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1 Introduction
We consider the following form for the fractional evolution equations:

Dix(t) = Ax(¢) + f(t,x(t)), teR*:=[0,00), @)
.?C(O) = X0, '

where D? is the Caputo fractional derivative of order 0 < g <1, A is the infinitesimal gen-
erator of a strongly continuous semigroup of bounded linear operator {T'(¢)};>o in Banach
space E, and f : R* x E — E is a given function.

Fractional differential equations have appeared in many branches of physics, economics,
and technical sciences [1, 2]. There has been a considerable developments in fractional dif-
ferential equations in the last decades. Recently, the definition for mild solutions of frac-
tional evolution equations was successfully given in two ways: one was given by using some
probability densities [3—6], the other was given by the so-called solution operator [7-10].
In the scheme of these definitions, many interesting existence results for mild solutions
were established by various fixed-point theorems.

We notice that all the papers mentioned above were investigated mild solutions on a
bounded interval. On the other hand, research on mild solutions on an unbounded inter-
val of the integer order evolution equations could be found in papers [11, 12] and the ref-
erences therein. Very recently, Banas, O'Regan [13] studied existence and attractiveness of
solutions of a nonlinear quadratic integral equations of fractional order on an unbounded
interval. By means of Darbo’s fixed-point theorem, Su [14] considered the existence of
solutions to boundary value problems of fractional differential equations on unbounded
domains. So we think there is a real need to concern existence results for fractional evolu-
tion equation on an unbounded interval. But as far as we known, there are few works on
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this subject up to now. Motivated by this, we concern ourselves with existence results for
mild solutions of problem (1.1) in the present paper by the Tichonov fixed-point theorem.

The rest of paper will be organized as follows. In Section 2 we will introduce some basic
definitions and lemmas from the measure of noncompactness, fractional derivation, and
integration. Section 3 is devoted to the existence results for problem (1.1). We shall present

in Section 4 an example which illustrates our main theorems.

2 Preliminaries

In this section, we collect some definitions and results which will be used in the rest of
the paper. Let (E, || - ||) be a real Banach space. Define L?([0, b], E) be the space of E-valued
Bochner functions on [0, b] with the norm ||x]|17[0,5] = (foh lx(s)]1” ds)ll’, 1 <p < o0.Denote
by C(R*, E) the space of continuous functions from R* into E.

Definition 2.1 ([2]) The Riemann-Liouville fractional integral of order g € R* of a func-
tion f : R* — E is defined by

1 t
IIf (@) = —/ (t-9)Tf(s)ds, ¢>0,
of I'(q) Jo s
provided the right-hand side is pointwise defined on R*, where I" is the gamma function.

Definition 2.2 ([2]) The Caputo fractional derivative of order 0 < g <1 of a function f €
C'(R*;E) is defined by

1

Df(t) = Fi_g

/t(t -s5)7f'(s)ds, £>0.
0

The space C(R*, E) is the locally convex Fréchet space of continuous functions with the
metric

d(x,y) = Sup{2"M n= 1,2,...},
T+ llx=yln

where |lx]|,, = sup{[lx(®)| : £ € [0, n]}.

According to [11], a sequence {x,} is convergent to x in C(R*,E) if and only if {x,} is
uniformly convergent to x on compact subsets of R*. Moreover, a subset X C C(R*,E) is
relatively compact if and only if the restrictions on [0, T] of all functions from X form an
equicontinous set for each 7' > 0 and X (¢) is relatively compact in E for each ¢ € R*, where
X(t) = {x(¢) : x € X}.

Next, we present some basic facts concerning the measure of noncompactness on
C(R*,E). Let 0 be the zero element of E. Denote by B(x,r) the closed ball centered at x
with radius and by B, the ball B(0, r). If X is a subset of E, then the symbols X and Conv X
stand for the closure and convex closure of X, respectively. Further we assume 91 to be
the family of all nonempty and bounded subsets of E, 91 represents its subfamily consist-
ing of relatively compact sets.

Definition 2.3 ([15]) A function p: 9 — R* is said to be of regular noncompactness if
it satisfies the following conditions:
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(i) pnX)=0< X eNg.
(i) X CY = pX) < u(Y).
(iii) w(ConvX) = u(X).
(iv) pAX+A-=2)Y) <AuX)+@Q-2)u(Y) for A €[0,1].
(v) w(AX) = |A|u(X) for A € R.
(vi) n(X +Y) < pu(X) + pn(Y).
(vii) u(XUY)=max{u(X),n(Y)}.
(viii) If {X,} is a sequence of nonempty, bounded, and closed subsets of E such that
X1 C X, (n=1,2,...) and if lim,_, o, u(X,,) = 0, then the intersection
Xoo =2 X is nonempty.

Next we consider the measure of noncompactness in C(R*, E) introduced in [16]. To this
end, let : R* — (0, 00) be a given function and

M, ={X CC(R",E): X #0,

x(t)“ <r(t)forxe X,t > 0}.

Denote by 0, the family of all relatively compact members of i,
Fix X € M, and T > 0; for x € X and € > 0, denote by w” (x, €) the modulus of continuity
of the function x on the interval [0, T] as follows:

ol (x,€) = sup{ ||x(t) —x(s) || :t,s€[0,T),|t—s| < e},
Further, we define
o'(X,e) =sup{o’ (x€),xe X}, ] (X)= lim, ol (X, €).

Remark 2.4 ([15]) We observe that functions from the set X € 91, are equicontinuous on
compact intervals of R* if and only if ! (X) = 0 for each T > 0.

Assume that y is the regular measure of noncompactness in E and let us put @’ (X) =
sup{u(X(¢)) : t € [0, T]}; we define the y on the family 9, by

Yr(X) = sup{ 1% (w5 O, 7T (X)) : T = 0}, 2.1

where R: R* — (0, 00) is a given function such that r(¢) < R(¢) for t > 0.

Theorem 2.5 ([11]) The mapping yg : M, — R* has the following properties:
(1) The family ker yg = {X € M, : yr(X) = 0} =N,..
(2) yr(Conv(X)) = yr(X).
(3) If {Xu} is a sequence of closed sets from M, such that X,.»a C X, (n=0,1,...) and if
lim,,_, o0 Yr(X,1) = 0, then the intersection X = ﬂZil X, is nonempty.

For X € 9M,, let us denote fOtX(r)dr = {fotx(t)dr,x € X}.

Lemma 2.6 ([17]) If all functions belonging to X are equicontinuous on compact subsets of
R* then

,u(/o X(r))f/o w(X(t))dr  fort=0.
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Lemma 2.7 ([15]) If j is a regular measure of noncompactness then
[1(X) = (V)] = 1(B(0,1))dpy (X, Y)
for any bounded subset X,Y C E, where dy is the Hausdor{f distance between X and Y.

Lemma 2.8 ([18]) Suppose that x > 1, then

<f)xm<1 + L) <Tlx+1)< (9—c>x«/2nx(1 +
12x e

1
e 12x-05 )"

Similar to Cauchy’s formula, we have the following lemma.

Lemma 2.9 Ifz:R* — R is a continuous function and q > 0, then

t 81 Sn
/ (t - Sl)q_1 / (S1 - SZ)q_l e / (sn - Sn+1)q_lz(5n+1) dsn+1 dsn e dsl
0

Fn+1(q

(n+1 1
(n+1)q)/ - s,

Proof By changing the integral order and some calculations, one can prove the lemma

easily. We omit the proof here. 0

Theorem 2.10 ([19], Tikhonov fixed-point theorem) Let V be a locally convex topologi-
cal vector space. For any nonempty compact convex X in V, if the function F : X — X is

continuous, then F has a fixed point in X.

3 Main results
In this section we will establish the existence results. Based on reference [4], we give the

definition of the mild solutions of problem (1.1) as follows.

Definition 3.1 A continuous function x : Rt — E is said to be a mild solution of (1.1) if x

satisfies
x(t) = S(t)xo + / (== ) (5 2(5)) s
0
where

S(t) = foogq(e)T(tqe) do
0 (3.1)

() =¢q / " 0e,0)T(¢49) b,
0

£(0) = ‘1"\11 ((077),

v, (0) = — Z( 1)"lg-a- 1F( q )sm(mrq) f eR*.
n=1
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Remark 3.2 ([20]) &,(0) is the probability density function defined on R* and

/o esq(e)dezfo 57 Va(0)d0 = .

To state and prove our main results for the existence of mild solutions of problem (1.1),

we need the following hypotheses:

(H1) The Cy-semigroup {T'(¢)}:0 generated by A is compact and there exists a constant
M > 0 such that M = sup{|| T(¢)||;t € R*} < +00.

(H2) The function f : R* x E — E satisfies the Carathéodory type conditions, i.e.
f(t,-): E— Eis continuous for a.e. t € R* and f(-,x) : Rt — E is strongly
measurable for each x € E.

(H3) There exists a locally Lll’ -integrable (0 < p < ¢g) function m : R* — R* such that
IIf (&, x)|| <mf(t) forall x € E and a.e. £ € R*.

(H4) k:R* — R" is a measurable and essentially bounded function on the compact
intervals of R* such that

w(f(60) < kB

for a.e. t € R* and bounded subsets X of E, where p is a regular measure of

noncompactness on E.

Remark 3.3 If ||f(t,x) — f(t,y)| < L®)|x — y|l, L(t) € LY(R*,R"), x,y € E, then we get
a(f(t, X)) < L(t)a(X) for each bounded X C E and a.e. £ € R*.

Lemma 3.4 Assume that hypotheses (H1)-(H3) hold, then:
(i) Forany fixedt >0, &(t) and X(t) defined in (3.1) are linear and bounded operators,
i.e. foranyx € E,

|| <Mixl, T < %nxn.

(i) S(t) and Z(t) are continuous in the uniform operator topology for t > 0.

Proof (i) was proved in [6] and (ii) can easily be proved by the compactness of the semi-
group {T(¢t)}>0. We omit the proof here. O

Theorem 3.5 Under the assumptions (H1)-(H4) problem (1.1) has at least one mild solu-
tion x in C(R*,E) for each x € E.

Proof Define operator F : C(R*,E) — C(R*,E) by
(Fx)(t) = &(t)xg + /t(t —s) g (¢ - s)f(s,x(s)) ds, t>0.
0

Firstly, we shall show that there exists a function 7 : R* — (0, 00) such thatif x € C(R*, E)
and ||x(¢)|| < r(¢) for t > 0, then

(B0 < r@). (3:2)
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- M (1by\l-psq-p
In fact, we choose r(t) = M|jxo || + ) (q_p) t ||m||u% o) then from the hypotheses we

have

||(Fx)(t) || < ||6(t)x0 || + /0 (£ —s)1(¢ —s)f(s,x(s)) ds

= H f ” £,(0)T(¢70)x0 dO H
0

+

q / -9 / " 06, (6) T (¢ - 5116) o (5,+(5)) s
0

0

M [t o
SMllxoll+Tq)/o(t—S)q m(s) ds

M t g-1 1-p
< Mol + L /(t_s)l,p ds) lmll
(g \Jo L7[0,4]

M [(1-p\'7?
< Milxoll + —(—‘”) 7 |
g \gq-p L

1
710,t]

= r(¢).

Moreover, r(t) is nondecreasing.

Let us fix x € C(R*, E) such that ||x(¢)|| < r(¢), we will estimate the modulus of conti-
nuity of the function Fx. Fix arbitrary 7 > 0 and € > 0 and take #, ¢, € [0, T] such that
|t, — t1] < €. Without loss of generality, we assume that £, > £, then

| (Fx)(22) - (Fx)(81) |

= H(‘S(tg)xo + /Otz (b — )T % (ty — s)f(s,x(s)) ds

— S(ty)xg + /tl(tl —8)171g (4 - s)f(s,x(s)) ds
0

< [ S(t2)x0 — S(tr)xo]| +

/tz(tz - )Tty - 5)f (s, %(s)) ds

i

+

/(; 1[(112 —s) 1 — (4 - s)q_l]‘S(tz - s)f(s,x(s)) ds

+

/tl (4 — )7 [‘I(tz —5)—%(t - s)]f(s,x(s)) ds
0

< a)T(G,e)HxOH + % L 2(t2 —S)q—lm(s) ds
+ % /Otl [(t1 —8)17 (1 —s)q_l]m(s) ds
+ / 1(t1 —s)it ||‘$(t2 —5)—%(ti —s) Hm(s) ds
0

M [(1-p\'?
<o’(&,€)lxoll + —(—p) €TP|m|| 1
L@ \g-p LP [t1.]

M i 1 q-1 = i
- _g) _ — | 1-»r
([l -9y as) Ty

Page 6 of 10
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+v7(T,¢€) /tl (t1 — )T m(s) ds
0

M (1-p\'*
<l (S,€)lxo | + —(—) €T sup{|lm|| 1 0<H <t <T}
'@ \g-p L7 [t1,t2)

M [(1-p\'?
+—(—”) T |m|| 1
@) \g-p LP[0,1)

1-p\'?*
+ vT(T,e)(—p> T |m| 1
q-p

LP[0,T]

= Q(T,e¢),

where wT(G’ E) = sup{HG(tZ) - 6(tl)" th,t € [0; T]: |t2 - t1| = 6}, UT(Z) 6) = Sup{”‘z(tZ) -
Tl :t1, 5 €10, T], |t2 — ta] <€}
Therefore, we have

|(Ex)(22) = (Fx)(11) || < QT €) (3.3)
for x such that ||x(¢)|| < r(£). From Lemma 3.4, we have

lim Q(T,e)=0 for T >0. (3.4)

e—>0%

Now define the subset Q of C(R*, E) as follows:
Q= {x € C(R*,E) : ||x(t)|| <rt),w! (x,€) <QT,€) fort, T,e > 0}.

In view of x(¢) = Mx, € Q, we see that Q is nonempty. Moreover, Q is a closed and convex
subset of C(R*, E). From (3.4) and Remark 2.4, we find that the set Q is the family consist-
ing of functions equicontinuous on compact intervals of R*. By (3.2) we find that F maps
Q into itself.

Next, we will show that F : Q — Q is continuous. For x,x, € Q such that lim,,_, .o x, = x
in C(R*,E), we have

lim sup||x,,(t) —x(¢) H =0, T=>0.
n—00 t<T

Fix T > 0; then we get

su;T)” (Fx,)(t) — (Fx)(t) “ < su}})/o (t—s)1! H‘Z(t - s)[f(s, x,,(s)) —f(s,x(s))] || ds

t
< M sup/ T Hf(s, x,,(s)) —f(s,x(s)) ” ds.
I'(q) <1 Jo
Hence lim,_, o Fx,, = Fx in C(R*, E) by the Lebesgue dominated convergence theorem and
hypothesis (H2).
Let Qp = Q, Q, = ConvF(Q,-1) for n =1,2,..., then all sets of this sequence are
nonempty, closed, and convex. Moreover, Q,,1 C Q, for n=0,1,.... By the equicontinuity

of the set Q on compact intervals, we have

a)OT(Qn)zo, forn=0,1,..., and T > 0.
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Set z,(t) = 1(Q,(¢)). From Lemma 2.7 and (3.3) we have
|Zn(t) - Zn(S)| < M(B(O,l))Q(T: |t - Sl),

which together with (3.4) implies the continuity of z,(t) on R*.
By the properties of 1, Lemma 2.6, and Hypothesis (H4) we have

Zu1(t) = u((Conv FQ,)(2))
u ( / (£ =Tt - $)f (5, Qu(s) ds)
0
< M/t(t—s)q‘lk(s)zn(s) ds
0

< Mk() / t(t - 8)17"2,(s) ds,
0

where k(t) = ess sup{k(s) : s < t}, obviously, k(t) is nondecreasing.

By the method of mathematical induction and Lemma 2.9, we have

2y (£) < MK(2) / t(t —5)7"2,(s) ds
0

t

< MR f

51
(t-s)" / (51— 52)1 2, 1(52) dsy dsy
0 0

—n+ t i
< MR ) / (t—s)t! / (s1—s2)T -
0 0

Sn
X / (Sn - Sn+1)q7120 (Sn+1) dsn+1 dsn U dsl
0

—n+l FVHI (q)

n+l ' _ o)(m+l)g-1
<M"k (t)ir((n_'_l)q)/(;(t $)VHV 70 (s) ds.

Then for n > é we have

. Fn+1(q) t
Zp < M™k (¢ 75””)”_1/ zo(s) ds. 3.5
1= ()F((n+1)q) ; 0(s) (3.5)

Now we use the measure of noncompactness yr defined in C(R*, E) by formula (2.1),

where
R(t) =r(e)(1+ (Mr(q)%(t))é) (1 + f tzo (s) ds) (M
0

Obviously r(¢) < R(t). By (3.5), for n > é we have

-T n+17+1 F”“(‘Z) (n+1)g-1 r
m(Quat) =supzpn <Mk (1) —— =T zo(s) ds
t<T ['((n +1)q) 0

Page 8 of 10


http://www.advancesindifferenceequations.com/content/2014/1/27

Zhang et al. Advances in Difference Equations 2014, 2014:27
http://www.advancesindifferenceequations.com/content/2014/1/27

and

A (Qun) _ (ML (@)R(T))""~a Tr+Da-1
RI oy + gerakant T

((MT (q)HT))é T)(n+1a-1

— 1 "
r(T)T (1 + 1)q)eMT@KT) T

By the estimation sup{‘;—z ta>0} < Z—Z we have

7 (Qui1) - ((n +1)g —1)+Da-1
R(T) — r(T)T'((n+1)q)etr+a-1"

Then from Lemma 2.8, we get, for n > %,

A (Qu) _ 1

R(T) ~— r(D)/2n((n+1)g-1)

Hence we have

nlingo YR(Qpi1) = nlingo Sllp{ ﬁ (05 (Qus) B (Qus1)) : T > 0} =0.
In view of Theorem 2.5 we get Qx = (7o Qn # Y. Since 0 < ¥(Qso) < limy— o Yr(Qp),
we have y(Qx) = 0, which implies Q, is a compact subset in C(R*, E).
Consider F : Qs — Q. From the above arguments, we see that all the conditions of
the Tichonov fixed-point theorem are satisfied. Therefore F has at least one fixed point x
in Qoo, which is the mild solution of problem (1.1). The proof is completed. O

4 An example
In this section, we give an example to illustrate the applications of Theorem 3.5 established
in the previous sections.

Let © € R” be a bounded domain with smooth boundary 9. Consider a fractional ini-
tial/boundary value Cauchy problem of the form

Diu(t,z) = u,(t,2z) + f(t,u(t,z)), teR*,zeQ,
u(0,2) =ug, z€, (4.1)
u(t,z)=0, teR"ze€dQ,

where D7 is the Caputo fractional partial derivative of order 0 < g < 1, and f is a given
function.
?

Let E = L*(R2), we define an operator Au = % on E with the domain

du ) 9%u
DA)=3uckE:u, e are absolutely continuous, el €eE,u=00n0Q;.
z z

It is well known that A generates a strongly continuous semigroup {7'(¢)};>¢ which is com-
pact, analytic, and self-adjoint.

Page 9 of 10
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Then the system (4.1) can be reformulated as follows in E:

Dix(t) = Ax(t) + f(t,x(t)), teR",
x(O) = Ug,

where x(¢) = u(t, -), that is, x(¢£)z = u(t, z), z € Q.
Let us take g = %, f (t,x(t)) = % sinx(¢). Firstly, we see that (H1)-(H3) are satisfied. From

If (&, x(8)—f (£, y(@)]] < - |lx— y||oo and Remark 3.3 we find that (H4) is satisfied. According
to Theorem 3.5, problem (4.1) has at least one mild solution in C(R*, E).
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