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Abstract

Recently, the Von Staudt-Clausen theorem for g-Euler numbers was introduced by
Kim (Russ. J. Math. Phys. 20(1):33-38, 2013) and Araci et al. have also studied this
theorem for g-Genocchi numbers (see Araci et al. in Appl. Math. Comput. 247:780-785,
2014) based on the work of Kim et al. In this paper, we give the corresponding Yon
Staudt-Clausen theorem for the weighted g-Genocchi numbers and also prove the
Kummer-type congruences for the generated weighted g-Genocchi numbers.
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1 Introduction and preliminaries

As is well known, a theorem including the fractional part of Bernoulli numbers, which is
called the Von Staudt-Clausen theorem, was introduced by Karl Von Staudt and Thomas
Clausen (see [1]). In [2], Kim has studied the Von Staudt-Clausen theorem for the g-Euler
numbers and Araci et al. have introduced the Von Staudt-Clausen theorem associated
with g-Genocchi numbers.

Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C, will denote
the ring of p-adic integers, the field of p-adic rational numbers and the completion of the
algebraic closure Q,,. Let us assume that ¢ is an indeterminate in C, with [1 —g|, < piﬁ
where | - |, is a p-adic norm. The g-extension of x is defined by [x], = %. Note that
lim,_,1[x], = x. For f € C(Z,) = the space of all continuous functions on Z,, the fermionic

p-adic g-integral on Z, is defined by Kim to be

PN-1
[ o= tim, D s-ar (see 2-6). W
From (1), we note that
1 [ S Ddiye)+ [ f0dug) =210 @
Zp Zp
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From n € N, we have

gl S0+ (1 [ s
n-1
=121, ) _fOD"g (see [4]). 3)

=0

Let d € Nwith d =1 (mod 2) and (p,d) = 1. Then we set

x=x=1imZ/dp"z, X*= | a+dpz,
N O<a<dp,(a,p)=1

anda+dpNZ, = {x € X|x = a (mod dp")} where a € Zliesin 0 < a < dp". It is well known
that

/Xf(x) dp_q(x) = i fx)du_4(x), wheref € C(Z,) (see [2-6]). (4)

Recently, the weighted g-Euler numbers were introduced by the generating function to be

n
gt _ /
n’ql’l! 7

P

oo

[x] e t _ . n K
e du_q(x)—g(/zp[x]qadu_q(x)) - (see [5, 7]). (5)

n=0

Thus, by (5), we get
£ - [ i) (see 5,80

where o € C,. Many researchers have studied the weighted g-Euler numbers and g-
Genocchi numbers in the recent decade (see [1-16]).
From (5), Araci defined the weighted g-Genocchi numbers as follows:

o T o gl

Y oG =t / eMat du_ (%) = Z( / [x]k duq(x)) . (6)

n=0 ! Zp n=0 \YZp ! n!
By (6), we get

G(Of)l

ntlg (o) _

o | i, 6 =0 )
The weighted g-Genocchi polynomials are also defined by

o0 t”

Y G =t / et gy (x). (8)

n=0 ’ nt Zp

Thus, by (8), we have

Gih o)

n+1

- [ wesludi o) (=0 ©)
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Let us assume that x is a Dirichlet character with conductor d € N with d =1 (mod 2).
Then we defined the generalized weighted g-Genocchi numbers attached to x as follows:

G(a)
gy :/ X @) [x] e dpp—g(x). v
X

n+1

From (10), we have

G(Cf )

1 [ el die o)
1 dpN -1

1 _lx n

= m T Zo X @)1 [x]ge

_ g %( D x(k)g"| 1 pNZI[m'—(] CV
[d] [pN], d] o

4 k=0

n d-1 G(Ot) k)

(~1)*x (k)q km. (11)
n+1

k=0

Theorem 1.1 Let x be the Dirichlet character with conductor d € N with d =1 (mod 2).
For n e N* =N U {0}, we have

g - e d_l( D06 (X
maxX [d]_, Z XS, 4/
Next we give a familiar theorem, which is known as the Von Staudt-Clausen theorem.

Lemma 1.2 (Von Staudt-Clausen theorem) Let n be an even and positive integer. Then

B, + Z leZ.

p-1|n,p:prime p

Notice that pB, is a p-adic integer where p is an arbitrary prime number, # is an arbi-
trary integer and also B,, is a Bernoulli number as in [1]. The purpose of this paper is to
show that the weighted g-Genocchi numbers can be described by a Von Staudt-Clausen-
type theorem. Finally, we prove a Kummer-type congruence for the generated weighted
q-Genocchi numbers.

2 Von Staudt-Clausen theorems
From (10), we have

Gty / [l g () ”" 4 Bl (12)

n+1

Thus, by (12), we have

G(Ul) G
lim —+ba _ Gt _ / Xdu(x) (see [2-6,15]).
Zp
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In [2], Kim introduced the following inequality:

p-1

> Vilgeq

—0

<1 (13)

~

Let us define the following equality: for k > 1,

n-1

a n— n— k_
L(,Ijl(k)z[O]qul—q[l]qa1+~~-+[pk—l]qa ¢ . (14)
From (3), we note that
G(Oé) (d) G(Ot) 4 d-1
g I (2], Y 1) (15)
1=0

where d € N with d =1 (mod 2). By (14) and (12), we get

2
lim nL®, (k) = =G,
10, ) = o1 Ging

By (14), we get

L (k+1)
k+1_q

P
= ) (Vg laly!
a=0

a+jpk ik . k-l
-3 S g i

= (_l)ﬂﬁpkqm/pk([a]qa + qaa[jpk]qa)n_l

~

p-1p-1 n-1 n—1 .
_ < > [ﬂ]Zt;l_l(_l)aﬂqﬂal[jpk]qaqaﬂpk
-0

l

n-1- a+j _alal+1)+jpk -
g

a
pplnd g, 3 /
TS (1 e L
=0 I-1

—1- +j _ala+l)+jpk Loy
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ri-1 ]
_ a n-1 q’
_;( 1)q“[al g 21,
pR-1 p-1 n n-1
+Z ' ( l )[a]g 1 l( 1)a+1 (l+1) +]p [ ] [/]l
a=0 j=0 [=0
Thus, by (16), we get
P
L&k +1) =Y [ali (-1)*g" (mod [p* 1)
a=0

From (16), we have

k+11
Z( 1)a[dn1 a

k_1

B (D) a+pjlia'q""
j=0
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a=0 j=0

p-1 [2] Pkl
— ~1)%g* na—l q

;:O( )q"[aly 2l

p-1p°-1 n-1 n-1
l

|

p-1
= Y (1) lalia! (mod [plye).
a=0

Therefore, by (17) and (18), we obtain the following theorem.

Theorem 2.1 Let L(a) (k) = Z ( 1) [a 1%L, Then we have

Pl
L (k+1) =Y lali (-1)g".
a=0
Furthermore
}7k 1

Z[a 121 (-1)*q"a (mod [p* Z( 1)*q*[a)lz" (mod [p]

#)-
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(16)

17)

(18)
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By Theorem 2.1, we get
S nlall = [ [ du- (o) = G (mod [91). (19)
a=0

Therefore, by (19), we have the following theorem.

Theorem 2.2 For n > 1, we have

p-1
> (~1)nlallet = G (mod [p],).
a=0

From (17) and (19), we note that

p-1

Gy +n Y ()al'q" €Z, (n=1).
a=0

Corollary 2.3 For n > 1, we have

p-1

GSqu +n Z:(—l)‘”rl [a];;lq“ €Zy.
a=0

Let n > 1. Then we observe that

Gitg| _ %-i(—nﬂ[ar q“+§(—1)“q“[al”

n+1p n+l s qa a=0 q“p
< max GLO:)L!I _i )“laly Z( D*q*[ =1 20
. {M S| [T }_. 20

Therefore, we obtain the following theorem.

Theorem 2.4 For n > 1, we have

()
G
e = L.
n+1

Let x be the Dirichlet character d € N with d =1 (mod 2). The generalized weighted
q-Genocchi numbers attached to x are introduced as follows

=) P [}
Z Gnqx - tZ(_l)mX(m)e[m}qat
n= m=0

=t / x ()™t dp_(x). (21)
X

Let f = [f, p] be the least common multiple of the conductor f of x and p. By (21), we get

N1
G(Ot)

g =1 /X X @)xla" dp_g(x) = n lim D x @1l (22)
x=0
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Thus, we have

G, =nlim Y (@)1 lal}’

pP—> 00
lgagfp/’,(a,p)ﬂ
fr'-1
-1 . -1
nlplExp) im Y x(@CD g7l

1<a<fpf (ap)=1

_ : n 1
=nlim o >0 x@()qlalg + alpl XOGL, - (23)
lgagfpp,(a,p)zl

Therefore, by (23), we obtain the following theorem.

Theorem 2.5 For n > 1, we have

nlim Y x@Dqlalgt =Gl - Pl x (0)G (24)

p—> 00 4
1<a<fpP(ap)=1

Assume that w is the Teichmiiller character by modp. For a € X*, set (a)q = (a: q)o
1
[Z}(‘f; .Note that | (@) —1|, < p?-T, where (a)* = exp(slog(a)) for s € Z,. For s € Z,, we define

the weighted p-adic /-function associated with G,,,q, 5 as follows:

[x)=lim > (@)@ q" = /X X@0 i),

p—>00

1<asfp’,(ap)=1

For k >1,

Klp,q (1 =k, x W)
_ . 1)\ ,4 k-1
=k lim > x(@(-1’q"lalg
1<a<fpF

e [ e )=k [ AU gt

X

k[Z]qX (»)

_ k-1 _
=k [ Xl ) -

Pt [ i dup 0

« 2]
= Ggwix o (p)[p]l;"‘le a’x

It is easy to show that

(@) = exp(p” log(a)q)
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So, by the definition of [%)(1 — k, x), we get

Lok =lim 37 xl@(-1)q a)
lfafjpp,(a,p):l

=lim > x(@(-1‘q" @k (mod p"),

p—>00

1<a<fpP (ap)=1

where k = k' (mod p"(p — 1)). Namely, we have
1) (~k, xw¥) = 19 (<K, xw*) (mod p").

Theorem 2.6 For k = k' (mod p"(p — 1)), we have

(@ (@) (@) o
Gkoil,q,)( _ [Z]q Gkojrlyqpy)( — Gk/Jqu’X _ [2]q Gk/Jrl'qp'X (mOd n)
k+1 2]y k+1 — K+1 [2lp kK +1 rr
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