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system, and therefore it can easily be verified. We also present some constructive
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1 Introduction
Dynamical neural networks have recently received a great deal of attention due to their po-
tential applications in image and signal processing, combinatorial optimization problems,
pattern recognition, control engineering, and some other related areas. In the electronic
implementation of analog neural networks, during the processing and transmission of sig-
nals in the network, due to the finite switching speed of amplifiers, some time delays occur
which may change the dynamical behavior of the network from stable to unstable. There-
fore, it is important to take into account the effects of the time delays in the dynamical
analysis of neural networks. On the other hand, it is well known that unavoidably some
disturbances are to be considered in the modeling and stability analysis neural networks.
The major disturbances occur within the network, which is mainly due to the deviations
in the values of the electronic components during the process of implementation. There-
fore, in recent years, many papers have focused on studying the existence, uniqueness,
and global robust asymptotic stability of the equilibrium point in the presence of time de-
lays and parameter uncertainties for various classes of nonlinear neural networks, and one
reported some robust stability results [1-43].

In the current paper, we aim to study the robust stability of a class of uncertain neural

networks with multiple time delays. By using the Lyapunov functional and homeomor-
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phism mapping theorems, a new delay-independent sufficient condition for global robust
asymptotic stability of the equilibrium point for this class of neural networks is derived.
Meanwhile, three numerical examples are presented to demonstrate the applicability of
the condition and to show the advantages of our result over the previously published ro-
bust stability results.

We use the following notation. Throughout this paper, the superscript T represents
the transpose. I stands for the identity matrix of appropriate dimension. For the vector
v=(1,v2...,v)T, [v| willdenote [v| = (|v1], [val,..., |v4])T. For any real matrix Q = (g;)nxn»
|Q| will denote |Q| = (|g1)nxn, and A,,(Q) and Ay (Q) will denote the minimum and max-
imum eigenvalues of Q, respectively. If Q = (g;))xx is a symmetric matrix, then Q > 0 will
imply that Q is positive definite, i.e., Q has all eigenvalues real and positive. Let P = (p;)nxn
and Q = (gi})uxn be two symmetric matrices. Then, P < Q will imply that vI Py <vT Qv for
any real vector v = (v1, vo, ..., v,)T. A real matrix P = (Dij)nxn is said to be a nonnegative ma-
trix if p;; > 0, 4,7 =1,2,...,n. Let P = (p)uxn and Q = (g;)uxn be two real matrices. Then,
P < Qwill imply that p; < gy, i,j =1,2,...,n. We also recall the following vector and ma-

trix norms:

n
Do IVl = max vil,
— 1<i<nmn

n
Wi =Y "l Ivla=
i=1
n n
IQlh =max > gl [1Qll2 = y/Amax(QTQ),  [1Qllec = max ¥ " |-
1<i<n “ 1 lszgnj T
Jj= =

2 Preliminaries
The delayed neural network model we consider in this paper is described by the set of

nonlinear differential equations of the form

dx;(t
Q;LE ) —cixi(t) +Za[ x;(2)) Zb/ (%t = 7)) + s, (2.1)

Jj=1 j=1

where i =1,2,...,n, n is the number of the neurons, x;(t) denotes the state of the neuron i
at time ¢, f;(-) denote activation functions, 4;; and b; denote the strengths of connectivity
between neurons j and i at time ¢ and ¢ — 7, respectively; 7; represents the time delay
required in transmitting a signal from the neuron j to the neuron i, u; is the constant
input to the neuron §, ¢; is the charging rate for the neuron i.

In order to accomplish the objectives of this paper in the sense of robust stability of
dynamical neural networks, we will first define the class of the activation functions that
we will employ in the neural network model (2.1) and the parametric uncertainties of the
system matrices A, B, and C.

The activation functions f; are assumed to be nondecreasing and slope-bounded, that

is, there exist some positive constants k; such that the following conditions hold:

f(x f(y

ki i=12,...,nVxy€ERxy.
x=y

This class of functions will be denoted by f € K.
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We will set intervals for the system matrices A = a;5, B = b and C = ¢; in (2.1) as follows:

Cr:= {C:diag(cﬁ:OjQﬁCja ie,0<g 50555,»,1':1,2,...,11},
Ap:i={A=(aj):A<A <A ie,a;<a;<a;ij=12,...,n}, (2.2)
By:={B=(b;):B<B=B,ie,b;<bj<byij=12,..,n}.

In what follows, we will give some basic definitions and lemmas that will play an important
role in the proof of our robust stability results.

Definition 2.1 (See [28]) Let x* = (x},3,...,x%)” be an equilibrium point of neural sys-
tem (2.1). The neural network model (2.1) with the parameter ranges defined by (2.2) is
globally asymptotically robust stable if x* is a unique and globally asymptotically stable
equilibrium point of system (2.1) for all C € C;, A € A, and B € B;.

Lemma 2.1 (See [29]) If H(x) € C° satisfies the conditions H(x) # H(y) for all x # y and
[|H(x)|| = oo as ||x|| — oo, then H(x) is a homeomorphism of R".

Lemma 2.2 (See [1]) Letx = (x1,%2,...,%,)T € R". If

AcAr={A=(ay):A<A <A, ie, a; <ay <ayij=12,...,n

then, for any positive diagonal matrix P and a nonnegative diagonal matrix X, the following
inequality holds:

xT(PA+ATP)x < xT(P(A* - Y) + (A" - T) " P)x

+ 2 (|PAs + 1) + Ay + 1) P, I)x,

where A* = 5 (A + A), A, = %( -A).
3 Robust stability analysis

In this section, we will present a new sufficient condition that guarantees the global robust
asymptotic stability of the equilibrium point of the neural network model (2.1), which is
stated in the following theorem.

Theorem 3.1 For the neural network model (2.1), assume that f € K and the network pa-
rameters satisfy (2.2). Then the neural network model (2.1) has a unique and globally robust
asymptotically stable equilibrium point for each u, if there exist a positive diagonal matrix

P and a nonnegative diagonal matrix Y such that the following condition holds:

M =2CPK™ — P(A* = Y) = (A* = 1) P | P(As + 1) + (A, + V)TP| I

= 23/npu(p1v/ IRl oo + p2v/ IRIL)I > 0,

where K = diag(k; > 0), A* = %(Z+A),A* = %(Z—A),pM =max(p;), R = (ry)xn with rj = lA?Z

with l;,-,» = max{ |Qij|, |El-,»|}, 01 and py are positive constants such that p1 + py = Land p1p; = 0.
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Proof We will first prove the existence and uniqueness of the equilibrium point of system
(2.1) by making use of the homeomorphism mapping theorem defined in Lemma 2.1. To

this end, we define the mapping associated with system (2.1) as
H(x) = -Cx + Af (x) + Bf (x) + u. (3.1)

We point out here that if x* is an equilibrium point of the neural network model (2.1),

then, by definition, x* satisfies the following equilibrium equation:
—Cx* + Af (x*) + Bf (x*) +u =0.

Therefore, every solution of the equation H(x) = 0 is an equilibrium point of system (2.1).
Hence, if we shaw that H(x) is homeomorphism of R”, then we will conclude that H(x*) = 0
has a unique solution for each u. In order to prove that H(x) is a homeomorphism of R”,
we choose two real vectors x € R” and y € R” such that x #y. In this case, we can write the

following equation for H(x) given by (3.1):
H(x) - H(y) = =C(x — ) + A(f®) - f»)) + B(f(x) - £ (). (32)
Let x #y. If f(x) — f(y) = 0 when x #y, then (3.2) takes the form
H(x) - H(y) = =Clx - y)

from which it follows that H(x) # H(y) if x — y # 0 as C is a positive diagonal matrix. Now
assume that f(x) — f(y) # 0 when x — y # 0. In this case, if we multiply both sides of (3.2) by
2(f(x) — f ()T P, we obtain

2(f(®) ~f) " P(H(x) ~ HY)) = -2(f(x) () PC(x ~ )
+2(f() ~f(5)) PA(f(x) ~ £ ()
+2(f(x) - £0)) " PB(F%) - ()
= 2(f(x) ~f () PCx~y)
+(f@-£0)" (PA+ATP)(f(x) £ ()
+2(F(x) ~£ () PB(f(x) ~ (), (3.3)

where P = diag(p; > 0) is a positive diagonal matrix.

In the light of Lemma 2.2, we can write

(F@®) -f»)" (PA+ATP)(F(x) - (7))
< (f@-£0)" (P(A" =) + (A" =1)"P) (@) - »)
+ (F@ —f )" (|PA, + ) + Ay + 1P| 1) (F®) - 3), (3.4)

where T is a nonnegative diagonal matrix.
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f € K implies that

—Z(f f()/)) PC x J/ = -2 szcz xl f(yz))(xz J/l)

<-2 Z p/fi (filx) —fz’()’i))2
=1 ¢
= 22(f(%) - ) CPK(f(x) - f(7)). (3.5)

We also note the following inequality:

2(f(®) ~f) " PB(f) ~£ )
= Z Z 2pib,7(ﬁ(xi) —fl()/z)) (ﬁ(x}) _ﬁ(y]))

i=1 j=1

<(or+ 2o Y Y 2bylfilx) 00| @) - )]

i=1 j=1

=ppom Y Y 2b;lfilx) - )| [@) - 0]

i=1 j=1

+ oo Y 2bilfilx) = 00| @) = £0)] (3.6)

i=1 j=1

where p; and p, are positive constants such that p; + p» =1 and p1p; = 0, ppr = max(p;)
and b,} =max{|b,|, |b,]|}.

bl
Equation (3.6) can be written in the following form:

2(f®) -1 () PB(F®) )
<p1pMZZ(ab2 (fix) —fi0n)” + (f(x, ﬁ(y;))Z)

i=1 j=1
by Z(ﬁbz(f(xz) ~£01)* %(ﬁ(x;) —ﬁ(yf>)2)
i=1 j=1
= P1PM Z Z(arij(fi(xi) —fz‘()/i))2 + é (i (%) —ﬁ()/j))2>
=1 j=1
+ p2pm Z Z(ﬁrﬂ () ~fi) + (f (%) —ﬁ(y/))2>
i=1 j=1

< ppw (@RI ) -0} + Sl -0

+ P2PM (ﬁllRlll lf@ - + %nﬂf(x) -f) IIZ), (3.7)
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where « and 8 are some positive constants. Letting o = JW and B = “ R in (3.7) yields
2(f() -£ ) PB(f(x) - )
< 2npupiy/ IR0 (F®) £ 0)) " (F(x) —£ )
+ 23/mpri oo/ IR (F®) = £ ) (F () = ). (3.8)
Using (3.4), (3.5), and (3.8) in (3.3) results in
2(f(x) -f )" P(H&) - H())
<-2(f(x) —f()) CPKM(f (%) - £ ()
+(F@) =f0) " (P(A* =) + (4" = 1) "P) (F@) - £ ()
+ (@) =) |P(As + ) + (A + 0P| (F0) - £ )
+ 2/ IRl (F) =) (F®) - £ ()
+ 2/mppa /IR (F®) - £ )T (F) =),
which can be written in the form
2(f(x) -f ()" P(H&) - H(»))
<—(f®) -/ ) T(F ) -f ). (3.9)

For the activations functions belonging to the class /C, it has been shown in [27] that for the
inequality in the form of (3.9), if [1 > 0, then H(x) # H(y), for allx # y, and ||H(x)|| — oo as
|lx]] = oo. Hence, we have proved that the map H(x) : R” — R" is a homomorphism of R”,
meaning that the condition of Theorem 3.1 implies the existence and uniqueness of the
equilibrium point for neural network model (2.1).

It will be now shown that the condition obtained for the existence and uniqueness of the
equilibrium point of neural network model (2.1) in Theorem 3.1 also implies the global
asymptotic stability of the equilibrium point. To this end, we will shift the equilibrium
point x* of system (2.1) to the origin. The transformation z;(-) = x;(-) —x7, i =1,2,...,n,

puts the network model (2.1) into the following form:
L) = —czi(t) + Y _asg(5(0) + Y bygi(zt—1), i=12,...,n, (3.10)
j=1 j=1
where g;(z;(-)) = fi(zi(:) + x]) — fi(x}), i =1,2,...,n, satisfies the following property:

- gi(2)
-z

<k, VzeRz#0 and g(0)=0, i=12,...,n

Note that equilibrium and stability properties of the neural network models are identical.
Therefore, proving the asymptotic stability of the origin of system (3.10) will directly im-
ply the asymptotic stability of x*. Now, consider the following positive definite Lyapunov


http://www.advancesindifferenceequations.com/content/2014/1/41

Arik Advances in Difference Equations 2014, 2014:41
http://www.advancesindifferenceequations.com/content/2014/1/41

functional for system (3.10):

zi(t)

Zz +282f pigi(s

t
+ ZZ(V + b +p1 PM +928ﬁprl;>/t g (z(8)) dg,

i=1 j=1 T

where the p;, @, B, v, and ¢ are positive constants to be determined later. The time deriva-

tive of the functional along the trajectories of system (3.10) is obtained as follows:

n n
=-2 Z ciz; 2(¢) + Z Z 2a;z;(t)g z,(t) Z Z 2b;izi(t)g; (z,(t 1:,,))
i=1 j=1 i=1 j=1
-2 Zplc,z,(t i (zi(t + e Z Z Zp,a,,gl zZ; t))g, (z}(t))
i=1 i=1 j=1
+e Z Z 2pibiigi(2i(0))gi(z(t — 7))
i=1 j=1

n n 1 5 n n 1 5
+PEPM Y Y 8/ (50) - pepu 59 (50 -7)

i=1 j=1 i=1 j=1

RPN ACOIEID YW ACEEN)

=1 j=1 =1 j=1
w3 3B 500) - e 30 3 - )
i=l j=1 i=l j=1
+ZZ gt (5(t) - ZZ bg? (5t - 1y)). (311)
i=1 j=1 & i=1 j=1 &

We note that the following inequalities hold:

ZZZauzl(t)g, 7(1)) < ch 20+ ZZ g’ (z(0)), (312)

=l j=1 i=1 j=1 <
Z Z 2b;zi()gi (z(t — 7)) < ZC, 2(t) + Z Z bl]g] (zi(t - 7)), (3.13)
i=1 j=1 i=1 j=1 g
Y 2pibiei(z(0)gi (7t - 7))
=1 j=1
<'OIPMZZ( bz]gt Zl(t + g] (Zl(t TU)))
i=l j=1

+ p2PMm Z Z( — g (z(0) + Bb g (zit - f/i))). (3.14)

i=1 j=1

Page 7 of 16
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For g € K, we have

_2 Zptctzl(t)gt Zl(t) ZZPZ d 2 t)

i=1

< -2¢" (2(8))CPK g (=(2)).

In the light of Lemma 2.2, we can write

Z Z 2pia;gi(zi(t)g (1))

= g7 (2(8)) (PA + ATP)g (2(0))
=" (2(0) (P(4" = ) + (4" = 1) "P)g(2(0)

+g" (2(0)) (| P(Ax + 1) + (A, + 1) P| 1)g(2(2)).

Using (3.12)-(3.16) in (3.11) yields

n n

ZZ 5’12\/1&2 z(¢ Mg/ (zl(t))

i=1 j=1 Cm i=1 j1
—2eg” (2(2)) CPK g (2(2))

+eg” (2(0) (P(A" = ) + (4" = 1) " P)g a(0)

+eg" (2(0)) (| P(As + 1) + (As + 1) P| T)g(2(2))

+Eep1pM Z Z arygt (zi(0)) + epipm Z Z algjz (z(1))

i=1 j=1 i=1 j=1

+£popu Z Z g, (2(£) + £paput Z Z Brig? (zi(t))

1111 i=1 j=1

+yZng<zf<t>) -7 )Y gEHE-),

i=1 j=1 i=1 j=1

(3.15)

(3.16)

(3.17)

where ¢, = min{c;}, 4y = max{a;}, l;M = max{I;i,»}. We now note the following inequalities:

ZZr]zgt (@) < ||R|th, (z(0) = IRIng" (2(£))g (=(2),

i=1 j=1

erygl z(t)) < ||R||mZg, (2i(8)) = IRllog" (2(£))g (2(®)),

i=1 j=1

3 2(510) = g (e0)gl=00).

i=1 j=1

(3.18)

(3.19)

(3.20)

Page 8 of 16
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Using (3.18)-(3.20) in (3.17) leads to

V(2(8) < ZZ g () + ZZ b,zwg] (z(®)

tl/lm i=1 j=1

—2¢eg" (2(t)) CPK g (2(8)) + y Z Zg/'z (z(2))

i=1 j=1
+eg” (1)) (P(A* - T) + (A" - T)TP)g(z(t))
+ ng(z(t))(HP(A* +71) + (A + T)TP”ZI)g(z(t))

+epipmelR g (2(2))g(2(2))

+Ep1PM éngT(Z(t))g(Z(t))

+ spsz%ngT (2(2))g(2())

+eppuPlIRIng” (2(0)g(2(0)). (3.21)
Lety = (aM +D2 ) o= WII and B = “H/I?Hl . Then (3.21) takes the form

2

V(£(0) = 2 (@3 + o)™ ((0)g(el0) ~ 2687 (s0) CPK g (e(0)

m

+ g7 (2(8)) (P(A* = Y) + (A" = 1) " P)g(2(0))

+eg” (z@®)) (|P(As + 1) + (As + 1) P| D)g(2(2))
+2ep1puv/ny/[Rlloeg” (2(0))g (2(0))
+2e00pmv/ny/IRIng" (2(6))g (2(0))

, 26” (@2, + 52))g” (2(0)g (2(0)) - £¢” (2()) g (2(8))

- 2n ., 2 2

< @+ ) [¢(=0) [, — ern(MD g (=) |

- [Zc” (@3, + B2 - sxm(n)] lg(z@) 2. (3.22)

It has been shown in [27] that, for the Lyapunov functional defined above, if its time deriva-

212 (aM+b
CcmAm(IT)

system (3.10), or equivalently the equilibrium point of system (2.1) is globally asymptoti-

tive is in the form of (3.22) and ¢ > with IT being positive definite, then the origin
cally stable. Hence, we have shown that the condition of Theorem 3.1 implies the global
robust asymptotic stability of system (2.1). O

4 Comparison and examples

In this section, we present some constructive numerical materials to demonstrate the ef-
fectiveness and applicability of the proposed conditions and to show the advantages of our
results over the previous corresponding robust stability result derived in the literature. In
order to make a precise comparison between the results, we will first restate results from
the previous literature.
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Theorem 4.1 (See [27]) For the neural network model (2.1), assume that f € K and the
network parameters satisfy (2.2). Then the neural network model (2.1) is globally asymp-
totically robust stable if there exists a positive diagonal matrix P = diag(p; > 0) such that

A =2CPK™! + 8 = 2/mpu(p1v/ IRlloo + p2v/ IR > 0,

where K = diag(k; > 0) is a positive diagonal matrix, S = (sj)nxn With s; = —2pia;, s =

—max (|pid; + pjail, |pia;; + pja)) for i #j, pm = max(pi), R = (1) xn with r; = b, and by =

max{l@ijl, IEijI}, and py and p, are positive constants such that py + p =1 and p1p, = 0.
Theorem 4.2 (See [27]) For the neural network model (2.1), assume that f € K and the

network parameters satisfy (2.2). Then the neural network model (2.1) is globally asymp-
totically robust stable, if there exists a positive diagonal matrix P = diag(p; > 0) such that

['=2CPK™' - PA* - A*'P— | PA, + AL P| I - 2/npri(p1v/ Rl oo + p24/IIRIL)I > O,
where K = diag(k; > 0) is a positive diagonal matrix, pyr = max(p;), R = (rjj)pxn with rj = ny],
and lA)i,r = max{|Qij|, |E/|}; 01 and py are positive constants such that py + py =L and p1p; =0,
and A* = J(A+A), A, = J(A-A).

Theorem 4.3 (See [30]) For the neural network model (2.1), assume that f € K and the

network parameters satisfy (2.2). Then the neural network model (2.1) is globally asymp-

totically robust stable if there exist positive constants a;, i = 1,2,...,n, such that
c n n
[ A ~ ~ .
o =% —a; ) - oidj — aib; >0, i=1,2,...,n,
() 2= 2
J=1 J=1
J#
where aj; = max{|c_zﬁ|, |ai|} and bj; = max{léﬁ|, |Z,»i|}.
We will now consider the following examples.

Example 4.1 Consider the neural system (2.1) with the following network parameters:

1 -1 -1 -1 11 1 1
0 1 0 -1 — |21 2 1

A= y A: ’
- |2 -1 1 -1 0 1 1 1
|2 2 0 1 0 0 2 1
-1 -1 -1 -1 11 1 1
-2 -2 -2 =2 - 12 2 2 2

B= y B: )
= |2 2 -2 =2 2 2 2 2
| -4 -4 -4 -4 4 4 4 4

ki=ky=ks=ks=1 and ¢ =c,=¢c3=¢4=Cpms
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from which we obtain the following matrices:

1 0 0 O 01 11
1 1 1 0 1 011
A* - ’ A* - ’
-1 0 1 0 1 1 01
-1 -1 1 1 1 110
1 1 11 1 1 1 1
A 2 2 2 2 4 4 4 4
B= , R=
2 2 2 2 4 4 4 4
4 4 4 4 16 16 16 16

We note that ||R||; = 25 and || R|| = 64. We consider a special case of Theorem 4.1 where
P =1, in which case the matrix S in Theorem 4.1 is of the form

-2 -3 -3 -3

-3 -2 -3 -3
S=

-3 -3 -2 -3

-3 -3 -3 -2

Then, for p; =0 and p, =1, A in Theorem 4.1 is obtained as follows:

-1 -15 -15  -15
15 «¢,-11 -15 -15
A =2¢,0+S 2RI =2
/IRl 15 -15 ¢,-11 -15
15  -15  -15 ¢,-11

Note that A > 0 if and only if ¢,, > 15.5. Hence, the robust stability condition imposed by
Theorem 4.1 is ¢,, > 15.5. For the same network parameters of this example, we will obtain
the robust stability condition imposed by Theorem 3.1. Let P =] and

1 0 0 O
1
T:O 0 0
0 01 0
0 0 0 1

Then we obtain

P(A =)+ (4" =7)"P= | (1) (1) ‘11,
4110

PA,+1)+ A, +T)P=

e e T
T
e
[ e
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IT in Theorem 3.1 takes the form

2¢,, — 28 -1 1 1
- -1 2¢,, — 28 -1 1
1 -1 2¢,, — 28 -1

1 1 -1 2¢,,, — 28

It can be calculated that IT > 0 if and only if ¢,, > 15.12. Therefore, Theorem 3.1 imposes a
less restrictive stability condition on the network parameters than Theorem 4.1 does.

Example 4.2 Consider the neural system (2.1) with the following network parameters:

(2 -1 -1 -1 01 1 1
-1 0 -1 -1 —]1 0 1 1
A= y A: ’
- |-1 -1 0 -1 1 1 0 1
-1 -1 -1 0 111 0
-1 -1 -1 -1 1111
-1 -1 -1 -1 - |1 111
B= > B: ’
= -1 -1 -1 -1 1111
-1 -1 -1 -1 1111

ki=ko=ks=ks=1, and ¢ =¢c,=¢c3=c4=Cp.

From the above matrices, we can obtain the following matrices:

-1 0 0 O 11 11
0O 0 0 O 1 01 1
A*— ) A*— ’
0O 0 0 O 1 1 0 1
0O 0 0 O 1 110
1 111 1 111
~11 1 1 1 1 111
B ) R: )
1 111 1 111
1 111 1 111

from which we can calculate the norms ||R||; = 25 and ||R]||s = 64. Let P =1 and

-

1l
oS © O O
S = O O
= o O O

S O = O

Then we can write
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PA,+7)+ A, +T)P=

N NN
NN NN
N NN
NN

For p; = 0 and p, = 1, the matrix IT in Theorem 3.1 is in the form

Cn—7 0 0 0
M2 0 Cm—7 0 0
0 0 Cm—7 0

0 0 0 Cm—"7

The condition IT > 0 is satisfied if ¢, > 7. For the parameters of this example, I" in Theo-

rem 4.2 is in the form

I =2l A" - A" — |A, + AL |1 - 4/IRILI

Cm—6.3 0 0 0
_9 0 Cn—7.3 0 0
0 0 Cm—"7.3 0

0 0 0 Cm—7.3

The choice ¢, > 7.3 implies that I" > 0, which ensures the global robust stability of neural
system (2.1). Hence, for the network parameters of this example, if 7 < ¢,, < 7.3, then the
result of Theorems 4.2 does not hold, whereas the result of Theorem 3.1 is still applicable.

Example 4.3 Assume that the network parameters of neural system (2.1) are given as

follows:
1 -1 -1 -1 3 3 3 3
-3 1 -1 -1 —]1 3 3 3
A= ,A: )
- |3 -3 1 -1 1 1 3 3
|-3 -3 -3 1 11 1 3
-1 -1 -1 -1 1111
-1 -1 -1 -1 - |1 111
B= , B= ,
= -1 -1 -1 -1 1111
-1 -1 -1 -1 1111

ki=ko=ks=ks=1, and ¢ =c,=¢c3=¢4=Cp.

For the matrices given above, we can obtain the following matrices:

2 1 1 1 1 2 2 2

N -1 2 1 1 21 2 2
A* = ) A* = )

-1 -1 2 1 2 2 1 2

-1 -1 -1 2 2 2 21
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o>

1l
W W W W
W W W W
W W W W
W W W W

(oo}

Il
—_ = = =
—_ = = =
e e )

e =
[ =
e e
—_ e e

from which we calculate ||R||; =4 and ||R||oc = 4. Let P=1 and

1 000
r_|0 100
0010
0 0 0 1
We have
20 00
0 2 0 0
P(A*-Y)+(A*-7)'P= :
00 2 0
00 0 2
4 4 4 4
4 4 4 4
PA, + YY)+ (A, +1)TP=
A+ 1)+ (A + ) L4 4 4
4 4 4 4

For p; = 0 and p, = 1, the matrix IT in Theorem 3.1 is of the form

cm—13 0 0 0
-2 0 cm—13 0 0
0 0 cm—13 0

0 0 0 cm—13

Clearly, IT > 0 holds ifand only if ¢,,, > 13. Therefore, for this example, Theorem 3.1 ensures

the global robust stability of neural system (2
When checking the condition of Theorem

.1) under the condition that c,, > 13.

4.3 for the same network parameters of this

example, we search for the existence of the positive constants o1, a3, 3, and a4 such that

the following conditions hold:

Cn0y — 4o — 4oy — 4oz — 4oy >0,
—40[1 + C) 0y — 40[2 - 4-0(3 — 40[4, >0,
—40[1 — 40[2 + ¢ 03 — 4-0(3 — 40[4 >0,

—40[1 — 40[2 - 4-0(3 + C) 0y — 40[4 >0,

which can be written in form

cm—4 -4 —4 —4 o
—4 Cm—4 —4 —4 oy
—4 -4 Cy—4 —4 o3
-4 -4 —4 cm—4 | |Loa

> 0.
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From the properties of the nonsingular M-matrices [44], in order to ensure the existence

of oy, oy, 3, and a4 the symmetric matrix in the above inequality must be positive definite,

which holds if and only if ¢,, > 16. Obviously, for the interval 13 < ¢,, < 16, our condition
obtained in Theorem 3.1 is satisfied, but the result of Theorem 4.3 does not hold.

5 Conclusions

In this paper, we have focused on the existence, uniqueness, and global robust stability

of an equilibrium point for neural networks with multiple time delays with respect to

the class of nondecreasing activation functions. We have employed a suitable Lyapunov

functional and made use of the homeomorphism mapping theorem to derive a new time-

independent robust stability condition for dynamical neural networks with multiple time

delays. The obtained condition basically establishes a relationship between the network

parameters of the neural system and the number of neurons. We have also presented some

numerical examples, which enabled us to show the advantages of our result over previously

reported robust stability results. We should point here that in the neural network model

we have considered, the delay parameters are constant and the stability condition we ob-

tain is delay independent. However, it is possible to derive some delay-dependent stability

conditions for the same neural network model by employing different classes of Lyapunov

functionals.
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