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Abstract

In this paper, an efficient Legendre-Gauss collocation method is introduced for
solving nonlinear neutral delay differential equations (NDDEs). Firstly, the single-step
Legendre-Gauss collocation method is presented for NDDEs; we analyze the
convergence of the method with different delay functions. Then the multi-domain
Legendre-Gauss collocation method is presented, which is based on the single-step
one; the results of convergence are also obtained. In addition, numerical results are
presented to confirm our analysis.
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1 Introduction

Delay differential equations (DDEs) arise in a variety of fields such as biology, economics,
control theory, and so on (see [1-5]). In particular, neutral delay differential equations
(NDDEs) provide an important mathematical instrument to model several electromag-
netic problems [6].

Recently, much literature has been devoted to the numerical solutions of NDDEs (see
[7-10]). Meanwhile, a Legendre-tau method was proposed and analyzed for linear DDEs
with one constant delay in [11]. The Legendre-Gauss collocation methods were studied for
ordinary differential equations (ODEs) based on the Legendre polynomial expansions in
[12,13]. Moreover, the Legendre-Gauss collocation methods were developed for nonlinear
DDEsin [14]. Wang and Guo proposed an efficient numerical integration process for initial
value problems of first order ODEs, based on the Legendre-Gauss-Radau interpolation,
which is easy to implement and possesses the spectral accuracy in [15]. However, it is
more interesting but challenging to develop and analyze the type of high-order methods
for nonlinear NDDEs of the form

') =f(&,UE), W), W), 0<t<T, W
u@e)=v(e), t<o,
where W (£) = U(6(t)), f, 0, and V are given functions.

If the initial function V(¢) does not link smoothly with the solution U/(¢) at 0, this discon-
tinuity point is spread forward on a set of primary discontinuity points where the solution,
unlike the non-neutral case, remains solely of class C° [16].
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The question is crucial of how to deal with the primary discontinuity points. Firstly, we
assume that T is very small such that there is no primary discontinuity point on [0, 7],
then a single-step scheme for (1) is constructed. The scheme has an infinite order of accu-
racy both in time and delay variable. On the basis of the single-step scheme, we partition
[0, T] into several subintervals, and construct multi-domain scheme on [0, T'], on which
there are primary discontinuity points. The multi-domain scheme enjoys remarkable ad-
vantages over the Runge-Kutta type methods, since the approximate solution of U(¢) is
C®°-continuous in the interior of each subinterval if f, 8, V are C*°-continuous [16].

The paper is organized as follows. In Section 2, we present and analyze the single-step
Legendre-Gauss collocation method with three different delay terms 6(¢) on [0, T], where
T is small enough, and we provide some numerical results to justify our theoretical anal-
ysis. In Section 3, the multi-domain version is described on [0, T], on which there exist
primary discontinuity points, and the convergence results are also derived. Some numer-

ical results justify our theoretical analysis.

2 The single-step Legendre-Gauss collocation method

In this section, we describe and analyze a single-step numerical process for the NDDE (1)
using the Legendre-Gauss interpolation when there is no discontinuous point on [0, T].
The single-step scheme serves as a base for the multi-domain one to be presented in the

forthcoming section, which is suitable for the situation with discontinuous points.

2.1 Preliminaries
Let L;(¢) be the standard Legendre polynomial of degree /. The shifted Legendre polyno-
mials are defined by (see [12])

2t (S AN
L =Ll =-1)=—7= 1-— , =0,1,2,....
7,(t) l(T ) T 9, ¢ T I=0

According to the properties of the standard Legendre polynomials, we have

(+ DLy (8) — (21 + 1)(2—; - I)Lu(t) +Ir () =0, 1>1, 2)
d d 2

ELT,HI(’:) - ELT,H(t) = 7@ DL ®), =1, 3)
IL7,0)| <1, tel0,T],i>1 (4)

The set of Ly,(t) is a complete L%(0, T)-orthogonal system, namely, fOTLT,;(t)LT,m(t) dt =
T{lélm, where §,,, is the Kronecker symbol. Thus, for any v € L*(0, T), v(t) = > 7> V7L,
and 97y = 2L [T ()L (0) dt.

Now, we introduce the shifted Legendre-Gauss interpolation. Denote the nodes of the
standard Legendre-Gauss interpolation on the interval [-1,1) by t]N (0 <j <N). In par-
ticular, tf)v = —1. The corresponding Christoffel numbers are a)]N (0 <j < N). The nodes
of the shifted Legendre-Gauss interpolation on the interval [0, T) are the distinct zeros of
Ly n(t) + L7 N4 (2), denoted by tl}{j (0 <j <N). Clearly, t% = %(t]N +1). The corresponding

Christoffel numbers are a)]}[,j = %w]N (0<j<N).
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Let Pn(0, T) be the set of polynomials of degree at most N. Due to the property of the
standard Legendre-Gauss quadrature, it follows that, for any ¢ € Px(0, T), one has

/ p(6)di = — ZwN¢< ) an )

Let (,v)r and ||v| 7 be the inner product and the norm of space L2(0, T), respectively. We

also introduce the following discrete inner product and norm:
N
= N
(,v)r.n = Z ”(t]%[,j)"(f%)ww
j=0

1
IVliTa =W v)7 -

According to (5), for any ¢ € Pn(0,T) and ¢ - ¥ € Pon(0, T), one can obtain

(V)7 = (V)TN lellr = lelrn. (6)

For any v € C[0, T'), the shifted Legendre-Gauss interpolation Zr xv(t) € Pn(0, T) is de-
termined uniquely by

IT,NV("J%[,;) = V(l%)’ 0<j=N.

Let r be a nonnegative integer, H"(0, T) be the usual Sobolev space as defined in [17],

and denote the semi-norm by | - |, 7, where |U|, r = fo ”f;ﬁ[ )2 dt) Yand U € H'(0,T). We

have the following estimates.

Lemma 1 (see [15]) For any u € H"(0, T) with integer 1 <r <N + 1, we have
IZrnu—ullr < cT"N7"|ul,,r, (7)
| @ —w) |, < TN Jul, . (8)

Lemma 2 Let u € Py, then

el < 5lluelF )

Proof Let u € Py, u(t) = Zi\gol ir Lk, we have |u|2 = 1,:]:01 ”2Tk2k+1 Moreover, ac-

cording to (5) and (6), we can obtain

N+1 N+1
2 ~ ~
llull7 N = (E ur gL E MT,kLT,k)
k=0 k=0 T.N

N
= > @ (Lo Lra)r + 2ty Nitr N (Lrns Lrva) T
k=0

+ MT,N+1(LT,N+DLT,N+1)T,N'
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Due to (4), we deduce that

T T
2 N
Lz Lrna)TN < ) FZOLN(EN)% SENTSL
N
Lz, Lrne)T N < ZLT,N(tjj\“{j)LT,N+1(tjj\'{j)wzj\{j
=0
7| XN
S L) ()
j=0
T 2
)L (£
(N+1)2 N(O) N 1(0)
N 2
+Z _LN("L]N)(I_’ZN) < T .
T (N IP(En ()| T N +1
Therefore, we have
N
T T
~ T
”u”TN kX:: k2k+1 uT,N+uT,N+1)N+1 +uT,N+1N+1
N-1
T T T
< 7 (L B
—20: k2k+1 <2N+1+N+1) YT N
N+1

T
<5 ik, ——— =5|ul?.
- ZuT’k2k+1 lulz
k=0
This completes the proof.

2.2 The single-step scheme
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Now, we present the single-step scheme for the NDDEs (1). Denote the grid set by Ay =

{tl}{ «:0 <k <N} CI0,T). The single-step Legendre-Gauss collocation approximation to

(1) is to find uN (t) € Pn.1(0, T), such that

LN (t) = f (&, uN (£), w(t), W (1)), Vte A,
uMN(0) = U(0) = V(0),

where

V(e(@), 6()<0, wie) = V'(6(1)), 6(t) < 0.

w(tf{uN(e(t))’ ow=0, . [4uNew), 6@=o,

Here, we recall that 6(¢) and V/(-) are known functions. Denote

Ay ={teAy:0() <0},  Ay={teAn:0()=0}.

(10)

It is an important problem how to resolve (10). Indeed, it is often used to resolve the

discrete system (10) based on the Lagrange interpolation. However, it is well known that a
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Lagrange interpolation is not stable for large N. Hence, we propose a more stable approach
by expanding %N (¢) directly in terms of the shifted Legendre polynomials and solving the
unknown coeficients of the collocation scheme (10). This approach is stable for large N,
and much easier to implement.

To describe the numerical implementation of the collocation scheme (10), we expand
the collocation solution as

N+1
wN(t) =Y i Lry(t) € Pun(0,T), 0<t<T. (11)
=0

(5

Let [/] be the integer part of /. According to [12], we have LTl(t) =7 Z 0 (20— 4m -
1)L7_2m-1(t) and L7,(0) = (-1). Hence, (10) is equivalent to
N+1
Yo argiy, =fr 0<k<N, (12)
N+1 IAN
=0 (-V)'ug,; =V(0),

wherea]}’kl—TZ[z](Zl 4m — 1)LT12m1(t1}’k)O<k<N 1</<N+1,and

f(tTk’ Zﬁvgl ﬁl}[zLTl(t k) Z%l LA‘%LT'!(Q("‘]}[,k))’
SRe= & X W L),y ), ty € Ak,
S S 8 L), V(G(t?m VIO(Er)) trg €AY

Let AJ}[ be the matrix with the entries ali\"[,k,l’ 0<k<N,1<]<N+1. We can give the
matrix form for (12) as follows:

Af}[id}’ = FY (i), 13)
MTO - V(O) ZNH( l)l Tl’
where i) = (&, i o, .., WY 1) s ER @) = (R0, frs - ffy) - In fact, (13) is a set of lin-

ear equations about {iy I}N 1 Therefore, we can solve (13) and recover the collocation
solution #N(¢), 0 <t < T from (11).

2.3 Error analysis

In this subsection, we shall analyze the convergence of the scheme (10) with three assump-
tions of delay function 6(¢), respectively. In particular, we prove the spectral accuracy of
the numerical solution #™(t). Let Zry be the Legendre-Gauss interpolation operator as
defined before. Let EN(£) = uN(t) - IrnU(t) and GY o () = Trn S U(E) - LT nU(L). Ac-
cording to (1), we have

d
d—tIT,NU(t) =f(6,U@), W), W' () - GY,t), teAy. (14)

Subtracting (14) from (10), we obtain

:%E%) =GL(O+GTL0, teh, (15)

EN(0) = U(0) — Zy nU(0),

where Gl}{l(t) = f(t,u™ (), w(t),w () —f(t, ZrnU(t), Zrn W (), Zrn W (2)).

Page 5 of 24
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Lemma 3 Let U and u® be the solutions of (1) and (10), respectively, U € H"(0, T) with
integer 2 <r <N +1, then

2

Ht YEN —ENO) |2+ T EN(T) - EN(O)]” < 2” %EN(L‘) (16)

I+ :
T.N

Proof Due to the proof of Lemma 1 in [14], we have

2<EN - EN(0), dit(t-1 (EN - EN(O))))

T.N

=— | (EN - ENO)| 5 + T EN(T) - EN(0) .
On the other hand, we derive that

E(f1 (EN () - EN(0))) = 2 (EN (1) - EN(0)) + t’I%EN (t), teAn.

Hence, by (5), we deduce that

2 <EN - EN(0), 4 (e (EN - EN (0))))
dt N

2

<2 (B - B O ¢ 5 (Y - EYO) [} +2) G

T.N

This completes the proof. g

Now, we consider three cases according to the delay terms and analyze the numerical

errors. Here, 8, B, and B, denote any positive numbers less than %.

Case 2.1 Consider (10) with the following delay:

0(t)=rt, 0<r<l. 17)
In this situation, no values of U(t) are needed in the delay term behind 0, therefore, no
discontinuities propagate from 0. Then the solution is regular according to the regularity

of f and 6.

Assume that f (¢, x, y, z) satisfies the following Lipschitz conditions in x, y, and z. That is,
there exist real numbers r; > 0,7, > 0,and 0 < r3 < \/A such that

f (21,9, 2) = f (6,22, 9,2)| < r1los — %2, (18)
lf(t)xrylrz) _f(trx’yZ; Z)| =nr |yl _y2|r (19)
V(t;x’y’zl) _f(t:xryr 22)| S r3|ZI - Z2|' (20)

Theorem 1 Cousider the NDDE (1), where f(t,x,y,z) is C"-continuous in [0, T] x R* x
R? x R%, and the initial function V(t) is C"-continuous. If the conditions (17)-(20) hold,

Page 6 of 24
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UeH(0,T)with2 <r <N +1, and, for certain 8,50,81,5,5 >0,

(1+80)1+8 1)(1+51)5T2 +(1+80)A+8)(A + 6715071 T%rs
—(1+80)1+8)A+8)A + 8)Ar3

=< ﬂ <= (21)
then we have
(U -uV|% < TN*2 U2y, |U(T) - uN(T)| < s T IN*2 (U 2,

In particular, maxejo,1 |U(t) —uN (t)|* < cg T 'N*>>"|U|2 ., where cg is a positive constant
depending only on B.

Proof Obviously, in this case, A?\, = (. Denote

|67,

T1 HZTN = (1+57)

(t, u™ (1), w(d), ITth (t)>

2
—f(t ZrNnU(), Irn W (2), ITN a (t)>

T.N

Together with (6)-(8) and (20), for any 5,8 > 0, we can obtain

2

d d
|6¥, [ = W+ 8)(L+ 83 | Zowle) - W0
T
<124 I d 2 AN 12
+ 401+ | = WD) =T W) T+||GT,1||T,N,
where
2 oD T4 d 2
”_”” W i/ ﬂd m——mﬂ
T 0(0) t
T 2 9
d y d B d, N
SA/O [%u (t)—%u(t)} dt_AHdt(u - U) )
and

2

<CT2V IN2D \U/(Q(t))h LT

H—Wm ﬂNdWm

< cT22N2-2r | U(t) |3 .
Applying (8), we have

[ A v [

2
<1+8)A+8)1+8)r2x

d
‘ % (MN _IT,NU)

T
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2
+(1+8)1+ S)(l + 3‘1)r§A + cT2’_2N2_2r|L[|E'T
T
o d I
<(1+8)1+8)(1+8)rar EEN +cT"2N> U2 ;.
T
By (15), we have
|20 < aranlGhil, + ()Rl
dt = 0 TAlT N 0 T2ll1,N
T.N
o d |
< (L+8)(1+8)(1+8)(1 +8o)Ars d—EN
LN
+ TN\ UR 1+ 1+ 8) | GI}[J ||§,N
+(1+85) |67 7
where
2 2
1677 = 677
d 2 4 d d 2
§(1+8)HE(IT,NU—U) T+(1+5 ) ITthL[ au .

< CT2r—2N3—2r| U|,2«’T'

The above fact leads to

2 (1+50)

”G T2r—2N3 2r|u|rT’

d
H —EY IHTN

dt

where ¢ =1— (1+8)(1 +8)(1 + 8)(1 + 8o)Ar3.
Let us estimate || G]}[,l ||2T,N. Clearly, by (9) and (18)-(19), we have
|GY1 7 = 1+ 87 @+ 80 [EV]
+(1+ 8‘1)(1 + 81_1)1’3 H w(t) = Zr Ny W (¢) ||2TN
< L+ M@+ 852 |EV|2

+(1+87Y)(1+ 871573 || w(t) - Tra W () 2T

where

|w(®) - ZraW )5

< +8)”W &) -wW t)”zT + (l+8_1)”W(t -IrnW(t ||T
1+s)/ N(6@) - U(O@)] dt +ce TN U2,

<@+ u — U + e TN UL,

Page 8 of 24
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Thus, we can obtain

|67,

il = @ra)asssi [EV];

+ (1 + 8_1)(1 + 81_1)(1 + 8)5)»_1}"% ”uN - LIHZT

+ C8_1 T2r—2N3—2r | U|3’T.
According to (16), we have

%”t’l(EN —EN0) |2 + T EN(T) - EN(O)|

- 2(1+80)(1 + 871 (1 + 8)572 ||EN ”2
= E T

N 2(1+80)A+ 8 H(A + 6711+ £)5071r2 [
~ u

2
: ~ul?

+ce ' T N> (U .
Moreover, we can obtain
[E¥]5 < @ 72 (BY V@) 7+ (1 ) [EY O
and
% IEN||% + @+ ) T|EN(T) - EN(0)

<@+ g)TZG |1 EN - EN©) |5 + T EN (D) —EN(0)|2> + e T(EN(0))

21+ &)1 +80) (L +8NA+81)5T%r7 | a2
< : ke

21+ 80) L+ 86X +87HA +e)25T* A7 5 o 2
' - o - ]

+cet TZ’N3_2’|LI|3,T + cs‘lT(EN(O))z.
Thanks to (7), we have

=¥ < Q)Y+ (1 )L Tl

< U+ )| EN|)7 + ce TN U,

The above result yields

(1 2 +e)A+80)A + S+ 8,)5Tr?
2 c

Y-l
+ (L+e?T|EN(T) - EN(0)|?

- 2(1+&)3(L+8o)(L+871)(1 + 8715071 T2
- ¢

+ e ' TN | U + ce 7 T(EN(0)).

2
1
2 - ul;

Due to ¢ ; = 0, we have E(0) = 0.
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Lete = (ﬁ)“3 —1>0, then (1+¢)*B = 1. Thus, we can obtain

» (1+80)A+ 85T ((L+e)(1+8)r7 + 1 +)*(1+57)A7'r3)
1= 1—(1+80)(L+8)(1+8)(1 +8)Ar2
(1 +80)A +8)5T((1+ 81)r? + (1 +87H)A71r3)

— (1 +80)A+8)(1+8)A +8)rr?

<(1+¢)

1
< (1 3 = —,
S+elp=r
By a combination of the above estimates, we deduce that
(U -uV|% < s TYN>2 U2y,
(EN(T))* <2|EN(T) - EN(O)[* + 2|EN(0)|” < cs T 'N*>"|U %,

where ¢g = we have

\u(T) - uN(T)|2 <2|ZynU(T) - U(D)[* +2|EN(T)|?

< Cﬁ T2r—1N3 2r|u|r -

2
< cs T2r—2N3—2r | UI,%,T
T

d

EN
dt

H—LI uN

=

+2‘—(U ITNU)

From (3.9) of [13], it can be seen that maxejo,7] [v(£)]> < Z[v[% + 2T |2 ||% for any v €
H'(0, T). Hence, we deduce that max;ejo, 77 |U(¢) — u™ (£)|* < cg T*'N*>*>"|U|? ;. O

Remark1 For (1) and (10) without the neutral term, the convergence results are the same
as Case I in [14].

Remark 2 The condition (21) is necessary for the proof, but it is not sufficient. Some nu-
merical examples do not satisfy this condition, but the numerical scheme still converges.
This remark also applies to the multiple-domain case.

Case 2.2 Assume that the delay function 6(¢) satisfies
6(t)=t-t, 1>0,tel0,T]. (22)

In this situation, the points # = k7 (k= 0,1,...) are primary discontinuity points. There-
fore, there is no discontinuity point when T < 7. Moreover, f(t,x,y,z) satisfies the
Lipschitz conditions (18)-(20), where r; satisfies 0 < r3 < 1.

Theorem 2 Counsider the NDDE (1) with T < t, where f(t,x,y,z) is C'-continuous in
[0,T] x R? x R* x R?, and the initial function V(t) is C"-continuous. If the conditions

(18)-(20) and (22) hold, U € H'(0, T) with integer 2 <r < N +1, (1+8)5T*r} < 1 < 3,

5(T-7)2(1+80) A +871)((A+81)r +(1+871)r3) 1 . Az
and T Lr o)D) D2 <B< Zfor certain 8,68y, 681,6,8 > 0, then we have

HU u ”T =Chup Ters 2r|u|r T
(23)
|u(T) - uV (T)| <cpp T N> U2,
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In particular, maxepo,7) |U(¢) — uN (£)|* < cpy p, T N> |U\? 1, where cg, p, is a positive
constant depending only on p1, Pa.

Proof Ast > T,0(t) <0 for t € [0, T]. In this case, A}\, = ). Hence, by virtue of (18), we
have |G} 1||TN <r ||EN|| . Due to (9) and (16), we derive that

1
(E ~2(1+&)(1+8)5T )HENHT (1+8)T|EN(T) - EN(0)|°
< 08—1T2rN3—2r|u|%,T
1
Lete = (4—/31) >0, then
Gi=0+e)(1+8)5T* 7 <(1+¢)p1 =1/4.
Thus,

”EN HZT <cp Ters_Zr'”'%,T

and
2 2 _
|t -uN |, <@+e)|EN|, + 1+ e ™) IU - Irall;
< cpy T2rN3_2r|U|iT,
\u(T) - u(T)|* < 2|Tent(T) - U(D)* +2|EN(T)|?
<Cﬁ TZV INB 2r|u|rT,
d | d 2
—(U- <2|=EN|| +2|=U-TZrzU
-] <o o] e G-z,
E c 1T2V*2N372r|u|3T’
max \U(t) uN(t)| <cp T 'N* U,
-1
where cg = £—. O

2291

Case 2.3 Assume that the delay function 6(¢) satisfies

0@t)=t-t(t), teC),d=>1;
Dy:t(t)>19>0, tel; (24)
Dj : 0 is strictly increasing on I.

Now, we assume that {T}?°, are primary discontinuity points which satisfy 6 (tx.1) = &,
to = 0. By the definition of 6(£), we conclude that 5,1 > & + 79, k= 0,1,.... When T < ¢,
there is no discontinuity point.

Moreover, the function f (¢, x,y,z) satisﬁes the Lipschitz conditions (18)-(20), but r3 sat-

isfles0 <r3 < , where ¢y = max¢[o, T) F7 Due to (24), we see that the maximum and

exist in [0, T'].

f
e 1(t)]’

[0~
minimum of
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Theorem 3 Consider the NDDE (1) with T < ty which satisfy 0(ty) = 0. f(t,x,9,2) is
C"-continuous in [0, T] x R* x R* x R?, and the initial function V(t) is C"-continuous.
If the conditions (18)-(20) and (24) hold, U € H"(0,T) with integer 2 <r <N +1, ¢; =
minc(o,7) ﬁ, (1+8)5T%} <Py < 3 and

(1 +80)A+8 (L +8)5T%r7 + (1 +80)(1 + 1) (1 + 871561 T?r3 by 1
= = =p2<—
1—(1+80)(1+8)A+38)+8)cors 4
for certain 8,80,81,8,8 > 0, then we have (23). In particular, maxcjo,r) |U(t) — uN (8)]* <
cpp, T¥ NP2 |U|2 1, where cg, p, is a positive constant depending only on By, Bs.
Proof Together with (24) and 6(0) < 0, we can find ¢, which satisfies 6(y) = 0. Let
A = (Y (10(£),) <0,0 <k <N},
Ay = {1710 <6(ty ) < T,0 <k <N).
If ty > T, obviously, A]l\, ={). The proof is similar to T > T in Case 2.2, thus we have
2 _ 2 a3
|t - u™ |7 < cp, TN*|UI |U(T) = uN(T)|" < cp, T 'N>7 (U,
max |L[(t) - uN(t)|2 <cg, TZ’_1N3_2’|U|3T. 0
te[0,T] ’

2.4 Numerical results

In this subsection, we give some numerical results to illustrate the efficiency of our single-
step algorithm.

Example 1 Consider the following equation:

oty =Tue)+ tesu(t)+ Lebu/(L), 0<t<T, 25)
u(0) =1.

The exact solution is u(t) = €. Obviously, the conditions (18)-(20) hold with r, = %, ry =
1

Ze%, and r3 = ie%.

Moreover, the inequality (21) is satisfied for T = 0.3. But it is no longer valid for T' = 1.
In Figure 1, we plot the numerical errors at £ = T for T = 0.3 and T = 1, respectively. It
indicates that the numerical errors decay exponentially as N increases. In particular, we

can observe that our algorithm is still valid even if the condition (21) is not satisfied.

Example 2 Consider the following equation:

4y = tult)+ Lerue- L) + Lexw/(t- 1), 0<t<T,
u(t)=¢t, t<0, (26)
u(0) =1.

The exact solution is u(¢) = e'. Obviously, the conditions (18)-(20) hold with r; = %, ry =

1 1
%ef, and r3 = ief.
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error

Figure 1

107°

error

Z by

Figure 2 The numerical errors of (26) or (27) at t =T for T=0.125 and T = 0.5.

Moreover, the inequality 5T2r12 <pBi< i in Theorem 2 is satisfied for 7' = 0.125. But it is
no longer valid for T = 0.5. In Figure 2, we plot the numerical errors at t = T for 7 = 0.125
and T = 0.5, respectively. It indicates that the numerical errors decay exponentially as N
increases. In particular, we can observe that our algorithm is still valid even if the above

inequality is not satisfied.
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Example 3 Consider the following equation:

Do) = Lu() + LeTu@@) + LeTw(O), 0<t<T,
ult)=€, t<O0, (27)
u(0) =1,

where 6(t) = t - (% + %). The exact solution is u(t) = e'. Obviously, the conditions (18)-(20)
hold with r, = %, ry = ie%, andr; = ie% . The discrete scheme of (27) is the same as (26).
So, we can also see the convergence of numerical solution of this equation in Figure 2.
Here, the inequality 5T2r12 <pi< i in Theorem 3 is satisfied for 7' = 0.125. But it is no
longer valid for T = 0.5. In Figure 2, we plot the numerical errors at t = T for T = 0.125
and T = 0.5, respectively. It indicates that the numerical errors decay exponentially as N
increases. In particular, we can observe that our algorithm is still valid even if the above

inequality is not satisfied.

3 The multiple-domain Legendre-Gauss collocation method

We investigate the single-step Legendre-Gauss collocation method in Section 2. The nu-
merical errors decay very rapidly as N and r increase. While the single-step collocation
method provides accurate results, it is not suitable for resolving the discrete system (13)
with large T. When there are some discontinuity points on [0, 7], the single-step method
cannot be employed. We shall partition the interval [0, T into a finite number of subin-
tervals by a set of points {Tk}ﬁ o- The primary discontinuity points on [0, T'] should be all
contained in the set of {Tk}ﬁ o such that the solution U/(¢) is continuous in the interior of

each subinterval. Then we solve the equations subsequently on each subinterval.

3.1 The multiple-domain scheme
Now, we describe the multiple-domain scheme. Let M and N,,;, 1 < m < M be any positive
integers. Decompose the interval [0, T] into M subintervals [T),_1, T},], 1 < m < M, such
that the set of T, includes all breaking points, where T = 0 and Ty = T. Let 7, = T, —
Tyu-1,1 <m < M. We shall use u%’" (t) € Pn,,+1(0, 7)) to approximate the solution U in the
subinterval [T},_1, Ty, ].

Firstly, replacing T and N by t; and Nj in (10) and all other formulas in Section 2.2, we
can derive an alternative algorithm, with which we obtain the numerical solution ui\h €
Pny+1(0,71). Then we evaluate the numerical solutions u)\" € Py, ,1(0,7,), 2 < m < M,

step by step. Finally, the global numerical solution of (1) is given by
N (Tpoy +8) =l (), 0<t<t,l<m<M. (28)

We present the numerical scheme for %)\ (¢). Denote the nodes and the corresponding
Christoffel numbers of the shifted Legendre-Gauss interpolation on the interval (0, 7,,,) by

tjr\;"fk and a)ﬁi’:k, 0 < k < N,,, respectively.
Let

Ao =8y 110 (Ta + £37) < 0,0 <k <Ny},
Ny = 107 10(T s + 7)€ [T, T, 0 <k <N}, 1<j<m.
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The multiple-domain collocation method for (1) is to seek u)m(¢) € Py,,+1(0, T,n), such
that

{dt U (@) = f(Tppy + 6,4 (8), wo(£), W, (0)), L€ Ny,j >0, (29)

uln(0) = uh "M (T), 2<m<M,

where

Wi(t) = MN(Q(Tm—l + t))

ulm(O(Tyy +8) = Tu1),  0(Tyuey + 1) € [Tty Ton)s
I
u]' /(G(Tm—l + t) - Tj—l)» Q(Tm—l + t) € [Tj—b T;);
U O(Ta +8)=To),  O(Tpu +8) € [To, T),
V(O(T,-1 +1), 0(T,—1 +1t)<0.

Denote U,,(¢) = U(T,,-1 + t) for 0 <t < 1,,. By (1), we have

DU (t) = f(Trns + £, Un(2), Win(2), Wi(2)), £ € Ny,0j 20,
u,, (0)— m— I(Tm 1) 2<m=<M, (30)
U1(0) = U(0) = V(0),

where

Wn(t) = U(Q(Tm—l + t))
um(e(Tm—l + t) - Tm—l)r G(Tm—l + t) € [Tm—lr Tm):

ey

UO(Tya +8) - Tjm1), 0Ty +8) € [Tj-1, T)),

U (O(Tyr + t) — To), O(Ty1 +t) € [To, Th),
V(O(Ty-1 + 1), (T, + ) <0.

It can be seen from (29) and (30) that the local numerical solution %)\ (¢) is actually an
approximation to the local exact solution U,,(t), with the approximate initial data ) (0) =

Ny—
umrfll (Tim-1).

3.2 Error analysis
We now analyze the numerical errors. Let EXn(¢) = ul\m (¢) — 7, n,, U (2). Together with
(29) and (30), we have

ENW) = N’”l(t) + Gy 2<r) t€ Nypi =0,
EY(0) = U(0) —Ll,Nl u<0),

where
G]r\,[:,r,ll(t) :f(Tm—l + t,u S Wi(L), W, (t)) f( =1 + & Ly Ny Ui (), Win(8), Wy/n(t))r

and GL7,(£) = Ly, N, S U (t) — U,(t) fort € A, and;j> 0.



Zhao et al. Advances in Difference Equations (2015) 2015:21 Page 16 of 24

Lemma 4 Let ulm(¢) and U,, be the solutions of (29) and (30), respectively. If U, €
H'(0,t,,) with integer 2 <r <N, + 1, then

d 2

1
1@ B O+ 5B -0 <2 42

(32)

T Nm

Proof Applying Lemma 3, we have
d d
— (e (EN(6) - EN(0))) = —t 2 (Epm () - ER(0)) + £ —EN7 (8)
dt dt

and

2(£3 - B0, G (BN - £ ) )

T Nm

= [ (BN~ EN(0) |2+ 7 BN () — EN(O)],

where t € AJ}\[‘m for j > 0. By (6) with t,, and N, instead of T and N, we deduce that

2<E1,:,”" — ENm(0), %(fl (Epm — Eﬁm(O))))
Tm,Nm

- 2(EY - B0, (B - ()

Tm

d
+2 (t-l (Ehm — ENm(0)), —ENm (t)>
dt Ny
2

Tm

=2 (B - By (0) ]

1 2 d 2
+5W4aﬁm_gyw»nw+zwﬁgy

T Nm

This completes the proof. d

We shall analyze the numerical errors in the following three cases. Let T = max;<j<y 7

and N = min; <j<yr N;. Assume that, for any 1 <i <j <M, ;/7; is bounded.

Case 3.1 Consider the delay function 6(¢) satisfying the condition (17). The solution
U(t) is regular according to the regularity of f and 6. Assume that f(t,x, y, z) satisfies the
Lipschitz conditions (18)-(20), where r; > 0,r, > 0,and 0 <rj3 < %
Theorem 4 Consider the NDDE (1), where f(t,x,,z) is C"-continuous in [0, T] x R* x
R x R?, and the initial function V(t) is C"-continuous. If the conditions (17)-(20) hold,
UeH(0,T) with2 <r <N +1, and, for certain 8,80,81,3,5 >0,

(1 +80)A+ 8L +81)5t2r7 + (L+80) (L +871) (1 + 871507 23
1—(1+380)(1+8)A+8)1+8)Ar

<<y (33)
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then, for any 1 < m < M, we have

”U_ u ||L2 (Tt Tn) = cpt N 2r|u|rT ’

(34)
\U(T) = N (T)|* <t N> (U,

In particular, maxe(z,,_, 1,1 |UE) —uN (t)|* < eyt N> |U|2 . , where cg is a positive con-

stant depending only on B.

Proof Clearly, in this case, A?\/,m = (). Denote

[Gol, = @57

(t, W (0, (), T, ij W, (t))

TN,

2

d
—f<t1 Itm,Nm Um(t): Irm,Nm Wm(t)» Irm,Nm E Wm(t)>

T, Nm

By (20) and the fact that Z w,) k = 7,4, for any 6 > 0 and m > 1, we deduce that

2

d d
”GN1||TMN <(1+8)A+8)r? 2 7 W .
- d d 2
+(L+8)(1+57")r3 EWM—IT%N'”%WM .

Gl

where |4 Wiy = Zo, . 2 Wonl2, < X7, 82N> |U 2 < £ 72N> |U |2, and

d d_ | mrd d 2
= W, = —uN(O(Typer +1)) = —U(O(Tpuor + ) | dt
Hdtw P y /0 |:dtu ( ( 1+ )) dr ( ( 1+ ))]
Tm d N 2
/Tm[dtu (60) - 2 (())]
M I d d 7T
.Y (t)——L[(t)]
\/):Tm_1|:dt
rd d 2
A —uN(t) - —
< /0 [ “u () U(t)]
2d N odo | d d |?
:)\, / —U )L - Nm__ m
= a "ar | " ‘dtu’" e ",
2
SA‘ EMZW[ EUM Tm_'_c.czr 2N3 2V|u|rT
Due to (8),

2

d
|G |2 < @+8)+8)A+b)ur? B

Tm

+ ct¥ 2N 2’|LI| o+ ||G IH

T Nm*
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By (31), we have

dN
dt "

where¢=1-(1+8)(1+8)1 + S)M?,. Applying Lemma 2 and (18)-(19), we deduce that

+CT2V 2N3 2r|u|rT ,

(1+80) ~Nm
LI

Tm:Nm
T Nm

|G, 12 < (1487 A+ 852 EN" ||

TmNm —

+(1+87")(1+87")5r3 lwm — I,

>

2
Ny, Wm ” T’
where

Wi = Loy N Wi 12,
<L+ &)W = Wil2 + 1+ ™) Wi — Lo, Wil

<(1+e)rt Hulr\n[m -u, || +ce TN \UP?

7 Tm*

It can be found that

(1 +80)1+87)(1 +81)5r7 | ”2
z m

|

Tm

(1+£)(1+80)(1+8 D@ +87H5071r3 a0

: 2,

+ee TTNHUR L
Applying Lemma 3, we deduce that

1
S| E - Ex ) 12+ o [N (z,) — EN(0)

20+ 80) + A+ )5 ) v, 2
e m
2(1+8)(1+80)(1+5 DA+

C

D5a-1r2
e - ],

+CE_1 2r— 2N3 2r|u|r Top*

Thus, we have

(1 2(1+80)A +871)(A +81)5T,,r7
2 c

2(1+&)(1+80)(1+8H(A +871)57,171r3
¢

e -,

+ (L+ )21, | EN(3,,) - ENm(0)

< CE_lferB 2r|u|2 +C€ tm(ENm(O))

Similar to the proof of Case 2.1, we complete the proof. O
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Case 3.2 Consider (29) with the delay function 0(¢) satisfying (22). The primary discon-
tinuity points ¢; = it € [0, T] are contained in the set of {T%}, then 7,, < t. Moreover,
f(t,x,y,z) satisfies the Lipschitz condition (17), but 5 satisfies 0 <r3; < 1.

Theorem 5 Consider the NDDE (1), where f(t,x,y,z) is C"-continuous in [0, T] x R x
R? x R?, and the initial function V(t) is C"-continuous. Ifthe conditions (18)-(20) and (22)
hold, U € H'(0, T) with2 <r <N +1, (1L + 8)5t2r <,31< =, and

(1 +80)A +81)572((1 +81)r? + (L +87Y)r3)
1—(1+80)(1+8)A+8)(1+8)r?

1
= ﬂZ < Zr (35)

for certain 8,80,8,,8,8 > 0, then, for any 1 < m < M, we have

[u=als < epp NI,

(36)
U () = uN (0)|” < cppp 27N> 1L

rTw*

In particular, max,e(z,,_, 1, |U(t) — uN (t)|* < cpp, T N> |U|? . , where cg, p, is a pos-

itive constant depending only on By, Ba.

Proof () If t > T,,, then 6(T,,_; +t) <0, t € [0,T,]. Inthlscase,A’Nm-(ZJ(1<]<m)

Thus, |G, et ”Tm Ny =T ||EZ’" ||3m'Nm. Therefore, we have

1
(5 —2(1+e)(1+ a)&,ﬁﬁ) |EN 2+ (Lt &)t EN (2) = EN(0)
<ce 1 NB- 2’|L[|2T +ce 1'Cm( (0))
Let ¢ = 1/B, then (1 + &)(1 + 8)5t2r7 < B1 < 1/4. We deduce that

ledhir = Unl, < cn# N> 1011,

|Um(Tm)_u£\n[(Tm){ =cp T2ING- 2V|U|rT ’

2 O
max ‘LI ui\n[(t)‘ <cpgT 2 IN3- 2’|LI|,T ,
te[0,t,]
ce”l
where cg, =

1 2(1+s)(1+8)51mr1
Iz < Tm Lthend(T_1+t)=Tp1-1+t>0,t€[0,7,,].Fort, <7t,0(T,_1+1) <

T,,-1. In this case, A?\,'m =@ and AY,, =@. The proof is similar to Theorem 4; we can

deduce that ||w,, = Wy, |12 < luym — Uy |% +ct? N> |U|?, and
d d 2 Tn T d d 2
Wy — — Wl = —uN (@) - —U(0@)) | dt
Hdtw dt /T [dt” ©0) -2 (())]

m-1

R NN
[ Lo gue] «

T d
/ [ e N(t) - —L[(t):| dt < ct¥ 2N u)?
0

Tm

IA

rTm*
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Then we can obtain
2
[ = Unll,,, < e 2 N* 1L,
’Um(tm) u Tm)| =cp, T IN3T 2V|U|rT ,
 max |u (0) = ()] < cp 7N U 0
Case 3.3 Assume that the delay function 6(¢) satisfies (24) and the function f(¢,x,y,2)

satisfies the Lipschitz conditions (18)-(20), but r3 satisfies 0 < r3 < J%’ where ¢y =

1
maxte[o,T] m .

Theorem 6 Cousider the NDDE (1), where f(t,x,y,z) is C"-continuous in [0, T] x R* x
R? x R?, and the initial function V (t) is C"-continuous. If the conditions (18)- (20) and (24)
hold, U € H"(0, T) with integer 2 <r <N +1, ¢; = mine[o, 1 = ( TR (1+8)5t2rt <pi< i,
and, for certain 8,89,61,6,6 > 0,

(1 +80)A+ 8L +8)5t2rF + (L+80)(L+8 )1 + 8715t 2c1r3
1-(1+80)1+8)(1+8)1+ 8)c0r3

1
< 182 < Z: (37)

then we have (36). In particular, maxe(z,,_,,1,,) |[U(t) — uN(t)|* < cp 5, T N> |U|} 1, ,
where cg, g, is a positive constant depending only on By, .

Proof Due to (24), we can find £, > 0 which satisfies 6(zy) = 0
() If o > T),, then O(T,,_1 + t) < 0. Obviously, Aﬂv,m =@ (1 <j < m), the proof is similar
to T > T,, in Case 3.2. Therefore, we can obtain

2
| = Unl,,, < et N*1UL,,,
2 A2p— _
’Um(tm) - u%(."—m” =< Cﬂlfzr 1N3 2r|u|iTm1

max |um(t)—uﬁ(t)| <cp TINFTIUN
te0,tm]

Ty

(ID) If tg < Ty, then 6(T,,_1 + t) > 0 for t € [0, 7,,,]. In this case, A?\,m ={. The proofis
similar to T < T},,; in Case 3.2, where ||w,, - W, |12 < cillupr — Uy |2, +ct N> U2,
and

2

—W,,

dw d
de " dt

T 2
:/ [;t N (O(T - 1+t))—iLJ(Tm 1+t):|
0

2
+ " PNPHULR

Tm

N
No_ 211,
' T dt

< ¢

Tm

Thus, we have
2
||ui\n[m _um”f <C/3 T2VN3 2r|u|rT ,
|um<rm)—uf,i(rm)| <cp tINTUL

max ‘LI (t)’ <cptINPIUN
te[0,7,] m
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(I) If T,y < to < Ty, then we decompose the interval [0, 7,,] into [0, ¢y — T},_1] and
[to — Tyu-1, T]. Denote T, = to — Tyu_y and Tpuo = Ty — (fo — Tu1), we shall use ”Z"i €
Pn,,+1(0, Tr,1) and u],\n[’g € Pn;,,+1(0, T12) to approximate the solution U in the subinterval
[0, Ty,1] and [Tym,1, Tim], respectively.

The global numerical solution of (1) is given by

UN Ty +8) = il () = Ul (8), 0 <t < Ty,

UN (Tt + Ty +8) = (T +8) = 1l5(0), 0 <t < Ty

Let U,;1(8) = Uyy(t) = U(Tyq + 8) for ¢ € [0, 7,,1] and U,y 2(8) = Uty + £) = U(Ty1 +
Ty1 +t) for t € [0, 7,0

Firstly, we seek ui\n["{ € Pn+1(0, T,1). Obviously, Aé\[,m = (1 <j <m). The proofis similar
to the case of ¢y > T, and we can obtain the results that

N, 2 A2r nT3—2 2
||I/lm}3 - Um'l ||Tm = Cﬂlt rN r|u|rva’
N 2 ~2r—1773-2 2
|\ U (tin) — vy (Tm1)|” < e 27 N> |UP

2 A2l 73—
max |L[m,1(t)—u1,\nlyl(t)| §cﬂ112’ IN3 2’|L[|3,Tm.
t€[0,7y,,1]

Then we evaluate u],\n["; € Pn,,+1(0, T2). Obviously, A?\[,m =}, the proof is similar to £, <
T,,-1. Therefore, we can obtain

N, 2 A2r N73-2 2
|ty = Uzl , < et N> 1UI 7,
N 2 A2r—1773-2 2
|Um,2(fm,2)—um,2(fm,2)| <cpt NTTUlLL,

2 A1 p 73—
te{gax ]|le,2(t) —ul) ,(0)]" < gt IN? 2’|I,[|3,Tm.
3 Tm,2

Thus, we can obtain the results of Theorem 6. O

3.3 Numerical results
In this subsection, we give some numerical results to illustrate the efficiency of our
multiple-domain algorithm.

Example 4 Consider (25) by multiple-domain algorithm. Firstly, we decompose the inter-
val [0, T] with T = 0.5 into two intervals with uniform 7,, = 0.25and N,,, = N, m = 1,2. We
plot the numerical errors at ¢ = 0.5 in Figure 3, which indicates that the numerical errors
decay exponentially as N increases. Then we consider (25) with T = 1 and decompose
equally the interval [0, 7] into M = 1,2 and 4 subintervals, respectively. The inequality
(33) is satisfied for M = 4, but for M = 2 and M = 1, the inequality (33) is no longer valid.
Figure 4 indicates that the numerical errors decay exponentially as N,,, = N increases and
7, decreases, m = 1,..., M. In particular, it can be observed from Figure 4 that even if the
condition (33) is not satisfied, our multiple-domain algorithm is still valid (see the cases
of M=1,2).

Example 5 Consider (26) by multiple-domain algorithm. In Figure 5, we plot the numer-
ical errors at £ = T = 0.5 using the multiple-domain scheme (29) with uniform t,, = 0.25
and N,, = N, m =1,2. It indicates that the numerical errors decay exponentially as N in-

creases.
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error

Figure 3 The numerical errors of (25) at t = T = 0.5 with uniform 7, =0.25, m=1, 2.

error

Figure 4 The numerical errors of (25) for different M.
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error
*

Figure 5 The numerical errors of (26) or (27) at t = T = 0.5 with uniform 7,, =0.25, m=1,2.

Example 6 Consider (27) by multiple-domain algorithm. To consider (27), we use
multiple-domain method at ¢ = T = 0.5 with uniform 7, = 0.25 and N,, = N, m = 1,2.
The multiple-domain discrete scheme of (27) is the same as (26). So, we can also see the
convergence of the numerical solution of this equation in Figure 5.

Example 7 Consider the following equation:

%u(t) =-u'(t-1), 0<t<3,
ult)=t, -1<t<0, (38)
u(0) = 0.

The exact solution is

—t, 0<t<l,
ut)=3t-2, 1<t<2, (39)
2—-t, 2<t<2,

where 0, 1, 2, 3 are primary discontinuity points. To consider the equation (38), we use
multiple-domain method at 7 = 3 with uniform 7,, =1 and N,,, = N (m = 1,2, 3). For the
linear property of (39), the approximate solution is equal to (39) on each subinterval.
Therefore, we find that the values of the numerical error function are all zero at point
t=1,2,3with N, =1,...,5 (m =1,2,3). So, the multiple-domain method is efficient and

accurate.

4 Conclusions
The single-step and multiple-domain Legendre-Gauss collocation methods are proposed
for nonlinear NDDEs in this article. These approaches have two attractive features.
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(I) We can use moderate N to evaluate the numerical solutions more effectively by using

the multiple-domain Legendre-Gauss collocation method. We benefit from the orthogo-

nality of Legendre polynomials, while in the derivation of algorithm of the implicit Runge-

Kutta method, one used the Lagrange interpolation on the Legendre-Gauss interpolation

nodes, which is not stable for large N. In particular, our methods are much easier to be

implemented than the implicit Runge-Kutta method for NDDEs, since we only need to

save the coefficients of numerical solutions in each step.

(II) The numerical errors of our methods are characterized by the semi-norms of exact

solutions in certain Sobolev spaces. These sharp norms are in particular necessary for the

problems with degenerate initial data.

The numerical results demonstrate the spectral accuracy of proposed algorithms and

coincide with the theoretical analysis very well.
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