way of contradiction, that (2.6) does not hold. Then (¢(x'()))’ > 0 and there
exists ¢ > 0 such that (¢(x'(¢)))’ > 0 for ¢ € (£—¢, +¢). Therefore ¢(x'(¢)) is strictly increas-
ingfor ¢ € (t—¢,t+¢). From (A;) we know that &' (¢) is strictly increasing for ¢ € (£—¢,£+¢).

This contradicts the definition of ¢. Thus, (2.6) is true. From f(¢,0) = 0, (2.3) and (2.6), we
have

¢(52(0) —e(® > 0. 2.7)
Similarly, we get
g(6x®) - e®) < 0. (2.8)
In view of (H;), (2.7) and (2.8) imply that
x(t) <D, x(¢) > 0.
Case (1): If x(2) € (0, D), define & = £, obviously, |x(§)| < D.
Case (2): If x(t) > D, from x(£) < D, we know x(£) = x(¢). Define & = £, we have |x(£)| = D.

This proves (2.5).
Then we have

0] -

x(€) + /;x/(s) ds

5D+/t|x/(s)|ds, tel&,&+T)
£
and

|x(t)| = |x(t— T)| =

& &
x(é)—/ x'(s)ds §D+/ |x/(s)|ds, tel&,E+T).
T T

Combining the above two inequalities, we obtain

|x]o = max |x(t)| = max |x(t)|
te(0,T] tel§,&+T)

¢ £
< max {D+l</ }x/(s)|ds+/ |x’(s)|ds>}
tel£,£+T) 2\ Je T

I
5D+5/0 |%'(s)| dis. (2.9)
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Since «/(t) is T-periodic, multiplying «'(¢) and (2.3) and then integrating it from 0 to 7,
we have

T !
0- / (6(x()) % (O de
0

T T T
=\ / F (&2 (0)x' () dt — 1 / g(t,x(0))'(£) dt + A / e(H)x'(¢) dt. (2.10)
0 0 0

In view of (2.10), we have

T T T
/ f(t,x/(t))x/(t)dt’ = ‘—/ g(t,x(t))x/(t)dt+/ e(t)x/(t)dt‘.
0 0 0
From (H,), we know

T T
/ f(t,x/(t))x/(t) dt|>o / |x/(t)|mdt.
0 0

Set
Er={te(0,T]||x(t)| <B},  Ey={te[0,T]||x(s)|>B}.

From (H,4), we have
T
/ md
o /0 |¥'()|" dt
T
= [ leeso)lvoldes [ jeolio]

m T i T
§</El|g(t”‘(”)|m”") (/0 |x/<f>|mdt> +a /0 w0 "% (0

T T
+,s/0 |x(t)|dt+/0 e(6)| | (0)| i

T i T m-1 T
§|g3|n¢1(/0 |x/(t)]mdt> +a<D+%/O |x’(t)|dt> /O|x’(t)|dt
-1 T / m % ’ % % g / m %
+ﬁTm(/0 ()| dt) +</O (0| ) (/0 ()| dt)
o i o 2D m-1 o m
=|gB|%(/O |¥'(@)| dlf) +2m_1(f0T|x’(t)|dt+l) (/0 |x(t)’dt)
m-1 r % T
+ﬁTT(/O |x/(t)|’”dt> +|e|ny«l(/0 {x/(t)}mdt) , (2.11)

where gs = max < |g(t, ()], Igal = = (f, 1gal ™1 dt)"m .
For the constant § > 0, which is only dependent on k > 0, we have

N

Q+x)f<1+Q+kx forxel0,8].

Page 6 of 10
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So, from (2.11), we have

T
o/o |¥'(6)|™ dt
o m 2Dm T "
SlgB"”m“</o <) dt) "o 1(1+f0T Ix/(t)ldt)<-/o [ (t)|dt>
r ; ;
+ ,BTV%1 (/ ’x/(t)’mdt> +lel m (/ !x t)| dt)
T m T m-1
- g5l (/ " m) +2?4<A Wuﬂm) 2mf<ﬂ wunm>
r ; ;
+ BT W </0 |x/(t)|mdt> + lel_m. (/ | (2)] dt)
T , " aT™ 1
5|g3|mm;</o %' (2)] dt) +2—/ |¥'(6)|" dt
bt T zt
. T " L T " i
+ BT </0 ' (2)| dt) + el _m (/ % (®)] dt)
Tm—l T , " mW
:O;T/O o) de+ — m— (/ [ )
+ (gl m + BT +le| m (/ ()] dt)

Since o — T — > 0, so it is easy to see that there is a constant M > 0 (independent of 1)
such that

N

N

T
/0 |x'(6)|" dt < M.

By applying Holder’s inequality and (2.9), we have

N

1 [T | . T 1 m 1
|x|0§D+—/ |x’(s)|ds§D+—T71 / \x'(t)|mdt §D+—T71(Mi)’” =M.
2 o 2 o 2
In view of (2.4) and (H3), we have

[6(<)], = max {{¢(@)]}

t€[0,T]

= max
telto,to+T] to

T T T
= /0 [f (&:'(®)) | dt + /0 g (t:x(2)) | dt + /0 le(t)| dt

m-1

<,0/ ' (8)]" dt+yT+Tm(/ \g(t,2(8)) |7 dit >7

(0(+(0) ds
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m-1

T T

T% %d

+ (/0 |e(t)| t

1 T 0 1 T m
<pTn </O |x/(t)|mdt> +yT+ T (/0 |g(t,x(t))|mldt>

. T - m-1
+ T (f le(t)| ™1 dt)
0

m
m
m-1

< pTH (M) +yT+ T T le|wa := M,
=pLm 1 ty1L + mlgM1|”’7*1+ Wlle|m7,1,_ 2

m-1

m

where |gy; | = MaxXjx() <ay (2 %(2))].
Thus, from Lemma 2.2, we know that there exists some positive constant M, > M} + 1
such that, forall t € R,
|x’(t)| <M,.

Set M = /M?} + M3 + 1, we have

Q={xeCrRR) | |xlo <M +1,

x/|0§M+1},

we know that (2.4) has no solution on 32 as A € (0,1) and when x(¢) € IQ NR, x(¢£) = M +1
or x(t) = —M -1, from (2.11) we know that M + 1 > D. So, from (H;) we see that

1 (T
—/ {g(t,M +1)— e(t)} dt <0,
T Jo
1 /T
— / {g(t, -M-1) - e(t)} dt > 0.
T Jo
So condition (ii) is also satisfied. Set
1 (T
o) = s~ 0- ) [ et —eto) dt,
0
where x € 9Q N R, u € [0,1], we have
1 (T
xH(x, @) = px® — (1 - u)x? / {g(t,x) - e(t)} dt >0,
0
and thus H(x, ) is a homotopic transformation and
1 T
deg{F,QNR,0}= deg{—? / {g(t,x) - e(t)} dt,2N R,O}
0

=deg{x, 2N R,0} #0.

So condition (iii) is satisfied. In view of Lemma 2.1, there exists at least one solution with
period T.

Suppose that x(¢) is the T-periodic solution of (1.1). We can easily show that (2.8) also
holds. Thus,

x(t) > min x(¢) =x(t) >0 forallteRR,
te[0,T]

Page 8 of 10
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which implies that (1.1) has a unique positive solution with period 7. This completes the
proof. d

We illustrate our results with some examples.

Example 2.1 Consider the following second-order p-Laplacian-like Rayleigh equation:
(¢p (x/(t)))/ + (10 + 5sin £)x'(¢) — (5x(¢) + sin* £ — 8) = o't (2.12)

where ¢, (1) = [ulPu.

Comparing (2.12) to (1.1), we see that g(¢,x) = —5x(t) — sin® £ + 8, f(t, u) = (10 + 5sin’ t)u,
e(t) = ec"szt, T = . Obviously, we know that ¢, is a homeomorphism from R to R sat-
isfying (A;) and (A;). Consider (x; — x2)(g(t,x1) — g(t,%2)) = =5(x1 — x2)? < 0 for x1 # xy,
then (Aj3) holds. Moreover, it is easily seen that there exists a constant D = 2 such that
(H,) holds. Consider f(¢, u)u = (10 + 5sin® £)u® > 1042, here o = 10, m = 2, and |f(t, u)| =
|(10 + 5sin® £)u| < 15|u| + 1, here p =15, y = 1. So, we can get that conditions (H,) and
(Hs) hold. Choose B > 0, we have |g(¢,x)] < 5|x| + 9, here « =5, 8 = 9, then (H4) holds

T:

ando - %5~ =10 - 57” > 0. So, by Theorem 2.1, we can get that (2.12) has a unique positive

periodic solution.

Example 2.2 Consider the following second-order p-Laplacian-like Rayleigh equation:
(@(*'(®)) + (200 + 16 cos? £) (x' (1)) — (2053 (#) + 10 cos (1) — 15) = ™, (2.13)

where ¢(u) = el

Comparing (2.13) to (1.1), we see that g(¢,x) = —20x> — 10cos® ¢t + 15, f(¢,v) = (200 +
16cos® 13, e(t) = &L, T = 7. Obviously, we get
‘2

(el = yeP™*)(x = ) = (Ixle™” = [yle”™) (12| - 1y]) = 0

and
) x = e,

So, we know that (A;) and (A;) hold. Consider (x; — x)(g(t,%1) — g(¢,%2)) = —20(x; —
%2)? (%2 + x1x2 + x3) < O for x1 # %y, then (A3) holds. Moreover, it is easily seen that there
exists a constant D = 1 such that (H;) holds. Consider f(t, v)v = (200 + 16 cos? £)v* > 200v%,
here o = 200, m = 4, and [f(¢,v)| = |(200 + 16 cos? £)v3| < 216|v|® + 5, here p = 216, y = 5.
So, we can get that conditions (Hz) and (Hs3) hold. Choose B > 0, we have |g(¢,x)| <
20|x[® + 25, here « = 20, B = 25, then (H,) holds and o — 222 =200 — 20;—3”3 > 0. There-

om-1 =

fore, by Theorem 2.1, we know that (2.13) has a unique positive periodic solution.
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