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Abstract

An algorithm to approximate the initial state of a nonlinear system is described, and
its convergence is also analyzed in detail. The forward and backward observers are
used alternately and repeatedly to solve the approximation problem, and their
nudging term can be proved close to zero. Then the convergence problem based on
the observers derived by using semi-discretization and full-discretization in space is
considered.
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1 Introduction

It is important to estimate the initial state of a linear partial difference system based on
the observations over given time interval in science and engineering such as in oceanogra-
phy, meteorology, medical imaging and so on, see for [1]. In oceanography such problem
is called data assimilation for instance [2, 3]. The problem has been introduced in the
quasi-geostrophic model in oceanography successfully [4] and arose in medical imaging
by impedance-acoustic tomography [5, 6]. More recently, the time reversal method has
been applied in the context of infinite-dimensional systems to estimate the initial data;
see [7, 8].

The standard nudging method for solving the approximation problem usually adds a
relaxation term to the equations of the system to construct the forward observation. Sim-
ilarly the backward observation is constructed by adding a relaxation term with opposite
sign. In this paper, performing the forward and backward observers repeatedly, our algo-
rithm can be obtained.

Firstly, the paper estimates the initial state of the inverse problems of the nonlinear dis-
tributed parameter system according to its input and output function measured over some
finite time interval. The main idea is to repeatedly apply the same segment of data back
and forth in sequence by constructing two observers called the forward and backward ob-
server, respectively. Two observers are constructed by adding a relaxation term which goes
to 0 to the state equations under certain conditions and works in forward and backward
time, respectively.

Secondly, the paper considers the convergence analysis of the iterative algorithm for the
nonlinear system. The analysis is fully based on the numerical analysis derived by using
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the semi-discretization and the full-discretization successively, and the algorithm is still
based on the observers method to simplify the problems.

Let X and Y be Hilbert space, called the state space and output space, respectively. Let A :
D(A) — X be the generator of a strongly continuous group 7 of isometries on X. Assume
the operator C € L(X,Y) called the observation operator and let B : D(B) — X be the
bounded operator. The above operators describe the time reversible nonlinear system and

the system is described by the following equation:

z(t) = (At + B)z(t), z(0) = zo, (1.1)

¥(8) = Cz(2), 1.2)

where z and y are called the state and output function, respectively. Such systems are often
used as models of vibrating systems, electromagnetic phenomena or in quantum mechan-
ics.

Firstly, our aim is to reconstruct the initial data z, of the system when the output function
y on the known time interval [0, 7] is given.

The paper is organized as follows: The preliminary knowledge is introduced in Section 2.
The initial state is estimated just by one step iteration and the convergence is described
briefly in Section 3. The correlative conclusions is considered after iterating » times in
Section 4. The convergence accuracy is analyzed in detail for the iteration method for the

nonlinear system in Section 5. The numerical result is showed in Section 6.

2 Description
Definition 2.1 System (1.1)-(1.2) is said to be exactly observable in some time 7 if there
exists k; > 0, such that

/ ly@| dt < Kllzoll3,  Yzo € DA). 2.1)
0

If system (1.1)-(1.2) is exactly observable in some time t, it is exactly observable in any
time. The inequality (2.1) is called the observation or observability inequality (see [9]).
That guarantees the initial state zq is uniquely determined by the observed quantity y(z)
on [0, t]. To solve the infinite-dimensional system in the paper, we assume that the system

is well-posed, i.e. the system is exactly observable.
Definition 2.2 There exists an operator A* : D(AX) — X that generates an exponentially

stable semigroup 7% on X and another operator H € L(Y,XX) where XX denotes the
analog of the space Xﬁ, such that

A=AF-HC. (2.2)
Then the pair (4, C) is said to be (forward) estimatable (see [1]).

Definition 2.3 There exists an operator A’; : D(A/;) — X that generates an exponentially
stable semigroup S* on X and another operator Hj, € L(Y, Xﬁ’b) where Xﬁ’b denotes the
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analog of the space XX, such that
-A =AY - H,C. (2.3)
Then the pair (4, C) is said to be backward estimatable (see [1]).

Proposition 2.4 Assume that A is the skew-adjoint operator and T is the unitary group
generated by A, then the following assertions are equivalent:
(i) (A, C) is exactly observable.
(i) (A, C) is forward estimatable.
(iii) (A, C) is backward estimatable.

Proof The equivalence is contained in Proposition 3.7 in [1]. ]

3 Properties of one step iteration
Assume (A, C) is estimatable. We can construct an observer as follows: Z is the state of
the forward observer and it satisfies the differential equation

Z(t) = (At + B)Z(t) - Ht(y(t) - CZ(2)), 3.)
Z(O) = 2y, '
where Z, € X is an arbitrary initial guess of z, which can be proved independent of the
guess in the following text.
Define the estimation error by e(£) = Z(t) — z(¢), then

é(t) = (A*t + B)e(t) = (At + HCt + B)e(t).

Thus e(t) = e%AktzeBte(O) = T';z eBe(0) where sz = ¢34 denotes the semigroup gener-
Pl T

ated by A at the time %

By using the method of separation of variables to (3.1), we can obtain
b k22 B Luk2 g
Z(t) = —/ e24"(17=57) B ’S)Hsy(s) ds+exVt Btz
0
2 [t 2 2
__ e(HC+A)f7 / eFHC-A)% B(t=s) Hsy(s)ds + e(HC+A)t7 Bt 2. (3.2)
0

Now suppose (4, C) is backward estimatable. We can also construct a backward observer

as follows: Z is the state of the backward observer and it satisfies the differential equation

:?j(t) - (At + B)Z(t) + Hyt(y(t) - CZ (1)), 653

Z(t) = Z().
Define the estimation error by e,(t) = Z (t) — z(t), then

éy(t) = (~Ajt + B)ey(t) = (At — HyCt + B)ey(t).
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Lak2 e 1k 1 k22

Thus ey (£) = e~ 246¢ Bler 457 ¢BTe, (1) = 512 tzeBt Ye,(t) where Sk = e 2% ~) denotes
5

. Since e,(1) = e(t), we have e,(¢t) =

22
2

the semigroup generated by A],; at the time
Sk, o T, e(0)e®.

2 2
Similarly, we can also get the solution of (3.3):
t
Z(t) :/ 2 A1) Bt sH;,sy(s)ds+eZ b 2-12) gBlt=7) Z (1)

T
cmen? [ n cra) 52 Bl-T49)

—e 2 e\ Hy(t - s)y(t —s)ds

0
4 dCHICIA S B0z () (3.4)

Proposition 3.1 Z and Z are given by (3.1) and (3.3), let K = —H and K' = —Hy, and K,
K', C are the symmetric definite positive matrices. Then for any t € [0, 1], if K, K’ are large
enough, we have

Klim Z(t) = C (1),

K,hm Z(t)=C" Ly(e),

where K,K' — +00 means that any eigenvalue of the matrices tends to infinity.

Proof Since K, K’, C are symmetric definite positive matrices, when K, K’ are large
enough, KC — A and K'C + A are definite. By utilizing the Green formula to (3.2), we can

obtain

Z(t) —(KC- A) / (KC-A) - i eB(t SI(Sy(S) ds+ e (KC-A)%- eBtZO
0

= K(KC-A)™! |:y(t) -(KC-A)5 ery(O)

t 2_2
_ / e (KC-A) 55
0

B(H)y(s):| e UG P2,
Thus

Jim Z(6) = lim K(KC - A)y(t) = CHy(t).
Similarly, we can also prove

lim Z(t)_ lim K'(K'C+A)” () = C (). O

K'—+00 K'—+00

It can be seen that Z(¢) and Z(t) are totally independent of the initial condition Z, of
the system.

Theorem 3.2 Assume (A, C) is backward estimatable, then

2(0) - 20 = 8% T (20 - 20). (3.5)
2 7
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Ifweset L, = S’Lz T’é and Zy = 0, we have n = || S, T’;z =1L\l <1, and

K
=

2 2 2 2
et ~
z0=Y LIZ(0). (3.6)
n=0

Proof From ey(t) = Sl;z,tz T’T(2 ePe(0), we have
= T

Z(0) -z = S5, T, (2 - 20).
T 7
If Z, =0, we have
2(0) = (1-5*, T z.
T 7
By Proposition 3.7 in [1], we have 7 < 1, then

z0=I~-L)"Z(0).

Using a Neumann series, we can obtain

[e¢]
Zp = Z L¢2(0)>
n=0
where L? denotes n times of L. O

The process that computes Z(t) by using the forward observer (3.1) and then computes
Z(0) by using the backward observer (3.3) is just one step iteration. For accuracy, the
repeated multiple iterations should be further concerned as the above one step iteration.

4 Properties of multiple iterations
Consider the iterative algorithm on repeated estimation cycles. For n > 0, suppose H = H,,
and define Z™(¢) and Z™(¢) as the solutions of the following systems, respectively:

Z0(t) = (At + B)Z"(t) — Ht(y(t) — CZ")(¢)),
ZM(0) = Z-1(0), (4.1)
2’;(71)(0) = ZO’

Z09(¢) = (At + B)EW (¢) + He(y(£) - CEW(2)),

gm)(f) = Z0)(q), (4.2)

where Z; € X is an arbitrary initial guess of zo which is independent of the guess and
Z(0) denotes the value Z(0) at the nth iteration.
By K =K' = —-H = —H}, from (3.2), (3.4), it is easy to obtain

t
200(p) = o KC-)5 / SKC-A)5 JB(t-s) Ksy(s) ds
0
£2

+ o KC-A)y eBtZ(”)(O), (4.3)
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and

~ T T-S, 2 T
Z(")(O) = / e_(KC+A)( 2 eB(_”S)K(r —-s)y(t —s)ds + e_(KC+A)TZe_BTZ<”)(r).
0

According to the repeated iterations, Z(0) = Z0=-1(0) and Z"(z) = Z"(7), we can
get

T
Z(n)(o) — (1 _ e—ZKCé)*l (1 _ e—ZnKC%) |:/ e(KC_A)%6_2KC§€_BSI<S}/(S) ds
0

T (r=s)? 2
+ / e K5 BT K (7 —s)y(r —5)ds | + e KCT 2,
0

By (4.2) and the above equation, if # — +00, we have

lim Z"(0) = Z°°(0)

n—+00

2 T 2 2
= (1-eCT )_1 |: / eKCAT g 2KC o=Bs oy (s) dis
0

T (r=s5)2
+ f ef(KC+A) o) eB(s—r)K(f _ S)y(f —-) dsj|,
0

and for Vt € [0, ], we have

lim Z7(¢) = Z%()

2 [t 2
= o KC-A)y f eKCAT B9 Koy (s) ds
0

+ e_(KC_A)%eBtZOO(O).
According to Proposition 3.1, we know that
Jim Z%() = CYy(), vtelo,t].
Similarly, for V¢ € [0, ], we can get
lim Z"(t) = Z2%(¢)
n—+0Q
and

lim Z%(t) = C 'y ().

K—+o0

It can be seen that Z”(¢) and 2,;"(11) are totally independent of the initial condition Zj of
the system.

Theorem 4.1 Assume (A, C) is backward estimatable, then

ZM(0) - 20 = (8, T%) " (20 - 20), (4.4)
2 7
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and for Vn > 0, we have
|Z27(0) - zo|| < "1 20 ~ 0. (4.5)

Proof From Theorem 3.2 and Z(0) = Z-)(0), we know that

Z(0) -z = §%, T, (2(0) - 20) =S¥, T*, (27(0) - o)
22 22

- (8,50 - a) =S4y T (2710) )
> T 2 7

= (Slij Tlrig)m'l(Zo - Zo).
2 2

Since n = ||S’; ) T’T‘2 || <1, the conclusion can easily be obtained. O
T 7

Theorem 4.2 Assume (A, C) is backward estimatable, and set Zy = 0, then

z9=y LV Z0(0). (4.6)
i=0
Proof It is similar to the proof of Theorem 3.2. g

The above iterative algorithm on the nonlinear system has been proved to be conver-
gent if the feedback term K is large enough. Z(¢) and Z(t) in the forward and backward
observers are also totally determined by the output function y(¢) of the system. Thus the
initial state can be approximated by the algorithm, but the accuracy analysis is still a prob-

lem.

5 Numerical convergence
In this section, the convergence accuracy based on the observers is treated according to
the semi-discretization and full-discretization method.

Let A = iA( be the skew-adjoint operator, i.e., A = —A*, then Ay : D(Ag) — X is the self-
adjoint operator, i.e., Ay = Ajj. If A is the skew-adjoint operator, we often choose H and H,
equivalent to —C*, i.e., A¥ = iAy — C*C and A]; =—iAg - C*C.

The system (1.1)-(1.2) can be rewritten as

z(t) = (iAot + B)z(¢), z(0) = zo, (5.1)
y(8) = Cz(2). (5.2)
Throughout the section, let zy € D(A3) and z(¢) € D(Ap) N D(A3).

For simplicity, let Zy = 0. Then the forward and backward observers (3.1) and (3.3) can

be expressed, respectively, as

Z(t) = (iAot + B) Z(t) + C*t(y(t) - CZ(t)),

2(0)=0, (5.3)
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Z(0) = (iAot + B 2(8) - C*t(y(t) — CE(2)),

~ (5.4)
Z(1) = Z(7).
According to Theorem 3.2, we can obtain the expression of the initial state
2=y LIZ(0). (5.5)
n=0
The system (5.3)-(5.4) can be easily rewritten in the general form
u(t) = iAotu(t) F C*Ctu(t) £ Bu(t) + F(t) + Dru(t), (5.6)
M(O) = Uo, )

where for the forward observer (5.3), we set u(t) = Z(t), ugp = 0, F(t) = C*ty(t) = C*Ctz(¢)
and D = 0, and for the backward observer (5.4), we set u(t) = Z(t — t), uo = 2(t) = Z(z),
F(t)=C*(t —t)y(t —t) = C*C(t - t)z(r —t) and D = —(iAy + C*C) :A/,;.

Define the subspace D(Aé) with the norm ||(p||% = ||A§<p|| (Vo € D(Aé)) in X. By the
relations of the domain, we can get the embedding relations of the domain with the cor-
responding forms of the norm,

D(A3) (Il - ll2) = D(Ao) (Il - Ih) — D(Aé) (1) = X (Il -l or Il - llo)-

1
2

According to the embedding properties, we can obtain the following relations of the
norm. There exist M;, My, M3 > 0, for Ya € X, such that

lall < Millells < Mallally < Msllalls.

1
2

In order to prove the corresponding convergence conclusions, some preparatory lemma,

which can simplify the proof procedure, has to be proved firstly.

Lemma 5.1 The initial value problem (5.6) is given, there exists M > 0, such that

lu@)|, <M(luolle + tllFllao0)s @ =0,1,2,

la@)|, <M[(£+ 7+ Dlluollar + 2+ T + DI Fllastoo] + IFllgoer @ =0,1,
where ||F|la,c0 = SUP;e(o,r] |1 F lla-
Proof By (5.6), we can obtain

fot Tlé;ﬁ B F(s) ds + T’é ePtuy,

2 2
t _ _
IS Slzz,tz S/;(t_s)eB(s OF(s)ds + S’;ZH) e Btuyy.
2

2

u(t) =

By the triangle inequality and the boundedness of 7%, S, B, the first conclusion can be
obtained.

Page 8 of 24
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By (5.6), we can obtain

) Atu(¢) — C*Ctu(t) + Bu(t) + F(2),

Similarly, by the triangle inequality, the boundedness of B, C, the embedding properties,
and the first inequality, the second conclusion can also be obtained. O

5.1 Semi-discretization
In this section, let & be the mesh size and N}, be the optimal truncation parameter. We can
construct the finite-dimensional subspace X}, of D(Aé) where D(Aé) denotes the domain
of the operator Aé.

Define the orthogonal projection operator P : D(Aé ) = Xj,. Denote M as a constant

independently of 7, and suppose that there exist M > 0, 8 > 1 and h > 0, such that for
Vh e (0,h),

1
1Py — || < MK’ lelly, Vee D(A7). (5.7)

The generalized solution of the system (5.6) on the Galerkin significance is to find u(¢) €

1
D(A) satisfying

(u(t), ) = (iAotu(t), p) T (C*Ctu(t), p) £ (Bu(t), )
+(F(),9) + (Dtu(t), ¢), (5.8)
M(O) = Uop,

1
for all ¢ € D(A?) and ¢ € [0, ], where uy € D(A2).
Start from the Galerkin method to approximate the variation formulation (5.8), i.e., the
semi-discretization method is to find the unique solution u;, € Xj, satisfying the variation

formulation

(i (8), on) = (itun(2), @n) 1 F (C* Clug (1), )
£ (Buy(t), on) + (Fn(t), on) + (DTun(t), on), (5.9)
up(0) = uo s

for all g, € Xj and ¢ € [0, t], where ug, € X}, is the given approximation of u in X, and Fj
is the corresponding approximation of F in L'([0, 7], X).
Assume that y;, is the corresponding approximation of y in L'([0, 7], Y), Z;, and Z), are

the Galerkin approximations of Z and Z, respectively, and Ly, = Si 2 T:, 2 is the approx-
imation of L; = 51;2 T’;z .
2 2

Proposition 5.1 Thereexist M > 0,60 >1 and b > 0, such that forVh € (0, l:l) andVt € [0, 1],

we have
|Pu(t) = un(®)|| < |Puo — toull + MK [(£ + 7 + £) | Flla,00 + tIIF 1,00

t
+ (2 + 1T+ 1) o] +/ IF = Fpll ds.
0
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Proof For all gy € X}, subtracting (5.9) from (5.8), we can obtain

(it — i, n) = i(tu = tup, 1) 1 F (C*Ctu — C* Ctun, ¢n)

=+ (Bu — Buy, o) + (F — Fy, 1) + (Dtu — Dtuy, ¢p). (5.10)

Noting that (Pu — u,¢y) 1 = 0 is established for Y, € X}, thus we have

1
2

(u—uh,(ph)% = (Pu—uh,gah)% —(Pu—u,pp)1 = (Pu—uh,<ph)%.

Let 9 = 1|1Pu — uy %, thus
1Py — uy| = /20, and Oy = Re(Pit — iuy, Pu — uy,).

Since (Pt — 1oy, op) = (Pix — i1, @) + (1t — iy, @p,) and (5.10), the above equation with ¢, =
Pu — uy, can be rewritten as
B, = Re(Pit — i1y, Pt — uy,)
= (Pit — it, gp) F (C*Ct(u — up), o) £ (B(u — up), o)
+ (F = Fuyon) + (DT (u — ), 1)
= (Pit— it, gp) F (C* Ctu — up), o) £ (B(u — up), o)

0

+(F=Fnon) -1
(C*Ct(u— un), on).

By the boundedness of B, C, we have

Dy < [IIPL't —ul| + M+t +1)||Pu—u| + ||F—Fh||]||Pu —uyl|. (5.11)

Since %«/ 29, = —2_, the integration is

NN ’

ft L/ ft %/wh ds = 29,0 - /20,(0)
0 0

[l Po — ua |

= 1Pu - ull - [|Puo — uo,nll-

By (5.7), Lemma 5.1, and the embedding property, there exist M > 0, 6 > 1, and B> 0,
such that for V¢ € [0, 7] and /4 € (0, iz), we have

1 Pic — el + M(¢ + 7 +1)||Pu—~ul| < Mhe[(t-'- T+ Duglly + £+ 7 + || Fll2,00 + ||F||1,oo]~
Then the integration of the inequality (5.11) can be rewritten as
t
|Puu(t) — un(®)|| < I1Puo — uonll + / [I1Pse — ]| + M(s + T + 1) || P — uel| | ds
0

t
+/ |F — Fy|| ds
0

Page 10 of 24
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t
< ||Puo—uo,h||+Mh"f (s+7+1)|uollads
0
t t
+AM9/[ﬂ&HH4MFhm+HHhmhk+/|W—Fmd&
0 0

Thus, after the calculation of the integration, the result can be obtained. d

By the conclusion, the error approximations of the semigroup T*%, ¥, and the operator
L; can be derived.

Proposition 5.2 There exist M > 0,60 > 1 and h> 0, such that for Vh € (O,lAz), n e N and
vVt € [0, ], we have

||L:‘uo — Ly ,up || < Mhe{l + n[(r -2+ + %+ T+ 1]}||u0||2.
Proof By the triangle inequality, we have
Ly w0 — Ly, juo || < ||L}uo — PL}uo|| + | PL}uo — L}, yuso .

For the first term, by (5.7), the embedding property and n = ||L;|| < 1, the term can be
estimated as

Lm0 — PL} uo| < MK ||uo . (5.12)
For the second term, using mathematical induction, we can prove that
|PLwo — L uo | < Muh[(x = £)* + £ + T2 + T + 1] lluol>- (5.13)

When # =1, by the definition of L; and Ly, we have

| PLsuo —Lh,tuou = Hl 1 1:2 51;2 up—1 ktz Sk 2 Uo ”
7 7 hy by
= H111t<2‘51;2 Uo jlftz‘sl;z “0” +H1:t2 (‘5122“0 EI;LZHO)”' (5.14)
2 2 22 ’2 2 2

When B = F = F, = 0 and Pug = ug, let uy(t) = T: 2 to and uy(t — ) = S: ;2 Uo, respec-
h T T
tively, we have

(0 (iAo — C*C)tuy(2),
u =
g (iAo + C*C)tuy(t) — (iAo + C*C)ruy(t),
which is exactly (5.6).
Thus using Proposition 5.1, we can derive the existence of M >0, 6 > 1, and B> 0, such
that for V& € (0, iz) and V¢ € [0, t], we have

|PT, uo - T: 2 tho| < MK (£ + £ + £) uoll2,
T 7

||PSI§_2 Uy — S'; 2 4o || <MK’ [(r ) +r(t-t)+T - t]||u0||2.
2 72
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For the first term of (5.14), using the above conclusion and the uniform boundedness of
5% I, we get
T

||PT[2 St2 uo =T} » S uo]| < MK (¢ + £t + £) o 2.
2 2

Similarly, for the second term of (5.14), using the above conclusion, (5.7), and the uni-
form boundedness of || T || and IIS I, we get

17, 2 (S0 =S, 2uo)]| < S0 =S, 2o
y= :
Hs uO—PSk2 uo | + HPS uo—Sk 240 [
< Mh"lluollz +Mh9[(r - t)2 +7(r = 1) + (t = )]l uoll2-
Substituting into (5.14), consequently
IPLeo — Lol < ||th2 stz uo T} 2 stz uol +[ T} (stz o =S} o o)
’7
SME (-t +P+1%+T+ 1]||M0||2:

which shows that (5.13) holds when # = 1.
Now suppose that (5.13) holds for #n — 1 (n > 2). Then for 1, we have

|PLyu0 = Lj, o | = | PLe(LE o) = Lie (L7 1t0) | + [ L (L 1t0 = L o) |

<Mnh’[(t =) + £ + 1> + T +1]l|uoll2,
which is exactly (5.13). Thus we obtain the result. O
Next we estimate the error in semi-discretization.

Theorem 5.3 There exist M > 0,0 > 1, and h > 0, such that for Vh € (0, /:1) and V't € [0, 1],
we have

nNh+1
120 — zoll < M[(l— +h (T4 I)th) Izoll2
+Nh/ HC* —yu(s) )H ds]

Proof Using (5.5) and zo, = Zz[fo LZ,ZZ,N’(O), we can get

00 N, N
zo-zon =y LIZ(0)+ Y (Li-Lji )2(0)+ Y Ly (2(0) - Z4(0)).
n>Ny, n=0 n=0

Therefore, we have

llzo — zoull < &+ &+ &3, (5.15)

Page 12 of 24


http://www.advancesindifferenceequations.com/content/2014/1/82

Xie and Chang Advances in Difference Equations 2014, 2014:82
http://www.advancesindifferenceequations.com/content/2014/1/82

where we have set

E1= o, 12O,
€= Xk L2 - L3 VZ(O)],
& = (Luo IL7, . D1 2(0) = Z4(0)1.

The first term, by n = ||L;|| <1 and Z(0) = (I - L,)zo, can be estimated as

=9} 77N;,,Jrl
=\ 2 "I =Lel lzol <M lizla (5.16)

n=Np+1

Similarly, the second term, by Proposition 5.2, can be estimated as

< 3 (e )| 200,

n=0

<MK [Ny +1+ (® + 7 +1)(N; + Ni)]llzoll2

<MK (2 + 7 +1) (N} + Nyy) lzoll>- (5.17)

For the third term, from Proposition 5.2 we know that || Ly, || is uniformly bounded, thus

we have

& < MN||2(0) - Z,(0)
< MN;,(||2(0) - PZ(0) + | PZ(0) - Z,,(0)]). (5.18)
For the first term of (5.17), with (5.5), (5.7), and the embedding property we have
|2(0) - PZ(0)]| < MK |20 2. (5.19)
For the second term of (5.17), to estimate it we apply twice Proposition 5.1 for the time
reversed backward observer and the forward observer, respectively.

Firstly, when u(t) = Z(t —t), we have F(¢) = C*(z — B)y(t —t), up = Z(z), and ug , = Zy(7),

|PZ(0) - Z,(0)|| = |[Pu(r) — un(2)|

< I1Puo — uoull + MH’[(® + T2) | Flla,00 + T Fll1,00
T
+(r2+r)||uo||2]+f |E — Fy| ds
0

< [P2(1) - Zu()|| + MI°[(z* + ) [ C |, + [ C
NEECIAE /0 @ =0C (o =) = yulx =) | d.
Then, when u(t) = Z(£), F(£) = C*ty(¢), o = tto, = 0, we have
[P2(0)- 20)] = [Putr) - w(0)] <M [(* + )| €y, + 2,

+ / [eC* (y(8) = yu(®)) || dit.
0
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Applying Lemma 5.1 [|u(7)l2 < M(llo |2 + T Fll2,00), we get [ 2(2) |2 < MT?[|C*lla,00-

And we can easily obtain
/0 = 0C (olr - )~ yute — 1) | de = /0 Jec (0 - )| de,
€l < 1€l = € Cely e < Mizlzes = Mzl
Thus the second term of (5.17) can be estimated as
[P2(0) - 24(0)]| < MA°[(c* + %) [ Cy] o + [ CP ], o,
L (20|20, +2 fo e () )| dt
<MK (t* + 7% + 72)lzo [l + 2 /O [eC* (»(2) - yu(®)) | dt.

Therefore, substituting (5.18) and (5.19) into (5.17), we can obtain

&; < MN, |:h9 (t*+ 2 + > +1)llzo I + / [eC*(»(@®) - yu(®)) | dt].
0

Above all, substituting (5.15), (5.16), and (5.20) into (5.14), we can obtain

Ny +1

+h[1+ (' + P + 2+ T+ )N,

n
llzo = zo.xll SM{(
1-7

+(P+T+ l)Nﬁ]) llzoll2 + Ny /; [Ct(y(e) = yu(®) | dt},

which implies the conclusion holds.

(5.20)

(5.21)

O

The choice of Nj, will lead to an explicit error estimate which is just dependent on 4,

and the proper choice of Nj, is important. If we choose Nj, = 0% then according to The-

Inn’
orem 5.3, we can get

20 — zoull <M, [h” (In* A+ |Inhl)|zoll2 + [In k]| /0 [C*s(y(s) = yu(9)) | dS].

5.2 Full-discretization
Divide the time interval [0, 7] into N subintervals and let the time step At =
Denote t; = kAt (0 < k < N), then T = NA¢.

z
N

(N =>1).

By using the implicit Euler scheme at time # with the previous Galerkin approximation

(5.9), assume

u(ty) — u(tk—i).

i(t) = Dyulty) = N

Then the full-discretization problem is to find the solution u’; € X, such that

T (C*Ctryy, 1)
+ <F]]1(1¢h> + (Dfulh(’(ph):

(Dyudy, o) = (itxuty, on)
+ (Buf, pn

~ N

0
uh = uo,h;

(5.22)
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for all ¢, € Xj and 0 < k < N, where ug ), € X, is the given approximation of u, and F;’,‘ is
the corresponding approximation of F(#) in X.
Assume that yﬁ is the corresponding approximation of y(f) in Y, Z}’f and E:’Zf are the ap-
proximations of Z; and Z(t), respectively, and Ly sz = S’;, ALK TZ‘, Az 18 the approximation
_ ¢k Tk
Of Ltk = Si Ti .

2 2
The convergence analysis is similar to that in the semi-discretization, thus we can prove

two main ingredients of the error estimation as in the semi-discretization.

Proposition 5.4 There exist M >0, 6 > 1, and B> 0, such that for Vh € (0,1:1) and Nt €
[0, 7], we have

k
| Putti) - uf | < IPuo — woull + M{ ALY | F(t:) = Fy | + (' + AL)[(8 + tat?
i=1

FET A+ BT+ ti) lluolls + (t,‘f TRTH T A+ T

+ )| Flloo0 + (87 + 8T + &) [ Flloo + & | F@|| ] 1

Proof Expand u(t) into the Taylor series at time £;_; and denote the residual term of the
first order Taylor expansion by R(t), then

Rtr) = ulte) — ulte-1) — Atin(ty). (5.23)
Namely,
i) = Do) ~ R (5.24)

By the relation (5.24), for all ¢, € X;, and 0 < k <N, we can get

(Df(u(tk) - ”Z)’(/)h> = <l;i(tk) + éR(tk) - Dtulh(,(ph>
= <L'l(tk)7 (ph> + i(R(tk), q)h)

—(Dsusf, o). (5.25)
Substituting (5.8) and (5.24) into (5.25) at time #, then

(Du(utt) = ), ) = e ((t) = ), )
F (CCt (wta) - 145), o)
+ (B(u(t) - uf), 1)
+(F(tx) — Ff 1)
+ (Dt (u(t) — uy), on)

1
+ E<R(tk)»(ﬂh>- (5.26)
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Noting that (Pu — u,¢y)1 = 0 is established for Vg, € X}, thus

1
2

(u(ti) — wy pn)1 = (u(t) — Pulty), ‘Ph)% + (Pulti) -y, on)

[T

= <Pu(tk) - uﬁ,wh)%.

We can also easily get

(D (Pulty) — ub), on) = (D, (ulte) — uk), on)
+ (Do (Pultr) — u(t)), on)- (5.27)

Let z?;’f = % | Pu(ty) — u’; |2, therefore for Vk e [0, N], we can obtain

|Putee) -] = 20,

and for Vi, ¢ € X, we can obtain

%(Illﬂll2 + 1617 + 1Y - ¢11?) = Re(yr — ¢, ).

Let ¢ = Pu(ty) - u’,;, ¢ = Pu(ty_1) — u’,;‘l, by the definition of D;, the above identity can be
rewritten as

D,0f = Re(D, (Pulty) — uf), Pu(ty) - u)
- % | (Pt = ) = (Puttic) - )

< Re(Dy(Pu(ty) - uy), Pulty) - u). (5.28)
Substituting (5.26) and (5.27) into (5.28) with @), = Pu(ty) — ulz, then
Dyof < (Dy(Pult) — u(tr)), on) F (C* Cac(ulti) — 1), on)
+ (B(u(t) - uy), on) + (F(t) — Ff on)
¢ R, o)+ Do (20 ~ ), )
< (Dy(Pulty) - u(tr)), on) F (C* Cti (u(te) — u), on)
=+ (B(u(tx) - uy), on) + (F(t) - Fy, on)

1 0,
Rl - { (CC  ta(ut) ~ 1), on). >:29)

By [1Pu(te) — || < |Pus(tr) — wyll + | Pus(ti-) — 7" ||, we have

Pult Pul(ty) — uf
(| Pas( k) Mhll | Paa(t) — uy |l <3

[k 4 [okt 75 (1Pu(t) - — upll + I1Pultir) — 7M1

(5.30)
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Similarly, by the definition of D;, we can easily obtain

Doy
Dy 0f = ———.
NOHEING

Using the boundedness of B, C and from (5.7), (5.29), (5.30), and (5.31), we can see that
there exist M > 0, 1> 0, and 8 > 1 such that for all 4 € (0,131) and 0 < k <N, we have

(5.31)

Dok < M|:h9(||Dtu(tk)|| (et )ute] )

1
B - i + | Rie) ||]. (5.32)

By the definition of R(¢) in D(AO%) and the mean value theorem, we can obtain
CIR@], = s w0, + i) (539
AL k % _se[flgll)'tk] u\s % + || U\, % .

From the fundamental property of the norm, Lemma 5.1, (5.33), and the embedding
property, we can obtain

1
[Pt < Jideoly + R,

< M[(t+ 7+ Dlluollz + £t + T + DI Flla,00 + I Fll1,00]- (5.34)

By the definition of R(¢) in X, for & € [#;_1, ], we can obtain

R(0) = (et — )ity + / i) ds = / (t - 9is) ds = S (A0Pi(E).
Thus
HR(tk)” < (At)? sup  i(s). (5.35)

s€ltg-1,tk]
And since B, C are bounded, we have
. di
Dl = || =
o] - ||
= |iAotis(t) F C* Ctin(t) £ Bis(t) + F(¢) + Dri(t) + iAou(t) F C*Cult) |

<(t+ r)||it(t)||1 +M(t+T +1)||L't(t)|| + ||u(t)||1

+M|u@)| + [E@)]. (5.36)
Hence, from (5.35) and (5.36), we can obtain

[R() | < MAL?[(£; + T2 + &t + te + T + 1) lluolla + (& + &7 + tat®

+ 1+ 4T + &) [ Fllaee + (6 + T + DI Fllnee + [ E(80)] . ]-
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And by simple iterations we get

t V2At

k O =00 1 Pult) — k1l — 1| Pue —
Y D, g;;: hA h_ Puti) — || = |[Puo — uonll (5.37)
i=1

Substituting (5.32), (5.34), and (5.37) into (5.38) with t; = kAt, then

k

|Putte) — uf|| < 1Puo — uoull + M{ At Z |E@) - F
i=1

+(h + AL)[(8 + tet® + BT + £ + tiw + &) ol

+ (L‘,‘(L TRTA T A T+ 1,‘,%)||F||2,OO
+ (&7 + 6T + 6) [ Flloo + | F@|| ] }

Therefore we get the conclusion. g

Proposition 5.5 There exist M >0, 0 > 1, and h > 0, such that for Vh € (0,h), n €N, and
Vk € [0,N], we have

||L;1ku0 — L ar kMo || < M{he + n(h9 + At) [t,f + it + t,%r + t,% +72+71

+(1 -6 + (T —t)T° + (r — t)’1 + (v — )] Hluoll2-
Proof By the triangle inequality, we have
| L0 = Ly uxto | < [ L uo = PLy uo | + | PLY tt0 = L o sitto -

For the first term, using (5.7), the embedding property and n = ||L;|| < 1, the term can be

estimated as

| Lt o = PL, o | < MK ||uo]l. (5.38)

For the second term, using mathematical induction, we can prove that

|PL} o — Ly, ppgtho]| < Mn(H’ + AL)[ + ut® + G + 8
+24vt+ (@) + (T -t)1?

+ (r =)t + (t = 1) Nuso - (5:39)
When # = 1, by definition of L, and Lj,asx, we have

| PLctto = L scko | = “PT% SIE% o = Ty ncpShaentho |
2 2
= ” (PT];,E - T%lf,A:,k)PS% Uo ||
2 2
+ [ T ek (PSS 0 = Sj acitto) (5.40)

2
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When B = F(t;) = FF = 0 and Pug = o1, let u],; = T;];At'kuo and uﬁl\[‘k = S’;’At'kuo, respec-
tively, it follows that

e (iAo — C*C)truf,
"7 (iAo + C*C)taulk — (iAg + C*C)tulk,

which is exactly (5.6).

Thus using Proposition 5.4, we can derive the existence of M > 0, 8 > 1, and >0, such

that for VA € (0,41) and Yk € [0,N], we have

”PT:% Uy — T}]f,m,kuo ” < M(h0 + At) (t,f +hT 4 t,%r + t,% + LT + tk) 02,
7

HPS’;Z 7N —S;At’kuo ” < M(h‘g + At) [(r )P+ (t )P+ (t - )
K

+ (=) + (T =)t + (v = )] o lo-

For the first term of (5.40), using the above conclusion and the uniform boundedness of

I1S¥11, we get
I (PT];% - T;If,m,k)PSI;% o || < MK + At) (8 + trt® + T + 6 + et + t) luo 2.
i 7

For the second term of (5.40), similarly, using the above conclusion, (5.7), and the uni-
form boundedness of || T]|, we get
” T;];At'k(PSfZ Uy — Sﬁ,m,kuo) ” < M(h9 + At) [(‘L’ )P+ ()P + (t - )

+(t -6+ (r —t)T + (t — &) ] loll2-

Substituting into (5.40), consequently

IPLyuo — Liacktioll < M(H + At)[£ + it + Gt + g+ T2 + T+ (7 — 14)°

+(T—8)T” + (r = )7 + (t = t)*lluo 2,

which shows that (5.39) holds when n = 1.
Now suppose that (5.39) holds for #n — 1 (1 > 2), then for #n, we have

|PLY uo = Ly uo | < || PLy (L7 140) = LiacikP(Ly o) |
+ ”Lh,At,k(PL?k_luo —LZ,_Alt,k”O) ”
<Mn(h’ + A)[6 + T + BT+ £ + T2+ T+ (T - )’

+(t=t)7* + (v = )’ + (¢ = )*]lluoll2,

which is exactly (5.39). Thus from (5.38) and (5.39), we obtain the result.

Next, let us estimate the error in full-discretization.
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Theorem 5.6 There exist M > 0,0 > 1, and h > 0, such that for Vh € (0,/:1) and vVt € [0, 1],

we have

Nh,At+1
2o~ zopacl < M [("1 sk d CALLICE AL R A I)NZ,M) Izo 1>

N
+ Nh,AtAtZ || t,‘c* (_)/(tz) —y;,) ||:|

i=0

Proof By (5.5) and zoja; = ZN" ad Lis aen Z(0), we get

oo N,
Zo = Zonat = Zng(O) - ZLZ,At,NZh(O)
n=0 n=0

o0 _ Np,at,N Np,at ~
=Y LIZO)+ Y (Li-Lian)Z Z L} s n(2(0) = 25(0)).
n>Ny, n=0
Therefore, we have
lzo — zopacll < &1+ &+ &, (5.41)

where we have set

&= Xy, IZZOl,
52 - Z ” Ln LZ,At,AL)Z(O)||:
&= Zn=o L7 A DI Z(0) = Z5,(0)I.

The first term, by n = ||L;|| <1 and Z(0) = (I - L,)zo, can be estimated as

nNh,At+1
& =Ml (5.42)

Similarly, the second term, by Proposition 5.5, can be estimated as

Np, At

& <MZ W+ At) (7 + 7% + 1) ]lluoll

< M[(Npae + DH? + (B + AL) (2 + 72 + 7) (N} o, + Niwa) ]I 20l

<MK + A)[(P + T2+ T)NE o, + (T2 + T2 + T+ 1)Npar + 1] 20l (5.43)

For the third term, from Proposition 5.5 we know that || Ly, || is uniformly bounded, thus

we have

E < MNjac|| 2(0) = Z,,(0)

< MNj,a: (|| 2(0) = PZ(0) | + | PZ(0) - Z,,(0) ). (5.44)
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For the first term of (5.44), with (5.5), (5.7), and the embedding property, we have
|2(0) - PZ(0)]| < MK |1zo 2. (5.45)
For the second term of (5.44), to estimate it we apply Proposition 5.4 twice for the time

reversed backward observer and the forward observer, respectively, which is similar to
(5.19). Therefore,

PZ0)- Z,0)] SM{(W F A o )|yl ¢ ()|,
relcyl + 2l + (1) | 2],

N
+2A0 Y |6CH (08 - 94, | dt}

i=0

< M{(he +At) (P + 1t + 2+ 12+ 1) 20200

N
+ ALY |6CH () - 94 | }
i=0

Thus, substituting the above inequality and (5.45) into (5.44), we can obtain

& < MNh,At[(ha + At) (‘(5 N A R A R 1)||zo||2

N
+ ALY |6C () - 33,) H} (5.46)
i=0

Substituting (5.42), (5.43), and (5.46) into (5.41), we can obtain

N ) nNh,At+1
llzo — zoaell < M{Nh,mAL‘Z”E‘C* (@) -y, | + - llzoll2
i=0

+ (' + A1+ (2 + % +T)Nj 4,

5

+(TP+t+ P+ P+ T+ )N, llzoll2 ¢

which implies the conclusion holds. d

The choice of Nj A, will lead to an explicit error estimate which is just dependent on 4,

0
and the proper choice of Nj a; is important. If we choose Nj a; = W, according to

Theorem 5.6, we can get
llzo — zo,n,acll

N
<M, [‘ln(hg + At)‘AtZHtiC*(y(ti) —yfq) H + (h9 + At) lnz(h‘9 + At)||z0||2:|.

i=0
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6 Examples
In the section we apply algorithm to reconstruct the initial state for the nonlinear equa-
tion, and the algorithms were developed under Matlab. Let @ € R? (d > 1) and O C Q.
Given the state space X = L(2) and the output space Y = X = L2(0). The operators
A :D(A) = HX(Q) N HY(Q) — X, C € L(X,Y) and B are defined by Az(x,t) = aAz(x,t)
(a>0), Cz(x, t) = |g§"'”' <O and Bz(x, t) = 0.

We consider the following initial and boundary value problem:

z(x,t) = atAz(x, t), (x,t) e Q x[0,1],
z(x,£) =0, (x,t) €92 x [0, 7],
z(x,0) = zo, x € Q.

The output function is

y(x, t) =z(x,t), (x,t) €O x[0,1],
y(x,8) =0, x¢ O,tel0,1].

The corresponding observer system is

Z0(x,t) = at AZP (x, 8) — tCZP (x, £) + ty(x, t),
Z0(x,0) = 20D (x,0), (6.1)
Z0(x,0) = Z,,

Z0(x, 1) = at A2 (x, ) + 1CEM (x, £) — ty(x, £),
Z0(x,7) = ZM(x, 1),

where 2, € X is an arbitrary initial guess of zy which is taken to be zero.

In order to show the efficiency of the iterative algorithm, we consider the particular case
where Q = [0,100], O = [40,60], At = %, T =100, a = 50, h = 0.1, and the initial data to
be recover is zg = (100 — x)/100. We use a Crank-Nicolson scheme and quasi-reversible
method of regularization inverse inversion to simulate the observer systems (6.1) and (6.2)
from one iteration to multiple iterations in time combined with a finite difference space
discretization. Figure 1 shows the initial state, Figure 2 shows the final evolution of the
output function. After one forward and backward iteration, we can obtain Figure 3 and
Figure 4, obviously the result is not accurate enough, and after five iterations we obtain
Figure 5. Figure 5 shows that the recursive algorithm reconstructs the initial state as far as
possible. The algorithm take the simplest system and still needs to be improved.

7 Conclusion

The above iterative algorithm by using the forward and backward observers may esti-
mate the initial state of the inverse problems of the nonlinear system under certain con-
ditions. The numerical convergence accuracy analysis based on observers in the semi-
discretization and the full-discretization can also be obtained. The convergence analysis
of zp,, and zg j, o; towards zp, has been showed for the nonlinear system if the truncation
parameters Nj, and Ny, a, are optimal. The estimate error we have got provides the admis-
sible upper bound under which the convergence can be guaranteed. The innovation in the

paper is that this paper introduces the algorithm more systematically and comprehensively
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Figure 1 The initial state. 25 : : : :

20 1

o 20 20 60 80 100

Figure 2 The final state of the output function. 16 ; ; ‘ ‘

Figure 3 The final state of one forward iteration. 25

20} 1

0 20 40 60 80 100

Figure 4 The final state of one backward o5

iteration. /
20t 1

0 20 40 60 80 100
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Figure 5 The state of five iterations. o5 0.5

20} 1

15 1

0 20 20 60 80 100

and demonstrates it in detail. We need to work on more applications of the algorithm and

on the accuracy.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Acknowledgements
This work was supported by the National Natural Science Foundation of China. Grant No. 51205286.

Received: 30 September 2013 Accepted: 26 February 2014 Published: 12 Mar 2014

References

1. Ramdani, K, Tucsnak, M, Weiss, G: Recovering the initial state of an infinite-dimensional system using observers.
Automatica 46(10), 1616-1625 (2010)

2. Auroux, D, Blum, J: A nudging-based data assimilation method: the Back and Forth Nudging (BFN) algorithm.
Nonlinear Process. Geophys. 15, 305-319 (2008)

3. Auroux, D, Blum, J: Back and forth nudging algorithm for data assimilation problems. C. R. Math. Acad. Sci. Paris 340,
873-878 (2005)

4. Hoke, J, Anthes, A: The initialization of numerical models by a dynamic initialization technique. Mon. Weather Rev.
104, 1551-1556 (1976)

5. Liu, K: Locally distributed control and damping for the conservative system. SIAM J. Control Optim. 35(5), 1574-1590
(1997)

6. Tucanak, M, Weiss, G: Observation and Control for Operator Semigroups. Birkhduser Advanced Texts. Birkhauser, Basel
(2009)

7. Byungik, K: Multiple valued iterative dynamics models of nonlinear discrete-time control dynamical systems with
disturbance. J. Korean Math. Soc. 50, 17-39 (2013)

8. Curtain, RF, Zwart, H: An Introduction to Infinite-Dimensional Linear Systems Theory. Texts in Applied Mathematics,
vol. 21. Springer, New York (1995)

9. Ramdani, K, Takahashi, T, Tenenbaum, G, Tucsnak, M: A spectral approach for the exact observability of
infinite-dimensional systems with skew-adjoint generator. J. Funct. Anal. 226, 193-229 (2005)

10.1186/1687-1847-2014-82
Cite this article as: Xie and Chang: Reconstructing the initial state for the nonlinear system and analyzing its
convergence. Advances in Difference Equations 2014, 2014:82



http://www.advancesindifferenceequations.com/content/2014/1/82

	Reconstructing the initial state for the nonlinear system and analyzing its convergence
	Abstract
	Keywords

	Introduction
	Description
	Properties of one step iteration
	Properties of multiple iterations
	Numerical convergence
	Semi-discretization
	Full-discretization

	Examples
	Conclusion
	Competing interests
	Authors' contributions
	Acknowledgements
	References


