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1 Introduction

Following Kaneko [1], the poly-Bernoulli polynomials have been studied by many re-
searchers in recent decades. Poly-Bernoulli polynomials BY (x) were defined as
%e’” =D 0 BY (x)%, where Lix(x) = 3., ’:—,: is the classical polylogarithm func-
tion, which satisfies %Lik(x) = ?l—CLik,l(x). The poly-Bernoulli polynomials have wide-
ranging applications in mathematics and applied mathematics (see [2—4]). For k € Z, the

poly-Bernoulli polynomials P (x) of the second kind are given by the generating function

Liz(1-e™)

X _ (k) ﬁ
g3 5 1+ =) bPw) — 11)

n>0

When x =0, bff) = bg,k)(O) are called the poly-Bernoulli numbers of the second kind. When
k=1, b,(x) = bi,l)(x) are called the Bernoulli polynomial of the second kind (see [5-11]).
Poly-Bernoulli polynomials of the second kind were introduced as a generalization of the
Bernoulli polynomial of the second kind (see [12]). The aim of this paper is to use um-
bral calculus to obtain several new and interesting explicit formulas, recurrence relations
and identities of poly-Bernoulli polynomials of the second kind. Umbral calculus has been
used in numerous problems of mathematics. Umbral techniques have been of use in dif-
ferent areas of physics; for example it is used in group theory and quantum mechanics by
Biedenharn et al. (see [13-15]).

Let IT be the algebra of polynomials in a single variable x over C and let IT* be the vector
space of all linear functionals on I1. We denote the action of a linear functional L on a
polynomial p(x) by (L|p(x)). Define the vector space structure on IT* by (cL + ¢'L’|p(x)) =
c(L|p(x)) +c'(L'|p(x)), where ¢, ¢’ € C (see [16—19]). We define the algebra of a formal power
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series in a single variable ¢ to be

k
’Hz{f(t):Zak%‘ake(C}. (1.2)

k=0

The formal power series in the variable ¢ defines a linear functional on IT by setting
(f(®)|x") = ay, for all n > 0 (see [16—19]). Thus

(tk|x”> =nd,x forallm k>0 (see [16-19]), (1.3)

where 8, is the Kronecker symbol. Let f;(£) = ano (L|x™) tn—n, By (1.3), we have (f;(£)|x") =
(L|x™). Thus, the map L + f;(¢) is a vector space isomorphism from IT* onto H. Therefore,
‘H is thought of as a set of both formal power series and linear functionals. We call H the
umbral algebra. The umbral calculus is the study of the umbral algebra.

Let f(¢) be a non-zero power series, the order O(f(t)) is the smallest integer k for which
the coefficient of X does not vanish. If O(f(¢)) = 1 (respectively, O(f(t)) = 0), then f(¢) is
called a delta (respectively, an invertable) series. Suppose that f(¢) is a delta series and g(¢)
is an invertable series, then there exists a unique sequence s,(x) of polynomials such that
(&) (F () |s,(x)) = n!8,.x, where n, k > 0. The sequence s,,(x) is called the Sheffer sequence
for (g(2),f(¢)) which is denoted by s, (x) ~ (g(¢),f(¢)) (see [18, 19]). For f(¢) € H and p(x) €
I, we have (¢ |p(x) = p(), (f(Dg()Ip(x)) = OV Op()), and (1) = Yo (f(0)]x") & and
px) =", o(t" |p(x)>x7”! (see [18, 19]). Thus, we obtain (tX|p(x)) = p¥(0) and (1|p®(x)) =
p®(0), where p®(0) denotes the kth derivative of p(x) with respect to x at x = 0. Therefore,
we get t*p(x) = p® (x) = %p(x), for all k > 0 (see [18, 19]). Thus, for s, (x) ~ (g(¢),f(2)), we

have

L o _ v
o (t))ey gsnﬁy) — (1.4)

for all y € C, where _}_‘ () is the compositional inverse of f(¢) (see [18, 19]). For s,(x) ~
(g(®),f(t)) and r,(x) ~ (h(t), £(2)), let s5,,(x) = ZZ:O Cn ik (%), then we have

1 <h(f(t>) (€©))

Cnk = 0 g(f(t)) X > (1.5)

(see [18, 19]).
It is immediate from (1.1) and (1.4) to see that bi,k) () is the Sheffer polynomial for the
pair g(x) = ﬁ and f(t) = ¢’ — 1, that is,

(11—
®) ¢ ¢
bO@) ~ (———— et —1). (1.6)

The aim of the present paper is to present several new identities for the poly-Bernoulli

polynomials by the use of umbral calculus.
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2 Explicit expressions
Before proceeding, we observe that

Lik(l _ e—t) _ Z %(1 _ e_t)r _ Z (—’i)’ (e_t _ l)r
r>1 r>1
r+L’
e oy r)
r>1 L>r r=1 {>r
r+[
=> Z "5, r) @.1)
>1 r=1

where S,(n, k) is the Stirling number of the second kind, which is defined by the identity
x" =Y 1o Sa(m, k) ()i with (x)o =1 and (x)x = x(x —1) - - - (x — k + 1). This shows

l+1
)”“lr' S, (0 +1,r) t

—L . 2.2
W= =35 t+1 o @2

>0 r=1

Thus,
( 1 r+l
Lix(1 EDD s, r)( )
r>1 {>r

— r+d 1 m

= ZZZ( 1,),/< r‘Sz(f,V)Sz(m,E)%
r=1 £>r m>¢
Yy

m>1 r=1 {=r

Sz E }")Sz(Wl f)—

which implies that

m+1 m+1

lek ZZZ I)H L 52(6,7)Sa(m +1,0) —-— ( .t (2.3)

m>0 r=1 {=r

Now, we are ready to present several formulas for the nth poly-Bernoulli polynomials
of the second kind.

Theorem 2.1 Foralln>1,

n j-m+lj-m+l

(1r+€ 1 1 ) W
k ZZ Z Z} m+1:k<n )(1)Sz(e,r)Sg(]—m+1,€)B£l)jx .

m=0 j=m r=1 J 1

Proof Since x” ~ (1,t) and b (x) ~ (1, € 1) (see (1.6)), we obtain

llet

t

®) (o L nel ﬂ) -1
Li-ee) (x)_x(ef— ) x(ZB

j=0

n

n-1
1 -1 )
—x (" )B =Y (7 )B;”_).x'.
j —\j-1/"7

i=0 j=1

~.
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Thus, by (2.3) we have

n—1\ p Lix(1—e=¢)
b - Z(}_1>B£J,7k ey

j=1
m+1 m+1 ( I)HZ 1

DNENE

j=1 r=1 {=r

"8y (€,7)Sy(m + 1, E)( tml)!>xj

n j m+1m+1( 1)’*’3 A -1
:ZZZZ ml rk< )( )52(5 Sy(m +1, €)B

1
j=1 m=0 r=1 {=r ]

n j j-m+lj-m+l

1 r+l 1
= Z Z ( rk (n ) (] )Sz(ﬂ, r)Sy(j—m + I,E)Bi'i)]x’”
j=1 m=0 r=1 (l=r ] m+ 1 Y 1

which completes the proof. 0

Let S1(n, k) be the Stirling number of the first kind, which is defined by the identity (x), =

2;10 S1(n, k)x*. Now, we are ready to present our second explicit formula.

Theorem 2.2 Foralln >0,

n j-m+lj-m+l

ZZZ Z/ Wl+1r’;< )51(”1)52”)52(1 m+1,0)x"

m=0 j=m r=1

Proof Note that (x), = Z] o Si(m, )l ~ (1,€' - 1). So, by (1.6) we have
(1,€" — 1), which implies that

ot pWy
Lix(1- el e )bn (x)

bP ) =" Si(n, j)wxj. (2.4)
j=0

Thus, by (2.3) and using the arguments in the proof of Theorem 2.1, we obtain the required

formula. O
For the next explicit formula, we use the conjugation representation, namely (1.5).

Theorem 2.3 Foralln >0,

n n-1 n-m FHI—1
bg[k)(x) _ bglk) : Z 1 ( Z Z (_l)rfr (:/I)Sl(m,j —-1)Sy(n — m, V))x]

j=1 J m=j-1 r=1

Proof By (1.5) and (1.6), we have b (x) = 3%

A
j=0 Cn¥ s where

ey = (€7 ©) T01) - (S D gt )

)
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Ifj =0, then ¢, = bqu). Thus, assume now that1 <j < n. So
jlen; = (Lix (1 - e7*) (log(1 + ) "' a”)

<sz( )Y Si(mj- 1)—x >

m>j-1

=G-1! ) (Z)Sl(m, j=D(Lix(1-e™)a"),

m=j-1

which, by (2.1), implies that

pos 6 3 (st D3 s

2
'xn—m
m=j-1 =1 r=1 :

=({-1! Z (;)Sx(m;j— 1) (Z wSz(H - m,r)),

m=j—-1 r=1

which completes the proof. d

In order to state our next formula, we recall that b,(x) = pY )( ) is the Bernoulli poly-

nomial of the second kind, which is given by the generating function +1)F =

ZVIZO bn(x)t;nl

log(1+t (

Theorem 2.4 Foralln=> 0,

J R 1
b0 (x) = — 3 (”* )(quﬁl =B (1) by(w),

=0~/
where BY (x) is the nth poly-Bernoulli polynomial.

Proof From the definitions, we have
¢ ; -t
(k) _ 5] t n\ _ le(l—e ) 1+t
) < ¢ E!x> <10g(1+t)(+)
=
x”>
t
1+ t)yx">

1og(1 + t)
)
Lig(1-e7?)

Since BY (x) is the poly-Bernoulli polynomial given by the generating function ==
= Zn>OB ®( n,, we have %x = B¥(x) and d%Bf,k) (x) = nBE,k_)l(x). Thus 6% (y) =
Yo ( )bg(y) (¢ [‘1 |B (x)). By the fact that (f(a?)|p(x)) = (f(¢)|p(ax)) for constant a (see

-1 le(l -e) t
—et log(l+1¢)
-1 sz(l —e)
—_ e—t

-1 sz(1

1+

/\/\/—\
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Proposition 2.1.11 in [19]), we obtain

n

UEDY (’;)bzm(e—;l \Bﬁ&(—x)}

=0

Note that (e &g, ® fo (Bg?l ' Bn+1 ((-1)), which leads to

n

oo =3 (Z)”

(B, - B, D)

=0
1 i n+1 (k (k)
= n+l Z < ] )(Bn+l—1 Bn+1—/ )bl’(y
j=0
which completes the proof. 0

Theorem 2.5 Foralln >0,

b(k)(x) — i (Vl) mzﬂ( )r+m+lr52(m +1, r) b (x)
" m rk(m +1) e

m=0 r=1

Proof By using a similar argument as in the proof of Theorem 2.4, we obtain

W Lkl =€) t > <le(1 e™t) o >
b’ 0) = < t log(1 + t)( O ' Z bm(y) i
3 (=),

m=0

which, by (2.2), gives

n £+1
(- 1)”“11"5 €+1, r)t
-3 (i 3 S0

m=0 (>0 r=1

xn—m>

" " n-m+1 (_1)r+n—m+lr! S (n -m+1, r)
=Z<m)bm(y)<2 T

m=0 r=1
n m+1
r1Sy(m +1,7)
1 r+m+1 (),
%( )|:Z( rk(m +1) i| »
as required. d

Note that the statement of Theorem 2.5 has been obtained in Theorem 2.2 of [12].

3 Recurrence relations
By (1.6) we have b (x) ~ (Tet),e —1) with P,(x) = 173 B0 (x) = (1), = x(x -

1)---(x—n+1)~(@1,ée —1). Thus,

n

B+ =3 (’;) @0

j=0
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The aim of this section is to derive recurrence relations for the poly-Bernoulli polynomials
of the second kind. As first trivial recurrence, by using the fact that if S,(x) ~ (g(¢),f(¢))
then f(£)S,(x) = nS,_1(x), we derive that (e’ — l)b(,,k)(x) = nbg(_)l(x), and hence bi,k) x+1)=
bff) (%) + nb;k_)l(x). Our next results establish other types of recurrence relations.

Theorem 3.1 Foralln>0,

ml(x) xb® (x - 1)
n j+l j+1-¢ 1 .
DI _< : )51(n PSa(+ 1= m, (B (1) - b (- 1))
=0 =0 m=0 PN~

Proof 1t is well known that if S, (x) ~ (g(£),f(¢)) then S, (x) = (x — é%)J%S,,(x). Hence,
by (1.6), we have

bg?l(x) =xb®(x-1) - e‘twb(f) (%)
&)

with

40 , , N te'e™ Lix_1(1 - e¢)
0 = (log(g(#))) = (logt —logLix(1 - €'=*)) = P <1 " elfet)kLilk(l - e1et)>

where 1 - % has order at least one. Thus, by (2.4), we get
g @) —et tetel ¢ Lip (1 — e - Li(1 ¢y
ety - =8 (12 Si(n 79&
O ® t (1 -e¢)Lix(1 - e~ et Z 1))
) Z S1(n,j) { e Lix(1— %) ~ e Lix_1(1—e™¢) e
— j+1 \ log(l+ef-1) (1—el-¢)
=_n Sln])<_t2b (6 —Z kl et ))x“l
j=0 J* 1 >0 >0
where

_ W=Dt
> by —

£>0
j+1 j+1 J+1 j+l .

= e’th Zsz(m E)—x”l =’y Y (” )b(k Sy (m, )"

m= =0 m=¢

j+1 j+1-£

:e"Z Z (]+1>b(k Sy +1—m, 0)x™
£=0 m=0

j+1 j+1-£

-y (j:’ql)b;k)sz(j +1-m, O)x—1)"
4

=0 m=
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and
j+1 j+1
> B (- p@- L= TBIED Y sym, e)—xf“
£>0 £=0 m=t
jl o+l . 4
=y ( )sz(m, OB (~1) 1
=0 m=¢0
j+l j+l-¢
1
- (’ * )sz(,' +1—m, )BTV (~1)a.
£=0 m=0 m
Thus,

b (x) = 4O (x - 1)

+nSn§1ie(]+l>S(]+l me)( kl(l)m (.?C l)m)
: 1 2 )
j=0 =0 m=0
:xbik)(x—l)
n j+l j+l1-¢ 1 ]
1 — k=1 _1ym R qym
+2 >N m( )sl(n,;)sz(,u m, 0)(By Y (~Da™ - by (x — 1)),

j=0 €=0 m=0

which completes the proof. O

Theorem 3.2 Foralln> 0, ; b(k)(x) n! Ze 0 e,: 1{ ! bik)(x).

Proof We proceed in the proof by using the fact that if S,,(x) ~ (g(¢),f(¢)) then

n-1

d n\ -
aSn(x) = ; (£>(f(t)lx”‘€)5g(x).
By (1.6), we have (}_‘(t)lx”‘e) = (log(1 + £)|x"~*), which leads to

Flo) = <Z(—1)m1<

m>1

x”> =(-1)""fn-1-20).

n 1-€
Thus Zcb(k (%) = ”'Zz 0 Z'n ) bg()(x), as required. O

Theorem 3.3 Foralln=>1,

1 n
b (x) = b, (x — 1) + — (’Z) (B (<1)bye(x) = bOb,_o(x - 1)).
n

=0

Proof Let n > 1. Then (1.6), we have
d[Lig(1-e) a1

L T () s b A PP

x> <dt|:log(1+t)( ||

el d[Liy(1-e)
S M el R

(k) Lig(1—-e™)
bn'0) = < log(l +1) (A+2y

_[Li(l-e€™) d
“\ log(1+1¢) dt

[@+2)]

x”‘]>. (3.1)
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The first term in (3.1) is given by

n—l> — y< le(l - e_t) (1 + t)y—l

[(1 " t)y] * log(1 +¢t)

<Lik(1 —et) d

o TN 7. n-1\ _ (k) _
log(1+1¢) dt x > yb, 5 - 1). (3.2)

For the second term in (3.1), we note that

d[Lig(1-e) 1 t Lii(1-e?) |, Li(l-e?) 1
T ey = = —Ja+ey
dt|: log(1 +¢t) 1+ tlog(1+¢) l1-et ¢ logl+¢) 1+¢ +9

_L (140 LigaA-e) |, e+ £~ Lix(1-e™)
Ct\log(l+t) l-et log(1+¢) log(1+1¢)

which has order at least zero. So, the second term in (3.1) is given by
d[Lig1-e™) _
— | ==L @+ ey |t
<dt|: log(1 +¢) A+ 2P|
1 t L (1-e™*
=—({——1+ t)y‘ilk e )e_tx"
n log(l +1) l-et
Lyl Lig(1 - e-f)xn
log 1+ t) log(1 +¢)

_l (k-1)
n(<log(1+t)( +t)y‘ZB (= 1 >

£>0

_ £
log (1+ty ‘szk)ﬁ' >)

=0

-
)

1+¢)

—~ (1,0 ¢ 1
_ PO ey
2 (e) : <log(1+t>‘ 0

:1< n B(kl( )<#(1+t)y
n

<\

1 (<~ (n _ " (n
o ( ( K)B‘f VDb ) -3 ( e)bé“bnm - 1))
"\'=o =0
_ 1 (7 pen ®)
=3 (1) BE Db ) - BBy 1), (3.3)
g
By substituting (3.2) and (3.3) into (3.1), we complete the proof. a

4 ldentities
In this section we present some identities related to poly-Bernoulli numbers of the second
kind.

Theorem 4.1 Foralln> 0,

Z( 1" - ("”) l _Z< v ( )3
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Proof We compute A = (Lix(1 - e7%)|x™1) in two different ways. On the one hand, by (1.6),
itis

A= <Lik(1 -e)

| [Lik1—e)
Tog(+ ) log(1 + £)x > = <

log(1 +¢t)

’)

(_1)(71"‘2 xn+1>

L
=1

- _ 1\ /Lix(1-e7*)
=Yoo (R

4 log(1 +¢t)
=3 - e)!(” . 1) b, (41)
£=0

On the other hand, by (1.6), it is

S

t
(—5)* (k-1) s
= ~ N gkl
S e

a>0

— - _1\—m n (k-1)
_n;( 1) <m>B’” .

A=(Lig(1-e")a") = < /0 t diuk@ —e”)ds

xn+l> _ </te_sLik—1(1 —e%) ds xn+l>
0 l1-¢e

xn+1>

(4.2)

¢ ¢ té+1
xn+1> _ <Z Z(_I)Z—m (m)ng(_l)

o (£ +1)!

By comparing (4.1) and (4.2), we obtain the required identity.

By using similar techniques as in the proof of Theorem 4.1 with computing
<Lik(1 —-e) n>
_— x

log(1 + ¢t)
in two different ways, we obtain the following result (we leave the proof as an exercise to
the interested reader).

(log(1 +8))"

Theorem 4.2 Foralln-1>m>1,

n-m

3 <Z>Sl(n — 6, m)bY

£=0
n-m _ 1
- <” , )51(;4 ~1-t,m-1)bP(-1)
=0

4

1 n-1-m £+1 n 041
+= ( ) ( , )Sl(” -1-¢,m) (bz+1—jB,(»k_D(—1) - bl+l—j(_1)b;k))-
n o= p +1 Ji

Let bX(x) = 3" _o Crum(®)m. By (15), (1.6) and the fact that (x),, ~ (I, — 1), we obtain

o (e G
m)\ log(1+¢) m) "

which leads to the following identity.

1 [LigQl-e™)
Crm = m!\ log(l +¢)
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Theorem 4.3 Foralln >0,

PO =Y (:1) b (x)

m=0

Let IB%E,S) (%) be the nth Bernoulli polynomial of order s. Then IB%E,S) x) ~ (((et=1)/t)%, t) Also,
the Bernoulli numbers of the second kind of order s are given by ;- gf:h 5 Z,>o : ,1 . and

let b0 (x) = I . B (x). By (1.5) and (1.6), we obtain

‘ log”(1 + £)x" >

m! log(1+¢)

r}'
1 1 Li(l-e*
Com = — log¥(1+2) lo gm(1+ t) _ lk( )
log(1+¢) log’ (1 +t)
Lix(1-e7%)

Liy(1-¢€™)
i < log(1 +1¢) log* (1+t)’”’ ZSl(z m)— x>

n Lir(1—e™) t et

)Sl(é,m)< log(1 +¢) log*(1+¢) * >
£ z>

log® (1 + t)x

(7 Lif1-e™)

- 2:(): (£>Sl(n b m)< log(1 +1¢)
n Liy S) v
(Dsor-em{ Sy 200 )

Xt >

Cn\ [t o Lix(1—e™)
:ZZ(K)OSI("_K mbj <log<1+t>
£=0 j=0

n-m £
- (’;)( )Sl(n ¢mb"s%,
=0 j=0

which gives the following identity.
Theorem 4.4 Foralln=> 0,

n [n-m (
Z( Z (n)( )Sl n-4¢, m)bl(s bg{)j>lﬂ3(,jl)(x).
0 j=0

£=

Define HY (A,x) to be the nth Frobenius-Euler polynomials of order s. Note that these
polynomial satisfy HO (%) ~ (((¢" = 1)/A = L)), 8). Let b (x) = Yoo CumHE (1, %). By
(1.5) and (1.6), we obtain

A+t-1)8 . _
1 ( 1 le(l—e t)
. log”(1 log"(1 ‘1—x sy
Cnm m!<Ll°%l(l”t) og”(1+1t)|x > m!(l—x)5< Tog+ 1) og"(1+1)|( +t)x
ir(1-e

§

~ — s ~ Lit(1-e™)
‘m'(l iE (/>1 A )’< 0+ )

j=0
s _ Li (1 _
(/)1 W )’< log(m) Zwmw ]>

log™ (1 + t)x"~7 >

n—

§

S
1x)}

N
(=]
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“n

Z

- C)( )sl(e, m)(1=2) T ()b,
j=0 Z

n—m n—m-j
=2 (,)( )Sl(”l —j—&,m) (1= 1) 7 (n)b%,
j=0  €=0

xn/[>

~.

~.

which gives the following identity.

Theorem 4.5 Foralln >0,

n nmnm1
Ef‘)(x) <’>( )51(n j—m) (1= ()b |HY (0, x).

mO 10 £=0
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