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1 Introduction
In this paper, we study the separated boundary value problem for impulsive gi-integro-
difference equation of the following form:

D2 x(t) = f(£,%(2), (Sq®)(8), t€]:=[0,T),t 7,
Ax(te) = I(x(t)), k=1,2,...,m,

(1.1)
Dy x(tf) — Dy x(tx) = [ (x(&)), k=1,2,...,m,
x(0) + Dgyx(0) = 0, x(T) + Dy, x(T) =0,
where 0=ty <t)j <ty <+ <ty < <tym<tmu=T,f:]xR? >R,
t
(Sgx)(t) = / o(t,s)x(s)dys, te(titinl,k=0,1,2,...,m, (1.2)
Tk

¢ :] xJ — [0,00) is a continuous function, I, [} € C(R,R), Ax(tx) = x(t;) — x(t) for k =
1,2,...,m, x(tf) = limy_ox(& + 1) and 0 < gx <1for k=0,1,2,...,m.

The notions of gx-derivative and gx-integral on finite intervals were introduced in [1].
For a fixed k € NU {0} let Ji := [, tx+1] C R be an interval and 0 < g4 < 1 be a constant. We
define gi-derivative of a function f : Jy — R at a point ¢ € J as follows.

Definition 1.1 Assume f : Jy — R is a continuous function and let ¢ € J;. Then the ex-
pression

S —flgrt + (1 - qu)te)
(L —qu)(t—t)

D, f(t) = , t4t, Dyf(t) = lim Dy f() (13)

is called the gx-derivative of function f at ¢.
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We say that f is gx-differentiable on J; provided Dy, f(t) exists for all £ € Ji. Note that if
tx = 0 and gx = g in (1.3), then D, f = D,f, where D, is the well-known g-derivative of the
function f(¢) defined by

VAORVACDN

1.4
Q-gqt (1.4)

Dyf(t) =
In addition, we should define the higher gx-derivative of functions.

Definition 1.2 Let f : J — R be a continuous function, we call the second-order g-
derivative D, f provided Dy,f is gi-differentiable on Ji with D? f = Dy, (D, f) : Jk — R.
Similarly, we define higher order gj-derivative Dy Tk — R.

The gi-integral is defined as follows.

Definition 1.3 Assume f : Jy — R is a continuous function. Then the gi-integral is de-

fined by
[ FOdus=a-ae-10 Y air(aie + (- d)e) (1.5)
Lk n=0

for t € Jx. Moreover, if a € (t, t) then the definite gx-integral is defined by

/atf(s)qus = /t‘ktf(s)qus—/t:f(s)qus

=(1-q)t-t0) ) qif (ait+ (1-a})t)

n=0

o0
-1 -g)a—t) Zq gia+(1-qQ)t).
n=0

Note that if £, = 0 and gi = g, then (1.5) reduces to g-integral of a function f(¢), defined
by [3f(s)dys = (1 -t Y02 q"f(q"t) for t € [0, 00).

For the basic properties of gx-derivative and gj-integral we refer to [1].

The book by Kac and Cheung [2] covers many of the fundamental aspects of the quan-
tum calculus. In recent years, the topic of g-calculus has attracted the attention of several
researchers and a variety of new results can be found in the papers [3—15] and the refer-
ences cited therein.

Impulsive differential equations serve as basic models to study the dynamics of processes
that are subject to sudden changes in their states. Recent development in this field has
been motivated by many applied problems, such as control theory, population dynamics
and medicine. For some recent works on the theory of impulsive differential equations,
we refer the interested reader to the monographs [16-18].

In this paper we prove an existence and uniqueness result for the impulsive bound-
ary value problem (1.1) by using Banach’s contraction mapping principle and three ex-
istence results by applying Schaefer’s, Krasnoselskii’s fixed point theorems and the Leray-
Schauder Nonlinear Alternative. The rest of this paper is organized as follows: In Sec-
tion 2 we present an auxiliary lemma which is used to convert the impulsive boundary
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value problem (1.1) into an equivalent integral equation. The main results are given in
Section 3, while examples illustrating the results are presented in Section 4.

2 An auxiliary lemma

LetJ =1[0,T1, Jo = [to, t1], Jk = (s txs1] for k =1,2,...,m. Let PC(J,R) = {x: ] —> R: x(¢) is
continuous everywhere except for some # at which x(¢;) and x(#;) exist and x(;) = x(&),
k=1,2,...,m}. PC(J,R) is a Banach space with the norm ||x||pc = sup{|x(¢)|; £ € J}.

We now consider the following linear case:

D2a(0)=h(e), te]t7u,
Ax(ty) = (x(t)), k=1,2,...,m,

(2.1)
Dy x(tf) — Dy, x(tx) = I (x(&)), k=1,2,...,m,
%(0) + Dyyx(0) = 0, x(T) + Dg,,x(T) =0,
where 4 : ] — R is a continuous function.
Lemma 2.1 The unique solution of problem (2.1) is given by
1 —t m tr s
x(t) = (T) Z(/ / h(r)dy, rd, s+ Ik(x(tk)))
k=1 k-1 Y k-1
1—t\ o [
+ (T) Z(/ h(s)dy, ,s +1;;(x(tk))>(T- b +1)
k=1 Y k-1
1-t\ [T ¢ 1-¢t\ [T
+ (T) ‘/tm /tm h(r)dg,,rdg,,s + (T) /tm h(s)dg,,s
173 s
+ Z ( / h(r) qulrquls+1k(x(tk))>
O<ty<t Y k-1 ¥ tk-1
173 t s
+ Z </ h(s)dg, s+I; (x(tk)))(t —ty) +/ / h(r)dg, rdys, (2.2)
O<t<t k-1 b Ik
with Y2 ()=0fora>b.
Proof Taking the go-integral for the first equation of (2.1), for ¢ € J, we have
t
D, x(t) = Dygyx(0) +/ h(s) dgys, (2.3)
0
which leads to
5]
Dygyx(t1) = Dgyx(0) + / h(s) dg,s. (2.4)
0

For t € Jo we get by go-integrating (2.3),

(0)=(0) + Dyys(0)c + t [ 10

t s
=A +Bt+/ / h(r)dg,rdg,s, ifA=x(0),B=Dgx(0).
0 Jo
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In particular, for ¢ = £;, we obtain

151 s
x(t1) =A+Bt + / / h(r) dgyrdg,s.
o Jo

For t € J; = (t1, t2], q1-integrating (2.1), we have

Dy, x(t) = Dgyx(8) + /th(s) dg,s.

t

Using the third condition of (2.1) with (2.4), it follows that

151 t
Dy x(t) =B+ f h(s)dgys + If (x(tl)) + / h(s)dys.
0 5]

Taking ¢;-integral to (2.6) for ¢ € J;, we obtain

x(t) = x(tf) + |:B + /0 1 h(s)dgys + IT (x(tl)):|(t -t)

t s
+ / / h(r)dg,rdg,s.
h Ju

Applying the second equation of (2.1) with (2.5) and (2.7), we get
1 s
x(t) =A+Bt + / / h(r) dgyrdgys + I (x(t1))
o Jo
t t s
+ |:B + / h(s)dgys + I (x(tl))i|(t —f)+ / / h(r)dgrdgs
0 t1 Jh
51 s
=A+Bt+ / / h(r)dg rdg,s + 1 (x(tl))
o Jo

+ [./o 1 h(s)dgys + Iy (x(tl))](t —f) + ‘/t.l -/n h(r)dg, rdys.

Repeating the above process, for ¢ € Ji, we get

x(t)=A + Bt
£y < / ' h(r)qu_lrqu_ls+Ik(x(tk))>
O<ty<t k-1 ¥ tk1
£y < / * hts) qu1s+1,f(x(tk)))(t—tk)
O<ty<t Y k-1

t s
+ / / h(r)dg,rdy,s.
b Itk

From the first boundary condition of (2.1) (i.e. x(0) + D,,x(0) = 0) and (2.8), we have

A+B=0.

Page 4 of 23
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Also, the second boundary condition of (2.1) (i.e. #(T) + D,,,x(T) = 0) and (2.8), yields
A+B(T+1) + </ / h(r)dg, rdg s+ Ik(x(tk)))
te-1 Y tk-1
+Z([ qkls+l,f(( )))(T—tk+1)

/tm /mh(r)dqmrd S+/m h(s)dyg,,s =0. (2.10)

From (2.9) and (2.10), we have that

1 m 7% s
B=-1 Z( /t [ H0 gy s (x(tk)))
k=1 k-1 v tk-1

__Z</ h(s)dy,_ 1s+1,f(x(tk))>(T—tk+1)

1 T
- — r)dg,,rdg,s — / h(s)dy,,,s,
/tm /m T tm B

which implies
1 m tx s
A== Z( /t t h(r)dy,  rdg s+ Ik (x(tk))>
k=1 k-1 ¥ tk-1

f ‘ h(s)dg, s +1I} (x(tk))) (T -t +1)

1
*?E(

1 T s 1 T
+ = h(r)d,, rd,,s+ —f h(s)d,,,s.
T\/t‘m \/tm q q T - q;

Substituting constants A and B into (2.8), we obtain (2.2) as requested. O

3 Main results
In view of Lemma 2.1, we define an operator A : PC(J,R) — PC(J,R) by

(Ax)(t)—( D[ [ 0005090 dy 15+ 1s00) )
L1 Ytk

k=1

m

Z( / (5,%(5), (S, %)()) dyy_y5 + I (x(tk))> (T -t +1)

" (1—;)/ /f r,x(r) (Squ)(”)) qmrdqms
r)

/ s, x(s) (Sgm) (S)) am$

( S([° [ st o0 dq“rdq“suk(x(tk)))
L1 Y b1

Page 5 of 23
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+ >y ( / ' £(5,%(5), (S, %)(5)) qu_ls+l,f(x(tk)))(t—tk)

O<tr<t Y bk-1

+ /tk /tk f(r,x(r), (Sq,(x)(r)) dgrdys. (3.1)

It should be noticed that problem (1.1) has solutions if and only if the operator .4 has fixed
points.

Our first result is an existence and uniqueness result for the impulsive boundary value
problem (1.1) by using the Banach contraction mapping principle.

Let ¢ = max{¢(t,s) : (t,s) € J x J}. Further, for convenience we set

w

_ 1+2T mZH[Ll(tk — tg1)? . oL (ty - tk—1)3:|

T = l+q 1+ gk + 45,

1+ T 1 boLa(t — tr)>
VTS Bt

P 1+ gra

doLo(ty — tk—1)2j|

1427 «
T —ti)| Li(t — tr—
= k)[l(k )+

k=1
m

mL3(1+2T) mLy(1+T) Ly(1+2T)
+ 3 T + 4T + 2 T Z(T—tk), (3.2)

k=1

and

m+1 m+1

M;(1+2T) (e — l‘k,l)2 M(1+T)
Ao = E E tx — ty_
0 T 1+ g + T (tk — tr-1)

k=1 k=1

Mi(1+27T) & mMy(1 +2T)
e kX_;(T— )tk — ti1) + — =

mMs(1+T) Ms(1+2T) —
+ 3T = T Z(T—tk)' (3-3)

k=1

Theorem 3.1 Assume that:

(Hy) The function f : ] x R? — R is continuous and there exist constants Ly, Ly > 0 such

that
Lf(t,x, (qux)) —f(t,y, (quy))| <Lilx-yl+ Ly (qu | _y|)’
foreachte] and x,y e R, k=0,1,2,...,m.
(Hy) The functions I, I} : R — R are continuous and there exist constants L3, L4 > 0 such
that

) - (y)| <Lslx -yl and |I}(x) - I;(y)| < Lalx -yl

foreachx,ye R, k=1,2,...,m.

Page 6 of 23
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If
w<§<l, (3.4)

where w is defined by (3.2), and § > 0, then the boundary value problem (1.1) has a unique

solution on J.

Proof We transform the boundary value problem (1.1) into a fixed point problem, x = Ax,
where the operator A is defined by (3.1). By using the Banach contraction mapping prin-
ciple, we shall show that .4 has a fixed point which is the unique solution of the boundary
value problem (1.1).

Let M, M;, and M3 be nonnegative constants such that sup,, |f(£,0,0)] = M,
sup{|fx(0)| : k =1,2,...,m} = My, and sup{|[}(0)| : k = 1,2,...,m} = M3. By choosing a con-

stant R as

R>£
l1-¢

where § < ¢ <1 and A defined by (3.3), we will show that .ABg C Bg, where a ball By is
defined by Bg = {x € PC(J,R) : ||x|| < R}. For x € Bg, we have

Il A]
-t
J‘é}’{( T );([tkftk (1, 6(), (S, 2)(1)) gy, gy, 5 + I (x (tk)))
(I—’Tt> < f S,x(S)» (qu,lx)(s)) quls+IZ(x(tk)))(T—tk+1)
(1—7—Vt> ‘/tm f r’x(r) (Squ)(r)) qmrdqms
T
( T ) f(5:5(9: (S3,%)(9)) d,

Y (f S (rx(r), (Sq_,)(r)) dg, 1raquls+1k(x(tk)))
k-1 Y b1

O<ty<t
+ Z (/ S (5,%(8), (Sgp 1 %)(8)) dgp 5 + I (x(tk))>(t - )
O<t<t Y th-1

//fr, (), (Sgx)(r)) dg, 7 d s}
tk
(1+T> ( /tkl /tk 0,65 20| dg, 7y ls+‘1k(x(tk))‘>

(1 ;T> Z(/ If (5,%(5), (Sg,2)(9)) | Ay, + | I (x(8)) |) (T-t;+1)

k= k-1

1+T s
*( } ) /m lmV(r’x(V),(Squ)(r))|dqmrdqms
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T
" (I;T)/ If (5,%(5), (S, %)(5)) | dg8
’ Z(/tk 1 /tk . r’ Sara%® (r))|d‘1k71rqu715 + llk(x(tk))|>

k=1

+Z</ If (5,%(5), (Sg_, 2)(9)) | Ay, + I (% tk))|>(T—tk)

/ / If (r,2(r), (S ) (1)) | A A

m+1

1+2T
< / / If (r, %(r), (S, %)(r)) = f(r,0,0)| + |[f(r,0,0)|) dy,_,rdy, ;s
ti-1 Vg1
m+1
s x(s), (quflx)(s)) —f(s,0, O)‘ + V(s, 0,0)|) dg, s
7
1427 & tk
+ T Z(T_ tk)/ (lf(S’x(S)’ (qu,lx)(s)) _f(sl 0, 0)| + lf(S’ 0; 0)|) qu,ls
k=1 Tk
12T “
7 2 (1e(x()) = 1(0)] + |(0)])
k=1
1+T
* (|Ik( ©) =1 (0)| + [:(0)])
k=1
1427 &
+ > (15 (x(20) = I O)] + | L) )(T - 1)
k=1
1 2T m+1 tk s r
< + Z/ [ <L1R+¢0L2R/ qulu+M1) Ay Ydg, s
T 17 L L
k=1 ¢ tk-1 Y tk-1 k-1
m+1
1 T
+ Z/ (L1R+¢0L2R/ qu1r+M1> dg, .8
1+2T & i s
S (T -w) / <L1R+¢0L2R f qu_1r+M1> dy s
T £ 17
k=1 k-1 k-1
1427 & 1+T &
+ * Z(L3R+M2) + * Z(L4R+M3)
k=1 k=1
1427 &
¢ N LR+ Ma)(T - 1)
k=1
_l+2T ’"Z*E[le(tk—rk_m GoLaR(te ~ tit)’ Mt —tk_l)z]
- T = 1+ gk 1+qk1 + 45, 1+qra
m+1
1+T LyR(ty — tr_1)?
+ ; Z|:L1R(tk—tk-1)+M+M1(tk—tk—1)]
P + gk-1
1427 & PoLrR(ti — tir)*
T -t )| LiR(tx — tg1) + ————————— + M (t —
= k>[ (b= i) + ==+ Mt )

k=1
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,1¥2T +T 1+2T &
Z(LSR M)+ Z(L4R + M) + > (LaR + Ms)(T — 1)

k=1 k=1

=wR+X <(B+1-8)R<R,

which implies that ABy C Bg.
For any x,y € PC(J,R) and for each t € /, we have

| Ax(2) — Ay(2)]

m+1

1+2T

/ k / (1) (30 900) =1 1300 3 D)) ) o sy 5
b1 Y b1

m+1

S x(S)’(qu-1x)(S)) —f(s, (5), (Sq 13’)(5))“ k15

- }ZT ST -8) / (5 60 (S5 06) 1 (5205, Sy, )] 15

k=1 k-1

T T
+ ! +T2 Z(|Ik( () - L (y(tr))]) + 1; Z(|I,’f(x(tk)) - I (y(t)])
k=1 k=1
T m
2T U1 wte0) - K te) )T - 0
k=1
1+2T S8 Lyt - tr1)?  Solalti— i 1)3]
= T ;[ 1+ gra 1+611<1+qk1 =yl

o PoLa(tk — te-1)?
Z (tk = tg1) + ————— | lx =yl
P 1+ gra

m

L 1+2T Ly(tx — tr1)?
2 (Tt [Ll(tk—tk_l) + M}nx—yn

P 1+ gk
m(1+2T)L3 m(l+ T)L, X +2T)Lyllx =y “
el T ey R T )
=olx-yl,

which implies that || Ax — Ay|| < w|lx — y|. As w <1, A is a contraction. Therefore, by
the Banach contraction mapping principle, we find that A has a fixed point which is the
unique solution of problem (1.1). This completes the proof. O

The second existence result is based on Schaefer’s fixed point theorem.

Theorem 3.2 Assume that:

(Hz) f:J x R?2 — R is a continuous function and there exists a constant Ny > 0 such that
lf(t) X, (qux)) | S Nl;

foreachte]andallxeR, k=0,1,2,...,m
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(H4) The functions I, I} : R — R are continuous and there exist constants Na, N3 > 0 such
that

|Ik@x)| <No  and  |I;(x)| <Ns,
forallxeR, k=1,2,...,m.
Then the boundary value problem (1.1) has at least one solution on J.

Proof We will use Schaefer’s fixed point theorem to prove that A, defined by (3.1), has a
fixed point. We divide the proof into four steps.

Step 1: Continuity of A.

Let {x,} be a sequence such that x,, — x in PC(J, R). Since f is a continuous function on
J x R? and I, I} are continuous functions on R for k =1,2,..., we have

S (&:%4(2), (Sqexn)(0) = [ (£,2(2), (Sg%)(2))

and I (x, (&) = Ie(x(tx), IE (s (8)) = I (x(tg)) for k=1,2,...,as n — oo.
Then, for each t € J, we get

|(Ax,))(8) - (Ax)(0)|

_ ﬂ) m( . () (S m))
( T ; /t“ /t“ "

= (r,6(r), (Squy0() | gy 7 gy + [T (0 (ta)) = D (6(21) |>

! (1—;) Z(/kk V(5200 8), (S 120)(6) = (5,509, (S 12)(6)) | a8
k=1

-1

1 (5a(20) — I (x(20) |)(T Ch+1)

1-¢\ (T [
+ (Tt> /tm /t f (2 2 (r), (Sgun) () = f (1 2(r), (S, ) (1)) | Ay ¥ gy

m

1-t\ [T
. (T) [ 52060 (51,5060 = (5561, (5,906 5

+—§2(/”t/ (00 S 5000 0) = F (10 (S 00| gl 15
L1 Y tg-1

O<ty<t

+M@wm—4@mm)

+ 2 ( / 152009, (S 20)(9) 1 (5509, (55,06 |y

O<tp<t Y k-1

+ | I (en(t0) — I (x(8)) |> t-t)

+/ / [f(r,xn(r),(qux,,)(r)) —f(r,x(r),(qux)(r)Hqurqus,
t Jitg

which gives || Ax, — Ax|| — 0 as n — oco. This means that A is continuous.
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Step 2: A maps bounded sets into bounded sets in PC(J,R).
So, let us prove that for any r > 0, there exists a positive constant p such that for each
x € B, ={x € PC(J,R): ||x|| < r}, we have || Ax|| < p. For any x € B,, we have

el = B ([ [ 1ot S 00 e s+ )

% (/ ‘ If (5,%(8), (Sge 1 2)(9)) | A5 + I (x(8)) })(T —4+1)
t

L - /tm /m[f 1, %(r), (S ) (1) | dyyy 7 dg s
oA [ 1 (5,(5), (S5, %)(9)) | g
+ Z( /tk 1 /t:l If () 2(r), (S 1 2)(1) | gy gy + | I (x(8)) |)
+ Z(f (5,%(5), (Sg_,)(5)) | digy_y5 + |11t(x(t"))|)(T_ 1)
+ /tm /slf(r,x(r), (S ¥)(1))| gy dys

tm

1+2T m+1 s m+1
T Zf Nlqu1rqu1 / Ny d, ax-15
k=1 Y k=1 Y tk-1

1+2T " Y 1427 &
§ T—tk)/ Nlqu_1s+—§ N,
, T
k=1 k-1 k=1

IA

1+ 7T & 1+27T &
+ N3 + ZNg(T - tk)
k=1 k=1
12T CAT Nt — 1 1) 1+ T 22
< Ny (t — i
=T Z|: 1+ g ]+ T Z[ 1t kl)]
k=1 k=1
1427 & m(1+ 2T)N.
D (T = ) [Nalti — i) + =

k=1

m(1+T)Ns (1+2T)N; —
T-t
+ T + T ;( %)

= p.

Hence, we deduce that || Ax| < p.

Step 3: A maps bounded sets into equicontinuous sets of PC(J,R).

Let 71,17, € J; for some i € {0,1,2,...,m}, 71 < 75, B, be a bounded set of PC(J,R) as in
Step 2, and let x € B,. Then we have

|(Ax)(22) - (Ax)(n1)

|Tz—T1| ( 0 )
s X(r), (Sq, X)) | doyy v gy s + I (x(tx)
/ [ b0 S 0 s+ )
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/ ’ If (5,2(5), (S, 2)(8)) | dgyy s + | I (x(2)) |) (T -t +1)

-1

s T2 — 71l Xm:
T

k=1

— T ps
+ |T2T‘L'1| ftm /tmlf(r,x(r),(squ)(r)”dqmrdqms

_ T
2 [ 9.090,09) s

=l 30 [ 1630, 50 900) s+ 150
k=1 k-1

+

fzf [f(r,x(r),(Sql,x)(r)ﬂdqirdqis—/v1[ V(r,x(r),(Sqix)(r))’dqirdql.s

|72 — 1] Xm: Ni(t - trr)? N
T P 1+ qk-1 2

IA

T2 — 71| ITa — 11| [ Nu(T = t)?
Ni(te - ter) + N3 (Tt + 1
G ;[ 1tk — te1) + N3 (T =t +1) + T T+ a0
-7l :
e [N = )]+ 72 = 10l [Ntk = t5) + N3

k=1

Ty — 71| N;

+ w(‘@ + 7+ 21?,').
1+ qi

As 11 — 19, the right-hand side of the above inequality (which is independent of x) tends
to zero. As a consequence of Steps 1 to 3, together with the Arzeld-Ascoli theorem, we
deduce that A : PC(J,R) — PC(J,R) is completely continuous.

Step 4: We show that the set

E-= {xePC(],]R):x:QAxforsomeO<0 <1}

is bounded.
Let x € E. Then x(¢) = 6(Ax)(t) for some 0 < 6 < 1. Thus, for each ¢ € J, by using the

computations of Step 2, we have that
[ Ax]l < p.

This shows that the set E is bounded. As a consequence of Schaefer’s fixed point theo-
rem, we conclude that A has a fixed point which is a solution of the impulsive gx-integro-

difference boundary value problem (1.1). O

The third existence result for the impulsive boundary value problem (1.1) is based on

Krasnoselskii’s fixed point theorem.

Lemma 3.3 (Krasnoselskii’s fixed point theorem) [19] Let M be a closed, bounded, convex
and nonempty subset of a Banach space X. Let A, B be the operators such that

(a) Ax+ By € M whenever x,y € M;

(b) A is a compact and continuous;
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(c) B isa contraction mapping.
Then there exists z € M such that z = Az + Bz.

For convenience we put

1427 22 (b - tin)? 1+T"’+1
= e —t
- kX; 7 Z(k k-1)
1427 &
b T = )t - b, (35)
k=1

and

mA+2T)N;  m(+ 1INy (1+2T)N, i(T—tk)-

T T T (3.6)

1=
k=1

Theorem 3.4 Letf:] x R — R be a continuous function. Assume that:

(A1) Ift,x9)| < u(@), V(t,xy) €] x R x Rand n € C(J,R").

(A2) There exist constants N1, Ny > 0 such that |I(x)| < Ny and |I}}(x)| < Na, Vx € R, for
k=12,...,m

(A3) There exist constants K1, Ky > 0 such that | I (x) — I ()| < Ki|x—y| and |} (x)-I; ()| <
Klx -y, Vx,yeR, fork=1,2,...,m

If

(3.7)

1+ 27K 1+ 1K, 1+2T)Ky &
m(l + )1+W1(+ K, 1+ )ZZ(T_tk)<1

T T T
k=1

then boundary value problem (1.1) has at least one solution on J.

Proof We define sup,; |1(t)| = |||l and choose a suitable constant p as
p=lllA+ 4y,

where A and A, are defined by (3.5) and (3.6), respectively. We define the operators ® and
VonB,={xecPC(,R): x| <p}as

(@x)(t)—(l—) (/ / (1,20, (S )) d d)

i ( ) Z(f kf(s #(9), (Sg11)(5)) qu15>(T —t+1)

)
=

—_
w\|
=~

/ /f’",x(” (Sqx)(r )) dg,,rdg,s

tm

) S (5,(5), (Sg,,%)(5)) dy,,.

Page 13 of 23
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Y </tk 1 /:lf(r,x(r), (Sgi 1 0)(r)) qu-l’"qu_ls)

O<ty<t

+ > ( /kl £(5,%(5), (S, %)(5)) qu_ls>(t—tk)

O<ty<t

+/;k L;f(r,x(r),(qux)(r))qurqus

and

(\Ifx><t>=(1—;t) AT ( )Z (x(60) (T - 1 + 1)

k=1

O L) + D () (- &)

O<ty<t O<ty<t

For x,y € B,, we have

1427 22 (4 - tin)? 1+T’”+1
dx + Pyl < tk —t
1 @x yII_IIMII{ - kX; o Zu 1)
1427 <
+ T — t)(tr — tr_
- E( Ot — te)

1+27T)N; 1+T)N, (1+2T)Ny &
+m(+ )1+m(+ )2+(+ )ZZ(T—tk)
T T T

k=1
= [l A+ 2

<p.

Thus, ®x + Wy € B,,.
For x,y € PC(J,R), from (A3), we have

[Wx — Wyl S

Z|11< (x(t0) = I (v(10)) |

C(x(8) = I (v(80)) |

L2 D 1 (x(80) - I (&) (T - )

T k=1
m(1+2T)Ky||x - y|| . m(1+ 1)K [lx -yl
= T T
1+2T)Ks |lx - yll
+ f Z(T - tk)¢

k=1

which implies, by (3.7), that W is a contraction mapping.
Continuity of f implies that the operator ® is continuous. Also, ® is uniformly bounded
on B, as

[ Px]l < [lpellA.

Now we prove the compactness of the operator ®.
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We define SUP (¢ x)e/ x B, If(t,x)| :]_’ <00, 11, Ty € (¢, t,1) for some i € {0,1,...,m} with 7 <
7, and consequently we get

|(@2)(12) - (D) (1)

< |‘L'2—T1| (/ / r, x(r), (Sq,. lx)(r))|qu g s >

S ([ 16460 S 0D s )T =51
T k=1 “Ylk-1

— T ps
’ % /tm /;m [ (r,2(1), (S, 2)(r)) | g7 g5

_ T
+ % /t‘m lf(s,x(s); (Squ)(s))|dq s

+lo -l Z(/ ) V(S,x(s), (qu—lx)(s)) | qu1s>
k=1

2/ [f(r,x(r),(Sqix)(r)ﬂdqirdqis—/. 1/ [f(r,x(r),(Sqix)(r))|dqirdqis

|T2—T1[f (tk — tre1)? 1'2—711]7 “
te — b (T - ¢ 1
E T+ a0 T k§=1(k x-1)( r+1)

(T = tw) + |2 = 1alf Yt — thn)

k=1

. T2 — 1 lf (T = t)? . |t —lf
T 1+q, T

n-1lf
+|2 1f

(19 + 11 +28),
1+gq;

which is independent of x and tends to zero as 7, — 17 — 0. Thus, ® is equicontinuous. So
® is relatively compact on B,,. Hence, by the Arzela-Ascoli theorem, ¢ is compact on B,,.
Thus all the assumptions of Lemma 3.3 are satisfied. So the boundary value problem (1.1)

has at least one solution on J. The proof is completed. g
Our final, fourth existence result is based on the Leray-Schauder Nonlinear Alternative.

Lemma 3.5 (Nonlinear alternative for single valued maps) [20] Let E be a Banach space,
C a closed, convex subset of E, U an open subset of C and 0 € U. Suppose that F : U — C is
a continuous, compact (that is, F(U) is a relatively compact subset of C) map. Then either
(i) F has a fixed point in U, or
(ii) thereis a u € AU (the boundary of U in C) and 6 € (0,1) with u = 6 F(u).

Theorem 3.6 Assume that:

(A4) Thereexist a continuous nondecreasing function v : [0,00) — (0, 00) and a continuous
function p : ] — R such that

[f(t,x,y)’ §p(t)1p(|x|) + |yl foreach (t,x,y) €] x R x R.
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(As) There exist continuous nondecreasing functions ¢, ¢, : [0,00) — (0,00) such that
@) <@ (1xl)  and | (%)| < @2 (1x1),

forallxeR, k=1,2,...,m

(Ag) There exists a constant M* > 0 such that
M*

Por (M*)Q1 + poM*Qy + Q3

)

where py = max{p(t) : t € J}, ¢po = max{¢(t,s): (t,s) €] x J} and

1427 22 (4 — tk_l)z 14728
Q= (tx — tx-1)
T kZI: 1+qia Z !
1+2T &
7 (T - t) (tk — ti1),
k=1

Q 1+2T % (tx — tk_l)s 1+T % (tx — tk_1)2
= +
2 T “ltqa+q, T “= l+aa

1+2TZ(T—t) tkl)’

1+qgi
m(1+2T)oi(M*)  m(1 + T)ga(M*) (1 + 2T) s (M*) —
Q= 7 Ll T2 + T2 ;(T—tk).

Then the impulsive boundary value problem (1.1) has at least one solution on J.

Proof First we show that A maps bounded sets (balls) into bounded sets in PC(J,R). For a
positive number p, let B; = {x € PC(J,R) : ||x|| < p} be a bounded ball in PC(J,R). Then
for t € ] we have

1-¢ E (/ f r’ x(r), (qu 1’5)(r))|6t’q,<1 qaSt |Ik(x(tk))|>
te-1 ¢ b1

B2 (1000 59000 5+ 1 o60) )T =51
T k=1 \Ylk-1

1-¢ (T
* %“/tm / If (r,2(r), (Sg, )(r)) | o, o8

tm

_ T
+ %/t [f (5,%(5), (S, %)(5)) | s

([ 100500900 s+ o))
k= L1 Y k-1

1

+Z</ If (5,%(5), (Sg, %)(8)) | dgy 5 + | I (x tk))|>(T—tk)

k=1
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T s
+/[‘m /tm [f(r,x(r),(Squ)(r))|dqmrdqms

1+2T &5 (&[5 r
N (pow(nxn)wonxn / dq“u)dq“rdq“s
k=1 Y k-1 Y tk-1 tk-1

m+1

1+T
i) / (pow Il + ol / dy o7 ) S

1 2T b $

' ZT—tk) / (pow(||x||)+¢o||x|| / qu1r>qu1s
k=1 tk-1 tg-1

1+2T <& (1+1)
+
T o1\ [IX +
k=1 k=1

1427 &
ea(ll) + == Y o (I*1)(T - £0)
k=1

_1+2T ’”Z“[pow(||x||)(tk—tk_l>2 bo !l (tx — tx1)? }

- T P 1+ qi 1+qk1+qk1
1+T o llxll (t — ti1)?
— ;[pw(nxn)(tk—tk_m %}
1427 & Bollxll (tx — te1)?
+— ;(T—tk>[pow(||x||)(tk—tk_1>+%]
m(+ 2D () m(L+ Thgs(llx)
T T
1 +2T)ga(lx]l) —

_1+2T mz“[pow(ﬁ)(tk—tk_m bop(ti — tr 1)3}

=T P 1+qgra 1+ gk +q; 4
1+T ¢S dop(ti ~ tir)’

) tr — -

e

dop(tx — tk—l)z]

1427 &
L Z(T—tk)[pow(ﬁ)(tk—tk—1)+ 1+ 21

r k=1

m(1+2T)p1(p)  m1+T)pa(p)  (1+2T)a(p)
+ i LA T2 + T2 ;(T—tk)

=K.

Hence, we deduce that || Ax| < K.
Next we show that A maps bounded sets into equicontinuous sets of PC(J,R).

Let 1y, 75 € J; for some i € {0,1,2,...,m}, 11 < To, B; be a bounded set of PC(/,R) as in

the previous step, and let x € B;. Then we have
|(Ax)(z2) - (Ax)(n1)

|Tz—T1| ( 0 )
s X(r), (Sq, X)) | doyy v gy s + I (x(tx)
/ [ b0 S 0 s+ )

Page 17 of 23
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TS 60 5 9000 15+ 1) ) T 1+

T k=1

— T ps
+ |T2T‘L'1| /tm / If (7, %(r), (Sgy ) (1)) | g7 g5

tm

_ T
2 [ 9.090,09) s

=l 30 [ 1630, 50 900) s+ 150
k=1 k-1

f[f(r,x(r),(Sqi )| dg,rdgs - / /Vr,x(r X)(1))| dg,r dys

- |72 — 71l Xm:[Polﬂ(ﬁ)(tk — tg1)? . Gop(tx — tr1)? s ‘pl(ﬁ):|

T = 1+ gk 1+ qra +qp,

Pop(t — tr1)?

|‘E2;‘L'1| Z[pol/f(ﬁ)(tk—fkl) Y o +¢2(ﬁ)}(T—fk+1)
|T2 —Tl| |:P01/f(,0)(T— ) ¢0/0(T— m)3:|

1+qm, 1+qm +qm
|T2

¢op(T - tm)z]

[ oV ()T ~tw) + — s

Pop(tr — tr1)? ¢2(ﬁ):|

+]1 -1 [ oW (0)(tk — ti1) +
1+ gr

N |72 - T1|P0W(ﬁ) (T + 71 4 28)
1+g;
m(tz + 7T + 17+ 3(1y + Tt + 38)).
1+qg;+ ql
The right-hand side of the above inequality, which is independent of x, tends to zero as
71 — To. From all above and by the Arzeld-Ascoli theorem A : PC(J,R) — PC(J,R) is com-
pletely continuous.

The result will follow from the Leray-Schauder nonlinear alternative (Lemma 3.5) once
we have proved the boundedness of the set of all solutions to the equations x(¢) = 6 (Ax)(¢)
for some 0 <6 <1.

Let x be a solution. Thus, for each ¢ € J, we have

(Ax)(2)
-0 (I—;t) ;(/t:kl /t:lf(’"’x(”)r (Sga)(1) dgy_yrdg 5+ I (x(tk)))
+o (I—;t> Z( [ 66 (5 206 5+ 1 (x<tk>))(T ~te+D)
k=1 -1
1-¢ T ps
() [ [t
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T
+ 9(1—;> /t f(s,x(S), (Squ)(s)) g S

</ / F(rx(r), (Squ#)(1) dy 7 dgy s + I (x (tk))>
O<tp<t NV tk-1 Y lk-1
+0 Y </ . S (5,%(5), (S, %)(8)) dgy, s + I (x(tk))) (t—t)

tk-1

O<ty<t

' 0/ ./ (rx(r), (S 2)(1)) dgyr dys.

This implies by (A4) and (As) that for each ¢ € J, we have

T, m+1 s
|(Ax)(0)] < dihd Z/ / (L@ (1%1) +1Sg 1 %]) dgy,r dgy_y
m+1
9(1 T) Z U (1%) + 1S %) dgy s
k=1 Ytk 1
01 +2T) t
+ % Z(T— tk)/ k (P(t)l//(|x|) + |qu71x|) dgy s
P k-1
01 +2T 0(+17)
% I o Z‘/’Z 1)
9(1 +27) i (1%1)(T - &)

m+1

k=1
1+2T t
< / / <P01/’ Ill) + ol / dy i )qulrdq“
tk-1

1 T,m+1
(pow Ill) + dollxl f q“) -

1+2T & 8 s
f— Z(T—tk)/ (1701//(||x||) +¢o||x||/ qulr) dg 1S
k-1 k-1

k=1

1427 «— 1+7T &

+ = Yl + —— D ea(l+l)
k=1 k=1

1+2T <&
e kXﬂ}pz(nxn)(T—tk)

m+1
1+2T b — tr1)? b — tr)®
< + Z[Po'ﬁ(ﬂxﬂ)(k x-1) +¢0||x||(k k21)]
r = 1+ gi L+ g + g3
1+7 A o %] (tx — t51)?
E b — ) + S el
T 2 [Po%ﬁ(ﬂx”)(k k-1) + Tt g :|
1427 &

+

dollx|l (tx - tk1)2]

;(T—tk)[l’ol/f(”x”)(tk—tk—l)+ 1+ g
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m(1+2T)g(||x[) L may D)ea(llxll)

T T
1 +2T)ea(l1x]])
+fZ(T—tk)
m+1 m+1
1427 & (e —te1)*> 1+ T
= poyr (x|l + (tx — tx-1)
1+27T &
r— §}T—mm—nm}
k=1
m+1 m+1
1+2T tk_tkl tk—tk1)2
+gollall | =7 D 1 Z:
Py +qk1+qk1 = 1+qia

+

1427 & (tx = tr-1)* | m@+2T)@i(l1%l)
E (T - t) +
1+ qk-1 T

k=1

m(L+ Tea(llxl) (L +2T)ga(l1x]]) ~—
- + - ;(T—tk)

= povr (121 Q1 + ¢ol|%11 Q2 + Q.

Consequently, we have

[l

<1
pov (IxINQ1 + dollx| Q2 + Q3 —

In view of (Ag), there exists M* such that ||x|| # M*. Let us set
u-= {x e PC(J,R) : x|l <M*}.

Note that the operator A : i — PC(J, R) is continuous and completely continuous. From
the choice of U, there is no x € U such that x = 6 Ax for some 6 € (0,1). Consequently,
by the nonlinear alternative of Leray-Schauder type (Lemma 3.5), we deduce that .A has a
fixed point x € U which is a solution of the problem (1.1). This completes the proof. [

4 Examples
In this section, we will give examples to illustrate our main results.

Example 4.1 Consider the following boundary value problem for the nonlinear second-

order impulsive gx-integro-difference equation:

2 ()] t2 rt sinm(t—s)
D,ﬁ1 x(t) = T t+3) o3ty 3 x(s)dgs, tel,t#t,

_ ()| _
Ax(tk) Wk\x()’ k—1,2,...,9,

_ ()| _
D%x(tk) Dﬁkax(tk) S EUREE k=1,2,...,9,

x(0) + D%x(O) =0, x(1) + D%x(l) =0

(4.1)

Here ] = [0,1], t = k/10, g = (k +1)/(k + 4) for k= 0,1,2,...,9,m =9, T =1, f(t,x,S4x) =
(tlx)/ (e (t + 3)%(|x| + 3)) + (£2/36) fti((sinn(t—s))/B)x(s) dg, s, I(x) = |x]/(9(k + 8) + |x|) and
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I (x) = |x|/(8(k + 7) + |x[). Since

£ (¢, %) f(t,y)|5%|x—y|+(1/36)(5qk|x yl)
1
< —lx-yl

1
|Ik(x)—1k(y)| < g|x—y| and |I,f(x) Ik(y)| <z

(H;) and (H,) are satisfied with L; = (1/27), L, = (1/36), L3 = (1/81), L4 = (1/64). We can

show that

o~ 0.9587977316 < 1.

Hence, by Theorem 3.1, boundary value problem (4.1) has a unique solution on [0,1]
Example 4.2 Consider the following boundary value problem for the nonlinear second-

order impulsive gx-integro-difference equation

2 2
D2 x(t t“sint , te ,t t 5
gI]:B (t) = 1+x2) |/t C"Sz cos” m(t=s) x(s)dgy s1+1 )67 b
_ _ksinnt
Ax(te) = k”lx(tk k=12, ...,9, (4.2)
4k cos? ¢ k=12,....9

)’
Dok x(t) = 55 s
=0,  x()+Dzx(1)=0.

Dos x(t7) -
3k+6
x(0) +D%x(0)
Here] = [0,1], t = k/10, qx = (2k+3)/(3k+6) fork = 0,1,2,...,9,m =9, T =1, f(t,x,S;,x) =
((4£2) /1 +x%)2) + (L2 sin £)/( t|ft cos® 7t (t—s))/3)x(s) d, s|+1) Ii(x) = (ksinmt)/(k+t|x(ti)])
(4k cos? t)/(2k + |x(t)| sin£). We can show that

and I} (x) =
= 5= }Vir

t2 sin t
) x(s) dgsl+1
4k cos*t

2k + |x(te)| sin ¢

If (&, (S x))|=‘ 4 +
Tk (1 +.762)2 t|f: cm2
k

= Ns.

ksinmt
1 —— | <1=N,, d I}
)] = ‘ ko) =N and L) =
Hence, by Theorem 3.2, boundary value problem (4.2) has at least one solution on [0, 1]

Example 4.3 Consider the following nonlinear second-order impulsive gi-difference

equation with separated boundary condition

2
31;12 x(t) = t;fl”zt 2‘%1 ¥ 7 [fc‘;iiﬂqusl, tel,t#t,
Ax(ty) = % k=1,2,...,9, (4.3)
D g x(tf) - 3_ ©(t) = gy, k=12,...,9,
= x(1) + D%_gx(l) =0,

x(O) +D1x(0)
where J = [0,1], & = k/10, gx = (k + 1)/(3k + 2) for k = 0,1,2 9, m=9,T=1,
f(t,x) = (Esinmt/(t +1)2)(Jx|/(2]x| + 1)) + (cos(w2/2))/(] fé(et‘s/(t +€7°))x(s) dy, s|), I (x)

lc(ti)1 /(7 (k + 8) + |x(x)]) and I} (x) = |x(t)|/(8(k + 7) + |x(¢)|). Since

[I(x) - I(y)| < W/63)lx—y| and | (x) - I} ()| < (1/64)|x - yl,
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(As) is satisfied with L; = (1/63), L, = (1/64). It is easy to verify that |f(t,x)| < u(t) =
(tsinme)/(t +1)* + e* cos(wt?/2), Ir(x) <Ny =1,and [;(x) <N, =1forall t € [0,1], x € R,
k=1,...,m. Thus (A7) and (A,) are satisfied. We can show that

1+27)K; 1+ DK 1+27T)Ky &
md+ 20K m(+ DKy | (1+2T) 23 (T - 1) ~ 0.9207589286 < 1.
T T T

k=1

Hence, by Theorem 3.4, boundary value problem (4.3) has at least one solution on [0, 1].

Example 4.4 Consider the following nonlinear second-order impulsive g-difference
equation with separated boundary condition:

D3, x(t) = o2 + M3 — cos tftk ?51"2” ()dys, tel,tt,
k+a
Ax(t) = S22, k=1,2,...,9, s
x(Z; kt :
D/;%ix(tk) Dkux(tk) = W k=1,2,...,9,

%(0) + D1x(0 )—0, 2(1) + Dux(1) =

Here J = [0,1], & = k/10, gx = (k + 2)/(k + 4) for k=0,1,2,...,9, m=9, T =1, f(t,x) =
(x/(x* + 6 + 42)) + (1 + sinmwt)/ (' + 7) — costf;(((t — s)sint/(e"™ + 2))x(s) dg.s, Ix(x) =
(sinrx)/(87 (k + 7)), and I} (x) = (x cos® kt)/(8(k +11)). Clearly,

lf(t )| X 1+sinnt /(t s)smt (5)d,
,x)| = +
x2 + 6et +42 et+7
2 +1 ! (t—s)sint
< 1] + ﬁx(s) dy,s|,
et+7 6 g e +2
sin7rx x xcos? kt x
)| = |2 P ) = [0
8m(k+7) 64 8(k +11) 96

Choosing p(t) = 72, ¥ (1xl) = “¢%, @i(|ul) = £, and s (|x]) = g, we obtain

M*
1
0.9854645864M* + 0.1469016279 g

which implies that M* > 10.10646356. Hence, by Theorem 3.6, boundary value problem
(4.4) has at least one solution on [0,1].

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally in this article. They read and approved the final manuscript.

Authors’ information
Sotiris K Ntouyas is a member of Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group at King Abdulaziz
University, Jeddah, Saudi Arabia.

Author details
"Department of Mathematics, Faculty of Applied Science, King Mongkut's University of Technology, North Bangkok,
Bangkok, Thailand. ?Department of Mathematics, University of loannina, loannina, 451 10, Greece.


http://www.advancesindifferenceequations.com/content/2014/1/88

Thaiprayoon et al. Advances in Difference Equations 2014, 2014:88
http://www.advancesindifferenceequations.com/content/2014/1/88

Acknowledgements
The research of C Thaiprayoon and J Tariboon is supported by King Mongkut's University of Technology North Bangkok,
Thailand.

Received: 3 December 2013 Accepted: 28 February 2014 Published: 17 Mar 2014

References

1.

2.
3.
. Dobrogowska, A, Odzijewicz, A: Second order g-difference equations solvable by factorization method. J. Comput.

17.
18.

19.
20.

Tariboon, J, Ntouyas, SK: Quantum calculus on finite intervals and applications to impulsive difference equations.
Adv. Differ. Equ. 2013, 282 (2013)

Kac, V, Cheung, P: Quantum Calculus. Springer, New York (2002)

Bangerezako, G: Variational g-calculus. J. Math. Anal. Appl. 289, 650-665 (2004)

Appl. Math. 193, 319-346 (2006)

. Gasper, G, Rahman, M: Some systems of multivariable orthogonal g-Racah polynomials. Ramanujan J. 13, 389-405

(2007)

. Ismail, MEH, Simeonov, P: g-difference operators for orthogonal polynomials. J. Comput. Appl. Math. 233, 749-761

(2009)

. Bohner, M, Guseinov, GS: The h-Laplace and g-Laplace transforms. J. Math. Anal. Appl. 365, 75-92 (2010)
. El-Shahed, M, Hassan, HA: Positive solutions of g-difference equation. Proc. Am. Math. Soc. 138, 1733-1738 (2010)
. Ahmad, B: Boundary-value problems for nonlinear third-order g-difference equations. Electron. J. Differ. Equ. 94, 1-7

(2011)

. Ahmad, B, Alsaedi, A, Ntouyas, SK: A study of second-order g-difference equations with boundary conditions. Adv.

Differ. Equ. 2012, 35 (2012)

. Ahmad, B, Ntouyas, SK, Purnaras, IK: Existence results for nonlinear g-difference equations with nonlocal boundary

conditions. Commun. Appl. Nonlinear Anal. 19, 59-72 (2012)

. Ahmad, B, Nieto, JJ: On nonlocal boundary value problems of nonlinear g-difference equations. Adv. Differ. Equ.

2012,81(2012)
Ahmad, B, Ntouyas, SK: Boundary value problems for g-difference inclusions. Abstr. Appl. Anal. 2011, 292860 (2011)

. Zhou, W, Liu, H: Existence solutions for boundary value problem of nonlinear fractional g-difference equations. Adv.

Differ. Equ. 2013, 113 (2013)

. Yu, C, Wang, J: Existence of solutions for nonlinear second-order g-difference equations with first-order g-derivatives.

Adv. Differ. Equ. 2013, 124 (2013)

. Lakshmikantham, V, Bainov, DD, Simeonov, PS: Theory of Impulsive Differential Equations. World Scientific, Singapore

(1989)

Samoilenko, AM, Perestyuk, NA: Impulsive Differential Equations. World Scientific, Singapore (1995)

Benchohra, M, Henderson, J, Ntouyas, SK: Impulsive Differential Equations and Inclusions, vol. 2. Hindawi Publishing
Corporation, New York (2006)

Krasnoselskii, MA: Two remarks on the method of successive approximations. Usp. Mat. Nauk 10, 123-127 (1955)
Granas, A, Dugundiji, J: Fixed Point Theory. Springer, New York (2003)

10.1186/1687-1847-2014-88
Cite this article as: Thaiprayoon et al.: Separated boundary value problems for second-order impulsive
g-integro-difference equations. Advances in Difference Equations 2014, 2014:88

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 23 of 23


http://www.advancesindifferenceequations.com/content/2014/1/88

	Separated boundary value problems for second-order impulsive q-integro-difference equations
	Abstract
	MSC
	Keywords

	Introduction
	An auxiliary lemma
	Main results
	Examples
	Competing interests
	Authors' contributions
	Authors' information
	Author details
	Acknowledgements
	References


