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Abstract
This paper aims to investigate approximate controllability of stochastic nonlinear
partial differential systems with infinite delay. In the systems under study, nonlinearity
and control variable exist both in drift and diffusion terms, and controllability
problems are considered in the framework with a novel Banach space, which not only
leads to some difficulties in deriving the properties of interest but also bring some
opportunities to study the system in a more general framework. With the help of a
new fundamental lemma established in this paper and some useful inequality
techniques, some improved results for approximate controllability of stochastic partial
differential systems are obtained by using the Banach contraction theorem without
introducing any additional restraints on the terms of the system. An example of
stochastic heat equation is also provided to illustrate our results.
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1 Introduction
Stochastic partial differential systems are usually used to describe physical and engi-
neering phenomena such as heat process, population dynamics, chemical reactors, fluid
dynamics, etc. and have been widely investigated (for instance, [–] and references
therein). As an important concept in control theory, controllability of dynamical systems
has been also investigated by many researchers. In [–], Mahmudov developed several
concepts of controllability for linear stochastic differential systems and extended the clas-
sical theory for deterministic dynamical systems to stochastic cases. The authors in [,
] considered weak, complete, and exact controllability of semilinear stochastic systems
and stochastic functional differential in Hilbert spaces, and the obtained results therein
can be applied to the stochastic systems with kinds of delays. Moreover, with the help of
semigroup theory, sufficient conditions for the controllability of stochastic integrodiffer-
ential systems were derived in [, ].

It should be also noted that the controllability problems can be transformed into fixed
point problems. Fixed point principles such as Banach contraction theorem, Nussbaum
theorem and Schauder fixed point theorem are frequently used and considered as an im-
portant technique in solving the controllability problems. By employing an axiomatic defi-
nition of the phase space introduced in [, ], Balasubramaniam and Ntouyas [] inves-

© 2015 Ning and Qing; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly credited.

http://dx.doi.org/10.1186/s13662-015-0434-6
mailto:ninghanwen@gmail.com


Ning and Qing Advances in Difference Equations  (2015) 2015:85 Page 2 of 25

tigated controllability of neutral stochastic differential inclusions with infinite delay with
the aid of Leray-Schauder nonlinear alternative. Sufficient conditions for controllability of
neutral functional integrodifferential infinite delay systems in Banach spaces were stud-
ied in [] with the Nussbaum fixed point theorem. Bao and Jiang [] considered the
approximate controllability of stochastic partial differential equations with infinite delay.
Recently, in [, ], by using the Schauder fixed point theorem and the fixed point theo-
rem for condensing maps due to Martelli, the authors derived some sufficient conditions
for controllability of functional differential systems with infinite delay in a deterministic
case.

However, most of the results for the stochastic systems mentioned above focus on either
finite delays or without delays. Since many systems arising from realistic models greatly
depend on histories, it is highly relevant to discuss stochastic differential systems with
infinite delays, and few works are available for the controllability properties on this case.
Therefore, in this paper, we study the approximate controllability of a class of nonlinear
stochastic partial differential systems with infinite delays. This kind of system can be found
in many engineering practices, especially those relating to continuum physics, vibration
control, and thermodynamics [–]. Nonlinearity and control input exist both in the
drift and diffusion terms of the underlying equation, and the control problem of interest
is considered in the framework with a novel Banach space. This may not only enable the
system under study to be a more general case compared to [], but also bring some diffi-
culties in moment estimations and in employing the fixed point theorem. To this objective,
an important lemma is established, which greatly facilitates the development of the main
result of this paper. Together with the aid of some useful inequality formula adopted in
the proof, improved approximate controllability results of the systems under study can be
obtained without imposing any additional restraints on the system. An example is given
to illustrate our results.

The rest of the paper is organized as follows. In Section , we introduce the basic nota-
tions and definitions. In Section ., we introduce Banach spaces Bh and Bα

h and prove an
important inequality. In Section ., we give the controllability results. In the last section,
an example of stochastic heat equation is given to illustrate our results.

2 Preliminaries
In this section, we will briefly give some basic assumptions and definitions.

Let K and H be two separable Hilbert spaces. We denote by | · | and | · |K the norms in
H and K , respectively, by 〈·, ·〉 the scalar product in H . L(K , H) denotes the space of all
bounded linear operators from K into H . ‖ · ‖ is also used to denote the norm in an ordi-
nary Banach space. Let (�,�,�t , P) be a complete probability space with a filtration {�t}
satisfying the usual condition (i.e., the filtration contains all P-null sets and is right con-
tinuous). Let wn(t) (n = , , , . . .) be a sequence of real-valued one-dimensional standard
Brownian motions mutually independent on (�,�,�t , P). Set

W (t) =
∞∑

n=

√
σnwn(t)en, t ≥ ,

where en (n = , , , . . .) is a complete orthonormal basis in K . Let Q ∈ L(K , K) be an opera-
tor defined by Qen = σnen with

∑∞
n= σn < ∞. For a Hilbert-Schmidt operator G in L(K , H),
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we denote by ‖G‖ its Hilbert-Schmidt norm, i.e.,

‖G‖
 = tr

(
GQG∗).

We first give an abstract phase space Bh.
Assume that h : (–∞, ] → (,∞) is a continuous function with l =

∫ 
–∞ h(s) ds < ∞.

Define

Bh =
{
φ : (–∞, ] → H

∣∣∣φ is continuous on [–a, ] for any a > , and

∫ 

–∞
h(s) sup

s≤θ≤

∣∣φ(θ )
∣∣ds < ∞

}
.

Bh is a Banach space endowed with the norm

‖φ‖Bh =
∫ 

–∞
h(s) sup

s≤θ≤

∣∣φ(θ )
∣∣ds for ∀φ ∈ Bh.

The above conclusion will be proved in the next section. In the present paper, we are in-
terested in the controllability problem of the following system:

⎧
⎨

⎩
dx(t) = [–Ax(t) + Bu(t) + f (t, xt , u(t))] dt + g(t, xt , u(t)) dw(t), t ∈ [, T),

x(t) = ξ (t), t ∈ (–∞, ],
()

where –A is a closed, densely defined linear operator generating an analytic semi-
group S(t), t ≥  on H . Let  < α < , and define the Banach space D(Aα) with the
norm ‖x‖α = |Aαx| for x ∈ D(Aα), where D(Aα) denotes the domain of a fractional
power operator Aα : H → H []. Denote Hα = D(Aα), define Bα

h = {φ : (–∞, ] →
Hα|φ is continuous on [–a, ] for any a > , and

∫ 
–∞ h(s) sups≤θ≤ ‖φ(θ )‖α ds < ∞}. Let U

be another separable Hilbert space, u(t) is a U valued process and B is a bounded linear op-
erator from U to H . We also assume that f : (R+ × Bα

h × U) → H and g : (R+ × Bα
h × U) →

L
(K , H) are two measurable mappings, where L

(K , H) denotes the space of bounded
linear operators from K to H with the Hilbert-Schmidt norm. For initial datum ξ , let
ξ ∈ Lp(�,�, P; Bα

h ) ≡ Lp(�, Bα
h ), and we always assume p > . Moreover, denote histories

xt : (–∞, ] → H by xt(θ ) = x(t + θ ) for –∞ < θ ≤ .

Definition . A stochastic process x is said to be a mild solution of () if the following
conditions are satisfied.

() x(t,ω) is measurable as a function from [, T] × � to H , and x(t) is �t adapted.
() E|x(t)|p < ∞ for each t ∈ (–∞, ].
() For each u ∈ L

�t (�; Lp(, T ; U)) (u(t) is �t adapted, and E
∫ T

 ‖u(t)‖p dt < ∞) the
process x satisfies the following equation:

x(t) = S(t)ξ () +
∫ t


S(t – s)Bu(s) ds +

∫ t


S(t – s)f

(
s, xs, u(s)

)
ds

+
∫ t


S(t – s)g

(
s, xs, u(s)

)
dw(s), t > ,

x = ξ ∈ Lp(�, Bα
h
)
.
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Remark . The dynamic system is controlled by u(t). Sometimes, control term u(t) af-
fects the system not only in a linear manner, but also in a nonlinear way [, ]. Especially
for stochastic differential systems, u(t) exists in both the diffusion and drift terms. These
cases are all taken into consideration in the present study.

Definition . System () is said to be approximately controllable on [, T] if

R(T) = Lp(�,�, P; H),

where R(T) = {x(T) = x(T , u) : u ∈ Lp(, T ; U)}.

Lemma . [] For any h∗ ∈ Lp(�,�, P; H), there exists ϕ ∈ Lp(�; L(, T ; L
(K , H))) such

that

h∗ = Eh∗ +
∫ T


ϕ(t) dw(t).

Lemma . [] If ϕ ∈ L(, T ; L
(K , H)), Aαϕ ∈ L(, T ; L

(K , H)) and ϕ(t)k ∈ Hα for t ≥
 and arbitrary k ∈ K , then

Aα

∫ t


ϕ(s) dw(s) =

∫ t


Aαϕ(s) dw(s).

Lemma . Let p > , 
 ∈ Lp(�; L(, T ; L
(K , H))), we have

E
(

sup
≤s≤t

∣∣∣∣
∫ s



(r) dw(r)

∣∣∣∣
p)

≤ cp sup
≤s≤t

E
∣∣∣∣
∫ s



(r) dw(r)

∣∣∣∣
p

≤ CpE
(∫ t



∥∥
(r)
∥∥

 dr
) p


, t ∈ [, T],

where cp = ( p
p– )p and Cp = ( p

 (p – ))
p
 ( p

p– )
p
 .

Lemma . [] Let –A be the infinitesimal generator of an analytic semigroup S(t). If  ∈
ρ(A), then

() There exist a constant M ≥  and a real number a >  such that

∣∣S(t)h
∣∣ ≤ Me–at|h| for all t ≥  and h ∈ H .

() There exists a constant Mα such that the fractional power operator Aα satisfies that

∣∣AαS(t)h
∣∣ ≤ Mαe–att–α|h| for all t ≥  and h ∈ H .

() Let  < α ≤  and h ∈ D(Aα), there exists a constant Nα such that

∣∣S(t)h – h
∣∣ ≤ Nαtα

∣∣Aαh
∣∣ for all t ≥  and h ∈ H .

For system (), we have the following hypotheses:
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(A)  ∈ ρ(A).
(A) For any η,η ∈ Bα

h , υ,υ ∈ U and  ≤ t ≤ T , there exists a constant K such that

∣∣f (t,η,υ) – f (t,η,υ)
∣∣p +

∥∥g(t,η,υ) – g(t,η,υ)
∥∥p



≤ K
(‖η – η‖p

Bα
h

+ ‖υ – υ‖p),
∣∣f (t,η,υ)

∣∣p +
∥∥g(t,η,υ)

∥∥p
 ≤ K

(
 + ‖η‖p

Bα
h

+ ‖υ‖p).

(A∗
) For any η,η ∈ Bα

h , υ,υ ∈ U and  ≤ t ≤ T , there exists a constant K such that

∣∣f (t,η,υ) – f (t,η,υ)
∣∣p +

∥∥g(t,η,υ) – g(t,η,υ)
∥∥p



≤ K
(‖η – η‖p

Bα
h

+ ‖υ – υ‖p),
∣∣f (t,η,υ)

∣∣p +
∥∥g(t,η,υ)

∥∥p
 ≤ K.

(A) For each  ≤ s < T , the operator λ(λI + �T
s )– →  in the strong operator topology as

λ → +, where �T
s =

∫ T
s S(T – r)BB∗S∗(T – r) dr is the controllability Grammian.

3 Main results
3.1 Banach spaces Bh and Bα

h
In this section we prove that Bh and Bα

h are two Banach spaces and establish an important
lemma, which will be used in the next section.

It is obvious that ‖ · ‖Bh is a norm. Following a similar discussion in [] and [], the
following lemma can be obtained.

Lemma . For any ε >  and k > , there exists δ = δ(ε, k) >  such that for any η,η ∈ Bh,
if ‖η – η‖Bh ≤ δ, then sup–k≤τ≤ |η(τ ) – η(τ )| ≤ ε.

Lemma . Let Xa = {x ∈ Xa is an H valued continuous function defined on [–a, ], where
a is a positive constant and sup–a≤t≤ |x(t)| < ∞}, then Xa is a Banach space endowed with
the norm ‖x‖ = sup–a≤t≤ |x(t)|.

Lemma . Bh is a Banach space.

Let BT = {x ∈ BT |x is an H valued continuous �t adapted process defined on (–∞, T],
E sup≤t≤T |x(t)|p < ∞ and x = Aαξ ∈ Lp(�, Bh)}. Here �t := � for all t ≤ . We take a
seminorm ‖ · ‖T defined by

‖x‖T =
(
E‖x‖p

Bh

) 
p +

(
E sup

≤t≤T

∣∣x(t)
∣∣p

) 
p .

In the following, an important lemma is established, which will play a crucial role in the
development of the main results in the next section.

Lemma . Assume x ∈ BT , then for t ∈ [, T], xt ∈ Lp(�, Bh), and

lpE
∣∣x(t)

∣∣p ≤ E‖xt‖p
Bh

≤ p–lpE sup
≤s≤t

∣∣x(s)
∣∣p + p–E‖x‖p

Bh
.
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Proof For any t ∈ [, T], we have

E‖xt‖p
Bh

= E
(∫ 

–∞
h(s) sup

s≤τ≤

∣∣xt(τ )
∣∣ds

)p

= E
(∫ –t

–∞
h(s) sup

s≤τ≤

∣∣xt(τ )
∣∣ds +

∫ 

–t
h(s) sup

s≤τ≤

∣∣xt(τ )
∣∣ds

)p

= E
(∫ –t

–∞
h(s) sup

t+s≤τ≤t

∣∣x(τ )
∣∣ds +

∫ 

–t
h(s) sup

t+s≤τ≤t

∣∣x(τ )
∣∣ds

)p

≤ E
(∫ –t

–∞
h(s)

(
sup

t+s≤τ≤

∣∣x(τ )
∣∣ + sup

≤τ≤t

∣∣x(τ )
∣∣
)

ds +
∫ 

–t
h(s) sup

≤τ≤t

∣∣x(τ )
∣∣ds

)p

= E
(∫ –t

–∞
h(s) sup

t+s≤τ≤

∣∣x(τ )
∣∣ds +

∫ 

–∞
h(s) ds × sup

≤τ≤t

∣∣x(τ )
∣∣
)p

≤ E
(∫ 

–∞
h(s) sup

s≤τ≤

∣∣x(τ )
∣∣ds + l sup

≤τ≤t

∣∣x(τ )
∣∣
)p

= E
(∫ 

–∞
h(s) sup

s≤τ≤

∣∣x(τ )
∣∣ds + l sup

≤τ≤t

∣∣x(τ )
∣∣
)p

= E
(

l sup
≤τ≤t

∣∣x(τ )
∣∣ + ‖x‖Bh

)p

≤ E
(

p–lp
(

sup
≤τ≤t

∣∣x(τ )
∣∣
)p

+ p–‖x‖p
Bh

)

= p–lpE sup
≤s≤t

∣∣x(s)
∣∣p + p–E‖x‖p

Bh
,

and (E‖xt‖p
Bh

)

p ≤ 

p–
p l(E sup≤s≤t |x(s)|p)


p + 

p–
p (E‖x‖p

Bh
)


p , then xt ∈ Lp(�, Bh). More-

over,

E‖xt‖p
Bh

= E
(∫ 

–∞
h(s) sup

s≤τ≤

∣∣xt(τ )
∣∣ds

)p

≥ E
∣∣xt()

∣∣p
(∫ 

–∞
h(s) ds

)p

= lpE
∣∣x(t)

∣∣p,

and (E‖xt‖p
Bh

)

p ≥ l(E|x(t)|p)


p . We complete the proof. �

3.2 Controllability results
In the following, we give the controllability results.

Let J = [, T], define an operator �λ on BT × C(J , Lp(�,�, P; U)) by �λ(Z, u)(t) =
(Zλ(t), uλ(t)) for (Z, u) ∈ BT × C(J , Lp(�,�, P; U)). We prove that the terminal value of
the system can approximate to h∗. Here, h∗ ∈ Lp(�,�, P; H) is arbitrary, and h∗ = Eh∗ +∫ T

 ϕ(s) dw(s).
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Zλ(t) = S(t)Aαξ () +
∫ t

 AαS(t – s)Buλ(s) ds +
∫ t

 AαS(t – s)f (s, A–αZs, u(s)) ds

+
∫ t

 AαS(t – s)g(s, A–αZs, u(s)) dw(s), t ∈ J ,

Zλ(t) = Aαξ (t), t ∈ (–∞, ],

uλ(t) = B∗S∗(T – t)(λI + �T
 )–(Eh – S(T)ξ ())

– B∗S∗(T – t)
∫ t

 (λI + �T
s )–S(T – s)f (s, A–αZs, u(s)) ds

– B∗S∗(T – t)
∫ t

 (λI + �T
s )–

× [S(T – s)g(s, A–αZs, u(s)) – ϕ(s)] dw(s), t ∈ J .

()
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Let B
T = {x|x ∈ BT , x =  ∈ Lp(�, Bh)}, and for any x ∈ B

T ,

‖x‖T =
(
E‖x‖p

Bh

) 
p +

(
E sup

≤t≤T

∣∣x(t)
∣∣p

) 
p =

(
E sup

≤t≤T

∣∣x(t)
∣∣p

) 
p .

It is obvious that B
T is a Banach space with the norm ‖ ·‖T = (E sup≤t≤T |x(t)|p)


p . For ξ (t),

we define

ξ (t) =

⎧
⎨

⎩
Aαξ (t), t ∈ (–∞, ],

S(t)Aαξ (), t ∈ J ,

and ξ (t) ∈ Lp(�, Bh). Let

Y λ(t) = Zλ(t) – ξ (t) and Y (t) = Z(t) – ξ (t),

then it can be easily concluded that Y (t) ∈ B
T . Define an operator �λ on B

T × C(J , LP(�,
�, P; U)) by �λ(Y , u)(t) = (Y λ(t), uλ(t)) for (Y , u) ∈ B

T × C(J , LP(�,�, P; U)), where B
T ×

C(J , LP(�,�, P; U)) is a Banach space with the norm ‖ · ‖ = ‖Y‖T + ‖u‖. Then from the
above definition of (Zλ, uλ), it holds that

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Y λ(t) =
∫ t

 AαS(t – s)Buλ(s) ds +
∫ t

 AαS(t – s)f (s, A–α(Ys + ξ s), u(s)) ds

+
∫ t

 AαS(t – s)g(s, A–α(Ys + ξ s), u(s)) dw(s), t ∈ J ,

Y λ(t) = , t ∈ (–∞, ],

uλ(t) = B∗S∗(T – t)(λI + �T
 )–(Eh – S(T)ξ ())

– B∗S∗(T – t)
∫ t

 (λI + �T
s )–S(T – s)f (s, A–α(Ys + ξ s), u(s)) ds

– B∗S∗(T – t)
∫ t

 (λI + �T
s )–

× [S(T – s)g(s, A–α(Ys + ξ s), u(s)) – ϕ(s)] dw(s), t ∈ J .

()

By Lemma ., we also remark that for any t ∈ J ,

E
∥∥A–α(Yt + ξ t)

∥∥p
Bα

h
= E‖Yt + ξ t‖p

Bh

≤ E
(‖Yt‖Bh + ‖ξ t‖Bh

)p

≤ p–E‖Yt‖p
Bh

+ p–E‖ξ t‖p
Bh

≤ p–E‖Y‖p
Bh

+ p–E‖ξ‖p
Bh

+ p–lpE sup
≤s≤t

∣∣Y (s)
∣∣p

+ p–lpE sup
≤s≤t

∣∣ξ (s)
∣∣p

≤ p–
(

E‖ξ‖p
Bα

h
+ lpE sup

≤t≤T

∣∣Y (t)
∣∣p + lpE sup

≤t≤T

∣∣S(t)Aαξ ()
∣∣p

)

≤ p–(E‖ξ‖p
Bα

h
+ lp‖Y‖p

T + lpMpE
∣∣Aαξ ()

∣∣p).

It can be seen that the operator �λ has a fixed point on BT ×C(J , Lp(�,�, P; U)) if and only
if the operator �λ has a fixed point on B

T × C(J , Lp(�,�, P; U)).
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Lemma . Let  < α < p–
p , and (A), (A) hold, then for any λ > , the operator �λ maps

B
T × C(J , LP(�,�, P; U)) into B

T × C(J , LP(�,�, P; U)).

Proof We just need to prove that Y λ(t) and uλ(t) are bounded on J and continuous in Lp

sense on J . By (A), (A), the Hölder inequality and the Burkholder-Davis-Gundy inequal-
ity, we have

E
∥∥uλ(t)

∥∥p = E
∥∥∥∥B∗S∗(T – t)

(
λI + �T


)–(Eh – S(T)ξ ()

)

– B∗S∗(T – t)
∫ t



(
λI + �T

s
)–S(T – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

– B∗S∗(T – t)
∫ t



(
λI + �T

s
)–

× [
S(T – s)g

(
s, A–α(Ys + ξ s), u(s)

)
– ϕ(s)

]
dw(s)

∥∥∥∥
p

≤ p–∥∥B∗S∗(T – t)
(
λI + �T


)–Eh

∥∥p

+ p–E
∥∥B∗S∗(T – t)

(
λI + �T


)–S(T)ξ ()

∥∥p

+ p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

∥∥∥∥
p

+ p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)

× g
(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

∥∥∥∥
p

+ p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)ϕ(s) dw(s)

∥∥∥∥
p

= I + I + I + I + I.

For each one

I = p–∥∥B∗S∗(T – t)
(
λI + �T


)–Eh

∥∥p ≤ p–‖B‖pMp 
λp |Eh|p,

I = p–E
∥∥B∗S∗(T – t)

(
λI + �T


)–S(T)ξ ()

∥∥p ≤ p–‖B‖pMp 
λp E

∣∣ξ ()
∣∣p,

I = p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

∥∥∥∥
p

≤ p–‖B‖pMp 
λp Tp–E

∫ t



∣∣f
(
s, A–α(Ys + ξ s), u(s)

)∣∣p ds

≤ p–‖B‖pMp 
λp Tp–

∫ t


K

(
 + E

∥∥A–α(Ys + ξ s)
∥∥p

Bα
h

+ E
∥∥u(s)

∥∥p)ds

≤ p–‖B‖pMp 
λp TpK

(
 + p–(E‖ξ‖p

Bα
h

+ lp‖Y‖p
T + lpMpE

∣∣Aαξ ()
∣∣p) + ‖u‖p),

I = p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)g

(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

∥∥∥∥
p

≤ p–‖B‖pMpCpE
(∫ t



∥∥(
λI + �T

s
)–S(T – s)

∥∥∥∥g
(
s, A–α(Ys + ξ s), u(s)

)∥∥
 ds

) p
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≤ p–‖B‖pMpCp

λp T

p
 –E

∫ t



∥∥g
(
s, A–α(Ys + ξ s), u(s)

)∥∥p
 ds

≤ p–‖B‖pMpCp

λp T

p
 –

∫ t


K

(
 + E

∥∥A–α(Ys + ξ s)
∥∥p

Bα
h

+ E
∥∥u(s)

∥∥p)ds

≤ p–‖B‖pMpCp

λp T

p
 K

(
 + p–(E‖ξ‖p

Bα
h

+ lp‖Y‖p
T + lpMpE

∣∣Aαξ ()
∣∣p) + ‖u‖p),

I = p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)ϕ(s) dw(s)

∥∥∥∥
p

≤ p–‖B‖pMpCpE
(∫ t



∥∥(
λI + �T

s
)–S(T – s)

∥∥∥∥ϕ(s)
∥∥

 ds
) p



≤ p–‖B‖pMpCp

λp T

p
 –E

(∫ T



∥∥ϕ(s)
∥∥

 ds
) p


.

For t ∈ J is arbitrary, we can easily obtain that sup≤t≤T E‖uλ(t)‖p < ∞. On the other hand,
set t > t ≥  for uλ(t) and uλ(t), we have

E
∥∥uλ(t) – uλ(t)

∥∥p

≤ p–∥∥B∗(S∗(T – t) – S∗(T – t)
)(

λI + �T

)–Eh

∥∥p

+ p–E
∥∥B∗(S∗(T – t) – S∗(T – t)

)(
λI + �T


)–S(T)ξ ()

∥∥p

+ p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

– B∗S∗(T – t)
∫ t



(
λI + �T

s
)–S(T – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

∥∥∥∥
p

+ p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)g

(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

– B∗S∗(T – t)
∫ t



(
λI + �T

s
)–S(T – s)g

(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

∥∥∥∥
p

+ p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)ϕ(s) dw(s)

– B∗S∗(T – t)
∫ t



(
λI + �T

s
)–S(T – s)ϕ(s) dw(s)

∥∥∥∥
p

= I + I + I + I + I,

and

I = p–∥∥B∗(S∗(T – t) – S∗(T – t)
)(

λI + �T

)–Eh

∥∥p

= p–∥∥B∗S∗(T – t)
(
S∗(t – t) – I

)(
λI + �T


)–Eh

∥∥p

≤ p–‖B‖pMp 
λp |Eh|p∥∥S∗(t – t) – I

∥∥p,

I = p–E
∥∥B∗(S∗(T – t) – S∗(T – t)

)(
λI + �T


)–S(T)ξ ()

∥∥p

= p–E
∥∥B∗S∗(T – t)

(
S∗(t – t) – I

)(
λI + �T


)–S(T)ξ ()

∥∥p

≤ p–‖B‖pMp 
λp E

∣∣ξ ()
∣∣p∥∥S∗(t – t) – I

∥∥p,
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I = p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

– B∗S∗(T – t)
∫ t



(
λI + �T

s
)–S(T – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

∥∥∥∥
p

= p–E
∥∥∥∥B∗S∗(T – t)

∫ t

t

(
λI + �T

s
)–S(T – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

+ B∗(S∗(T – t) – S∗(T – t)
)∫ t



(
λI + �T

s
)–S(T – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

∥∥∥∥
p

≤ p–E
∥∥∥∥B∗S∗(T – t)

∫ t

t

(
λI + �T

s
)–S(T – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

∥∥∥∥
p

+ p–E
∥∥∥∥B∗(S∗(T – t) – S∗(T – t)

)

×
∫ t



(
λI + �T

s
)–S(T – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

∥∥∥∥
p

≤ p–‖B‖pMp 
λp (t – t)pK

(
 + p–(E‖ξ‖p

Bα
h

+ lp‖Y‖p
T

+ lpMpE
∣∣Aαξ ()

∣∣p) + ‖u‖p) + p–‖B‖pMp 
λp Tp

× K
(
 + p–(E‖ξ‖p

Bα
h

+ lp‖Y‖p
T + lpMpE

∣∣Aαξ ()
∣∣p) + ‖u‖p)∥∥S∗(t – t) – I

∥∥p,

I = p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)g

(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

– B∗S∗(T – t)
∫ t



(
λI + �T

s
)–S(T – s)g

(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

∥∥∥∥
p

≤ p–E
∥∥∥∥B∗S∗(T – t)

∫ t

t

(
λI + �T

s
)–S(T – s)g

(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

∥∥∥∥
p

+ p–E
∥∥∥∥B∗(S∗(T – t) – S∗(T – t)

)

×
∫ t



(
λI + �T

s
)–S(T – s)g

(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

∥∥∥∥
p

≤ p–Cp‖B‖pMp 
λp (t – t)

p
 K

(
 + p–(E‖ξ‖p

Bα
h

+ lp‖Y‖p
T

+ lpMpE
∣∣Aαξ ()

∣∣p) + ‖u‖p) + p–Cp‖B‖pMp 
λp T

p


× K
(
 + p–(E‖ξ‖p

Bα
h

+ lp‖Y‖p
T + lpMpE

∣∣Aαξ ()
∣∣p) + ‖u‖p)∥∥S∗(t – t) – I

∥∥p,

I = p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)ϕ(s) dw(s)

– B∗S∗(T – t)
∫ t



(
λI + �T

s
)–S(T – s)ϕ(s) dw(s)

∥∥∥∥
p

≤ p–E
∥∥∥∥B∗S∗(T – t)

∫ t

t

(
λI + �T

s
)–S(T – s)ϕ(s) dw(s)

∥∥∥∥
p

+ p–E
∥∥∥∥B∗(S∗(T – t) – S∗(T – t)

)∫ t



(
λI + �T

s
)–S(T – s)ϕ(s) dw(s)

∥∥∥∥
p
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≤ p–Cp‖B‖pMp 
λp (t – t)

p
 –E

(∫ T



∥∥ϕ(s)
∥∥

 ds
) p



+ p–Cp‖B‖pMp 
λp T

p
 –E

(∫ T



∥∥ϕ(s)
∥∥

 ds
) p

 ∥∥S∗(t – t) – I
∥∥p.

From the above equations, we can obtain that E|uλ(t) – uλ(t)|p →  as t → t. Then
uλ(t) is continuous in Lp sense on J and uλ(t) ∈ C(J , Lp(�,�, P; U)). Moreover, for Y λ(t)
and t ≥ , we have

E sup
≤s≤t

∣∣Y λ(s)
∣∣p = E sup

≤s≤t

∣∣∣∣
∫ s


AαS(s – r)Buλ(r) dr

+
∫ s


AαS(s – r)f

(
r, A–α(Yr + ξ r), u(r)

)
dr

+
∫ s


AαS(s – r)g

(
r, A–α(Yr + ξ r), u(r)

)
dw(r)

∣∣∣∣
p

≤ p–E sup
≤s≤t

∣∣∣∣
∫ s


AαS(s – r)Buλ(r) dr

∣∣∣∣
p

+ p–E sup
≤s≤t

∣∣∣∣
∫ s


AαS(s – r)f

(
r, A–α(Yr + ξ r), u(r)

)
dr

∣∣∣∣
p

+ p–E sup
≤s≤t

∣∣∣∣
∫ s


AαS(s – r)g

(
r, A–α(Yr + ξ r), u(r)

)
dw(r)

∣∣∣∣
p

≤ I + I + I.

Let 
p + 

q = . From Lemma ., it can be obtained that

I = p–E sup
≤s≤t

∣∣∣∣
∫ s


AαS(s – r)Buλ(r) dr

∣∣∣∣
p

≤ p–E sup
≤s≤t

(∫ s



∣∣AαS(s – r)Buλ(r)
∣∣dr

)p

≤ p–E sup
≤s≤t

(∫ s


Mαe–a(s–r)(s – r)–α

∣∣Buλ(r)
∣∣dr

)p

≤ p–‖B‖pMp
αE sup

≤s≤t

(∫ s


(s – r)–αq ds

) p
q
∫ s



∥∥uλ(r)
∥∥p dr

= p–‖B‖pMp
αE sup

≤s≤t

(
s–αq

 – αq

) p
q
∫ s



∥∥uλ(r)
∥∥p dr

= p–‖B‖pMp
αE

(
t–αq

 – αq

) p
q
∫ t



∥∥uλ(s)
∥∥p ds

≤ p–‖B‖pMp
α

(
T –αq

 – αq

) p
q

T
∥∥uλ

∥∥p,

I = p–E sup
≤s≤t

∣∣∣∣
∫ s


AαS(s – r)f

(
r, A–α(Yr + ξ r), u(r)

)
dr

∣∣∣∣
p

≤ p–E sup
≤s≤t

(∫ s



∣∣AαS(s – r)f
(
r, A–α(Yr + ξ r), u(r)

)∣∣dr
)p
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≤ p–E sup
≤s≤t

(∫ s


Mαe–a(s–r)(s – r)–α

∣∣f
(
r, A–α(Yr + ξ r), u(r)

)∣∣dr
)p

≤ p–Mp
α

(∫ t


(t – s)–αq ds

) p
q
∫ t


E
∣∣f

(
s, A–α(Ys + ξ s), u(s)

)∣∣p ds

≤ p–Mp
α

(
T –αq

 – αq

) p
q

TK
(
 + p–(E‖ξ‖p

Bα
h

+ lp‖Y‖p
T + lpMpE

∣∣Aαξ ()
∣∣p) + ‖u‖p),

I = p–E sup
≤s≤t

∣∣∣∣
∫ s


AαS(s – r)g

(
r, A–α(Yr + ξ r), u(r)

)
dw(r)

∣∣∣∣
p

≤ p–CpE
(∫ t



∥∥AαS(t – s)g
(
s, A–α(Ys + ξ s), u(s)

)∥∥
 ds

) p


≤ p–CpE
(∫ t


M

αe–a(t–s)(t – s)–α
∥∥g

(
s, A–α(Ys + ξ s), u(s)

)∥∥
 ds

) p


≤ p–CpMp
α

(
t– αp

p–

 – αp
p–

) p–


∫ t


E
∥∥g

(
s, A–α(Ys + ξ s), u(s)

)∥∥p ds

≤ p–CpMp
α

(
T – αp

p–

 – αp
p–

) p–


× TK
(
 + p–(E‖ξ‖p

Bα
h

+ lp‖Y‖p
T + lpMpE

∣∣Aαξ ()
∣∣p) + ‖u‖p).

Then it can be obtained that E sup≤t≤T |Y λ(t)|p < ∞. Meanwhile, for Y λ(t) and Y λ(t),
we have

E
∣∣Y λ(t) – Y λ(t)

∣∣p

≤ p–E
∣∣∣∣
∫ t


AαS(t – s)Buλ(s) ds –

∫ t


AαS(t – s)Buλ(s) ds

∣∣∣∣
p

+ p–E
∣∣∣∣
∫ t


AαS(t – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

–
∫ t


AαS(t – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

∣∣∣∣
p

+ p–E
∣∣∣∣
∫ t


AαS(t – s)g

(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

–
∫ t


AαS(t – s)g

(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

∣∣∣∣
p

= I + I + I,

and

I = p–E
∣∣∣∣
∫ t


AαS(t – s)Buλ(s) ds –

∫ t


AαS(t – s)Buλ(s) ds

∣∣∣∣
p

≤ p–E
∣∣∣∣
∫ t

t

AαS(t – s)Buλ(s) ds
∣∣∣∣
p

+ p–E
∣∣∣∣
∫ t


Aα

(
S(t – s) – S(t – s)

)
Buλ(s) ds

∣∣∣∣
p

≤ p–Mp
α‖B‖pE

(∫ t

t

(t – s)–αe–a(t–s)∥∥uλ(s)
∥∥ds

)p
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+ p–Mp
αE

(∫ t



(
t – s



)–α

e–a( t–s
 )

∥∥∥∥
(
S(t – t) – I

)
S
(

t – s


)
Buλ(s)

∥∥∥∥ds
)p

≤ p–Mp
α‖B‖p

(∫ t

t

(t – s)–αqe–aq(t–s) ds
) p

q
E

∫ t

t

∥∥uλ(s)
∥∥p ds

+ p–Mp
αE

(∫ t



(
t – s



)–α

e–a( t–s
 )

∥∥∥∥
(
S(t – t) – I

)
S
(

t – s


)
Buλ(s)

∥∥∥∥ds
)p

≤ p–Mp
α‖B‖p

(∫ t


(t – s)–αq ds

) p
q

(t – t)
∥∥uλ

∥∥p

+ p–Mp
αE

(∫ t



(
t – s



)–α

e–a( t–s
 )Nα(t – t)α

∣∣∣∣A
αS

(
t – s



)
Buλ(s)

∣∣∣∣ds
)p

≤ p–Mp
α‖B‖p

(
t–qα


 – qα

) p
q

(t – t)
∥∥uλ

∥∥p

+ p–Mp
αNp

α‖B‖pE
(∫ t



(
t – s



)–α

e–a(t–s)(t – t)α
∥∥uλ(s)

∥∥ds
)p

≤ p–Mp
α‖B‖p

(
T –qα

 – qα

) p
q

(t – t)
∥∥uλ

∥∥p

+ p–Mp
αNp

α‖B‖p(t – t)pα

(∫ t



(
t – s



)–qα

e–aq(t–s) ds
) p

q
E

∫ t



∥∥uλ(s)
∥∥p ds

≤ p–Mp
α‖B‖p

(
T –qα

 – qα

) p
q

(t – t)
∥∥uλ

∥∥p

+ p–Mp
αNp

α‖B‖p(t – t)pα

(∫ t



(
t – s



)–qα

e–aq(t–s) ds
) p

q
E

∫ t



∥∥uλ(s)
∥∥p ds

≤ p–Mp
α‖B‖p

(
T –qα

 – qα

) p
q

(t – t)
∥∥uλ

∥∥p

+ p–Mp
αNp

α‖B‖p(t – t)pα

(
qαT –qα

 – qα

) p
q

T
∥∥uλ

∥∥p ds,

I = p–E
∣∣∣∣
∫ t


AαS(t – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

–
∫ t


AαS(t – s)f

(
s, A–α(Ys + ξ s), u(s)

)
ds

∣∣∣∣
p

≤ p–E
∣∣∣∣
∫ t

t

AαS(t – s)f
(
s, A–α(Ys + ξ s), u(s)

)∣∣∣∣
p

+ p–E
∣∣∣∣
∫ t


Aα

(
S(t – s) – S(t – s)

)
f
(
s, A–α(Ys + ξ s), u(s)

)
ds

∣∣∣∣
p

≤ p–Mp
α

(
T –qα

 – qα

) p
q
∫ t

t

E
∣∣f

(
s, A–α(Ys + ξ s), u(s)

)∣∣p ds

+ p–Mp
αNp

α (t – t)pα

(
qαT –qα

 – qα

) p
q
∫ t


E
∣∣f

(
s, A–α(Ys + ξ s), u(s)

)∣∣p ds

≤ p–Mp
α

(
T –qα

 – qα

) p
q

(t – t)
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× K
(
 + p–(E‖ξ‖p

Bα
h

+ lp‖Y‖p
T + lpMpE

∣∣Aαξ ()
∣∣p) + ‖u‖p)

+ p–Mp
αNp

α (t – t)pα

(
qαT –qα

 – qα

) p
q

×TK
(
 + p–(E‖ξ‖p

Bα
h

+ lp‖Y‖p
T + lpMpE

∣∣Aαξ ()
∣∣p) + ‖u‖p),

I = p–E
∣∣∣∣
∫ t


AαS(t – s)g

(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

–
∫ t


AαS(t – s)g

(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

∣∣∣∣
p

≤ p–E
∣∣∣∣
∫ t

t

AαS(t – s)g
(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

∣∣∣∣
p

+ p–E
∣∣∣∣
∫ t


Aα

(
S(t – s) – S(t – s)

)
g
(
s, A–α(Ys + ξ s), u(s)

)
dw(s)

∣∣∣∣
p

≤ p–CpE
(∫ t

t

∥∥AαS(t – s)g
(
s, A–α(Ys + ξ s), u(s)

)∥∥
 ds

) p


+ p–CpE
(∫ t



∥∥Aα
(
S(t – s) – S(t – s)

)
g
(
s, A–α(Ys + ξ s), u(s)

)∥∥
 ds

) p


≤ p–CpMp
αE

(∫ t

t

(t – s)–αe–a(t–s)∥∥g
(
s, A–α(Ys + ξ s), u(s)

)∥∥
 ds

) p


+ p–CpE
(∫ t



∥∥∥∥AαS
(

t – s


)(
S(t – t) – I

)

× S
(

t – s


)
g
(
s, A–α(Ys + ξ s), u(s)

)∥∥∥∥



ds

) p


≤ p–CpMp
α

(∫ t

t

(
(t – s)–αe–a(t–s)) p

p– ds
) p–

p

×
∫ t

t

E
∥∥g

(
s, A–α(Ys + ξ s), u(s)

)∥∥p
 ds

+ p–CpMp
αNp

αE
(∫ t



(
t – s



)–α

e–a(t–s)(t – t)α

× ∥∥g
(
s, A–α(Ys + ξ s), u(s)

)∥∥
 ds

) p


≤ p–CpMp
α

(
T – αp

p–

 – αp
p–

) p–
p

∫ t

t

E
∥∥g

(
s, A–α(Ys + ξ s), u(s)

)∥∥p
 ds

+ p–CpMp
αNp

α (t – t)pα
p–

p

( ( T
 )– αp

p–

 – αp
p–

) p–
p

∫ t


E
∥∥g

(
s, A–α(Ys + ξ s), u(s)

)∥∥p
 ds

≤ p–CpMp
α

(
T – αp

p–

 – αp
p–

) p–
p

(t – t)

× K
(
 + p–(E‖ξ‖p

Bα
h

+ lp‖Y‖p
T + lpMpE

∣∣Aαξ ()
∣∣p) + ‖u‖p)
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+ p–CpMp
αNp

α (t – t)pα
p–

p

( ( T
 )– αp

p–

 – αp
p–

) p–
p

× TK
(
 + p–(E‖ξ‖p

Bα
h

+ lp‖Y‖p
T + lpMpE

∣∣Aαξ ()
∣∣p) + ‖u‖p).

Then it is clear that E|Y λ(t) – Y λ(t)|p →  as t → t, therefore Y λ(t) is continuous in Lp

sense.
From all inequalities above, we conclude that the operator �λ maps B

T × C(J , LP(�,
�, P; U)) into B

T × C(J , LP(�,�, P; U)). The proof is completed. �

Lemma . Let  < α < p–
p , and (A), (A) and Lp with p lower case hold, then for any

λ > , the operator �λ has a unique fixed point in B
T × C(J , LP(�,�, P; U)).

Proof The proof is based on the Banach fixed point theorem for contractions. In the proof,
we take �λ(Y, u)(t) = (Y λ

 (t), uλ
 (t)) and �λ(Y, u)(t) = (Y λ

 (t), uλ
(t)). Then we have

E
∥∥uλ

(t) – uλ
 (t)

∥∥p

= E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)

(
f
(
s, A–α(Ys + ξ s), u(s)

)

– f
(
s, A–α(Ys + ξ s), u(s)

))
ds

+ B∗S∗(T – t)
∫ t



(
λI + �T

s
)–S(T – s)

(
g
(
s, A–α(Ys + ξ s), u(s)

)

– g
(
s, A–α(Ys + ξ s), u(s)

))
dw(s)

∥∥∥∥
p

≤ p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)

(
f
(
s, A–α(Ys + ξ s), u(s)

)

– f
(
s, A–α(Ys + ξ s), u(s)

))
ds

∥∥∥∥
p

+ p–E
∥∥∥∥B∗S∗(T – t)

∫ t



(
λI + �T

s
)–S(T – s)

(
g
(
s, A–α(Ys + ξ s), u(s)

)

– g
(
s, A–α(Ys + ξ s), u(s)

))
dw(s)

∥∥∥∥
p

≤ p–‖B‖pMp 
λp Tp–E

∫ t



∣∣f
(
s, A–α(Ys + ξ s), u(s)

)

– f
(
s, A–α(Ys + ξ s), u(s)

)∣∣p ds

+ p–‖B‖pMp 
λp T

p
 –E

∫ t



∥∥g
(
s, A–α(Ys + ξ s), u(s)

)

– g
(
s, A–α(Ys + ξ s), u(s)

)∥∥p
 ds

≤ p–‖B‖pMp 
λp Tp–K

∫ t



(
E
∥∥A–α(Ys + ξ s) – A–α(Ys + ξ s)

∥∥p
Bα

h

+ E
∥∥u(s) – u(s)

∥∥p)ds + p–‖B‖pMp 
λp T

p
 –

× K

∫ t



(
E
∥∥A–α(Ys + ξ s) – A–α(Ys + ξ s)

∥∥p
Bα

h
+ E

∥∥u(s) – u(s)
∥∥p)ds



Ning and Qing Advances in Difference Equations  (2015) 2015:85 Page 16 of 25

≤ p–‖B‖pMp 
λp

(
Tp– + T

p
 –)K

∫ t


E‖Ys – Ys‖p

Bh
ds

+ p–‖B‖pMp 
λp

(
Tp– + T

p
 –)K

∫ t


E
∥∥u(s) – u(s)

∥∥p ds

≤ p–‖B‖pMp 
λp

(
Tp– + T

p
 –)Klp

∫ t


E sup

≤τ≤s

∣∣Y(τ ) – Y(τ )
∣∣p ds

+ p–‖B‖pMp 
λp

(
Tp– + T

p
 –)K

∫ t


E
∥∥u(s) – u(s)

∥∥p ds,

which yields that there exists a constant K such that

E
∥∥uλ

(t) – uλ
 (t)

∥∥p

≤ K

(∫ t


E
∥∥u(s) – u(s)

∥∥p ds +
∫ t


E sup

≤τ≤s

∣∣Y(τ ) – Y(τ )
∣∣p ds

)

= K

∫ t



(
E
∥∥u(s) – u(s)

∥∥p + E sup
≤τ≤s

∣∣Y(τ ) – Y(τ )
∣∣p

)
ds.

For Y λ
 and Y λ

 , we have

E sup
≤s≤t

∣∣Y λ
 (s) – Y λ

 (s)
∣∣p

= E sup
≤s≤t

∣∣∣∣
∫ s


AαS(s – τ )B

(
uλ

(τ ) – uλ
 (τ )

)
dτ

+
∫ s


AαS(s – τ )

(
f
(
τ , A–α(Yτ + ξ τ ), u(τ )

)
– f

(
τ , A–α(Yτ + ξτ ), u(τ )

))
dτ

+
∫ s


AαS(s – τ )

(
g
(
τ , A–α(Yτ + ξ τ ), u(τ )

)
– g

(
τ , A–α(Yτ + ξτ ), u(τ )

))
dw(τ )

∣∣∣∣
p

≤ p–E sup
≤s≤t

∣∣∣∣
∫ s


AαS(s – τ )B

(
uλ

(τ ) – uλ
 (τ )

)
dτ

∣∣∣∣
p

+ p–E sup
≤s≤t

∣∣∣∣
∫ s


AαS(s – τ )

(
f
(
τ , A–α(Yτ + ξ τ ), u(τ )

)

– f
(
τ , A–α(Yτ + ξ τ ), u(τ )

))
dτ

∣∣∣∣
p

+ p–E sup
≤s≤t

∣∣∣∣
∫ s


AαS(s – τ )

(
g
(
τ , A–α(Yτ + ξ τ ), u(τ )

)

– g
(
τ , A–α(Yτ + ξ τ ), u(τ )

))
dw(τ )

∣∣∣∣
p

= I + I + I,

and

I = p–E sup
≤s≤t

∣∣∣∣
∫ s


AαS(s – τ )B

(
uλ

(τ ) – uλ
 (τ )

)
dτ

∣∣∣∣
p

≤ p–E sup
≤s≤t

(∫ s



∣∣AαS(s – τ )B
(
uλ

(τ ) – uλ
 (τ )

)∣∣dτ

)p



Ning and Qing Advances in Difference Equations  (2015) 2015:85 Page 17 of 25

≤ p–E sup
≤s≤t

(∫ s


Mαe–a(s–τ )(s – τ )–α

∣∣B
(
uλ

(τ ) – uλ
 (τ )

)∣∣dτ

)p

≤ p–‖B‖pMp
αE sup

≤s≤t

[(∫ s


(s – τ )–αq dτ

) p
q
∫ s



∥∥uλ
(τ ) – uλ

 (τ )
∥∥p dτ

]

= p–‖B‖pMp
αE sup

≤s≤t

[(
s–αq

 – αq

) p
q
∫ s



∥∥uλ
(τ ) – uλ

 (τ )
∥∥p dτ

]

= p–‖B‖pMp
α

(
t–αq

 – αq

) p
q

E
∫ t



∥∥uλ
(s) – uλ

 (s)
∥∥p ds

≤ p–‖B‖pMp
α

(
T –αq

 – αq

) p
q

T sup
≤s≤t

E
∥∥uλ

(s) – uλ
 (s)

∥∥p

≤ p–‖B‖pMp
α

(
T –αq

 – αq

) p
q

T sup
≤s≤t

K

∫ s



(
E
∥∥u(τ ) – u(τ )

∥∥p

+ E sup
≤σ≤τ

∣∣Y(σ ) – Y(σ )
∣∣p

)
dτ

≤ p–‖B‖pMp
α

(
T –αq

 – αq

) p
q

TK

∫ t



(
E
∥∥u(s) – u(s)

∥∥p

+ E sup
≤τ≤s

∣∣Y(τ ) – Y(τ )
∣∣p

)
ds,

I = p–E sup
≤s≤t

∣∣∣∣
∫ s


AαS(s – τ )

(
f
(
τ , A–α(Yτ + ξ τ ), u(τ )

)

– f
(
τ , A–α(Yτ + ξ τ ), u(τ )

))
dτ

∣∣∣∣
p

≤ p–E sup
≤s≤t

(∫ s



∣∣AαS(s – τ )
(
f
(
τ , A–α(Yτ + ξ τ ), u(τ )

)

– f
(
τ , A–α(Yτ + ξ τ ), u(τ )

))∣∣dτ

)p

≤ p–E sup
≤s≤t

(∫ s


Mαe–a(s–r)(s – r)–α

∣∣f
(
τ , A–α(Yτ + ξ τ ), u(τ )

)

– f
(
τ , A–α(Yτ + ξ τ ), u(τ )

)∣∣dτ

)p

≤ p–‖B‖pMp
αE sup

≤s≤t

[(∫ s


(s – r)–αq ds

) p
q
∫ s



∣∣f
(
τ , A–α(Yτ + ξτ ), u(τ )

)

– f
(
τ , A–α(Yτ + ξ τ ), u(τ )

)∣∣p dτ

]

= p–‖B‖pMp
αE sup

≤s≤t

(
s–αq

 – αq

) p
q
∫ s



∣∣f
(
τ , A–α(Yτ + ξ τ ), u(τ )

)

– f
(
τ , A–α(Yτ + ξ τ ), u(τ )

)∣∣p dτ

= p–‖B‖pMp
α

(
t–αq

 – αq

) p
q

E
∫ t



∣∣f
(
s, A–α(Ys + ξ s), u(s)

)

– f
(
s, A–α(Ys + ξ s), u(s)

)∣∣p ds
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≤ p–‖B‖pMp
α

(
T –αq

 – αq

) p
q

K

∫ t



(
E
∥∥A–α(Ys + ξ s)

– A–α(Ys + ξ s)
∥∥p

Bα
h

+ E
∥∥u(s) – u(s)

∥∥p)ds

= p–‖B‖pMp
α

(
T –αq

 – αq

) p
q

K

∫ t



(
E‖Ys – Ys‖p

Bh
+ E

∥∥u(s) – u(s)
∥∥p)ds

≤ p–‖B‖pMp
α

(
T –αq

 – αq

) p
q

K

∫ t



(
p–lpE sup

≤τ≤s

∣∣Y(τ ) – Y(τ )
∣∣p

+ E
∥∥u(s) – u(s)

∥∥p
)

ds

≤ p–‖B‖pMp
α

(
T –αq

 – αq

) p
q

Klp
∫ t


E sup

≤τ≤s

∣∣Y(τ ) – Y(τ )
∣∣p ds

+ p–‖B‖pMp
α

(
T –αq

 – αq

) p
q

K

∫ t


E
∥∥u(s) – u(s)

∥∥p ds,

I = p–E sup
≤s≤t

∣∣∣∣
∫ s


AαS(s – τ )

(
g
(
τ , A–α(Yτ + ξ τ ), u(τ )

)

– g
(
τ , A–α(Yτ + ξ τ ), u(τ )

))
dw(τ )

∣∣∣∣
p

≤ p–CpE
(∫ t



∥∥AαS(t – s)
(
g
(
s, A–α(Ys + ξ s), u(s)

)

– g
(
s, A–α(Ys + ξ s), u(s)

))∥∥
 ds

) p


≤ p–CpE
(∫ t


M

αe–a(t–s)(t – s)–α
∥∥g

(
s, A–α(Ys + ξ s), u(s)

)

– g
(
s, A–α(Ys + ξ s), u(s)

)∥∥
 ds

) p


≤ p–CpMp
α

(
t– αp

p–

 – αp
p–

) p–


∫ t


E
∥∥g

(
s, A–α(Ys + ξ s), u(s)

)

– g
(
s, A–α(Ys + ξ s), u(s)

)∥∥p
 ds

≤ p–CpMp
α

(
T – αp

p–

 – αp
p–

) p–


K

∫ t



(
E
∥∥A–α(Ys + ξ s) – A–α(Ys + ξ s)

∥∥p
Bα

h

+ E
∥∥u(s) – u(s)

∥∥p)ds

= p–CpMp
α

(
T – αp

p–

 – αp
p–

) p–


K

∫ t



(
E
∥∥Ys – Ys

∥∥p
Bh

+ E
∥∥u(s) – u(s)

∥∥p)ds

≤ p–CpMp
α

(
T – αp

p–

 – αp
p–

) p–


K

∫ t



(
p–lpE sup

≤τ≤s

∣∣Y(τ ) – Y(τ )
∣∣p

+ E
∥∥u(s) – u(s)

∥∥p
)

ds
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≤ p–CpMp
α

(
T – αp

p–

 – αp
p–

) p–


Klp
∫ t


E sup

≤τ≤s

∣∣Y(τ ) – Y(τ )
∣∣p ds

+ p–CpMp
α

(
T – αp

p–

 – αp
p–

) p–


K

∫ t


E
∥∥u(s) – u(s)

∥∥p ds.

From the estimates I, I and I, we deduce that there exists a constant K such that

E sup
≤s≤t

∣∣Y λ
 (s) – Y λ

 (s)
∣∣p

≤ K

(∫ t


E sup

≤τ≤s

∣∣Y(τ ) – Y(τ )
∣∣p ds +

∫ t


E
∥∥u(s) – u(s)

∥∥p ds
)

= K

∫ t



(
E sup

≤τ≤s

∣∣Y(τ ) – Y(τ )
∣∣p + E

∥∥u(s) – u(s)
∥∥p

)
ds.

Denote K = K + K. It can be derived that

E sup
≤s≤t

∣∣Y λ
 (s) – Y λ

 (s)
∣∣p + E

∥∥uλ
(t) – uλ

 (t)
∥∥p

≤ K

∫ t



(
E sup

≤τ≤s

∣∣Y(τ ) – Y(τ )
∣∣p + E

∥∥u(s) – u(s)
∥∥p

)
ds

≤ Kt
(‖Y – Y‖p

T + ‖u – u‖p).

We denote that for any (Y , u) ∈ B
T × C(J , Lp(�,�, P, U)), �

λ(Y , u) = �λ�λ(Y , u) =
�λ(Y λ, uλ) =: (Y λ, uλ). Similarly, noting �n

λ(Y , u) = (Y nλ, unλ), we can obtain that for
�n

λ(Y, u) = (Y nλ
 , unλ

 ) and �n
λ(Y, u) = (Y nλ

 , unλ
 ), n = , , . . . ,

E sup
≤s≤t

∣∣Y λ
 (s) – Y λ

 (s)
∣∣p + E

∥∥uλ
 (t) – uλ

 (t)
∥∥p

≤ K

∫ t



(
E sup

≤τ≤s

∣∣Y λ
 (τ ) – Y λ

 (τ )
∣∣p + E

∥∥uλ
(s) – uλ

 (s)
∥∥p

)
ds

≤ K


∫ t



∫ s



(
E sup

≤σ≤τ

∣∣Y(σ ) – Y(σ )
∣∣p + E

∥∥u(τ ) – u(τ )
∥∥p

)
dτ ds

≤ K


t

!
(‖Y – Y‖p

T + ‖u – u‖p).

By a simple iteration, it can be obtained that for n = , , . . . ,

E sup
≤t≤T

∣∣Y nλ
 (t) – Y nλ

 (t)
∣∣p + sup

≤t≤T
E
∥∥unλ

 (t) – unλ
 (t)

∥∥p

≤ Kn


Tn

n!
(‖Y – Y‖p

T + ‖u – u‖p).

It is obvious that for some sufficiently large n, it holds that p–Kn


Tn

n! < . In the following,
let L = p–Kn


Tn

n! < .

∥∥�n
λ(Y, u) – �n

λ(Y, u)
∥∥p

=
((

E sup
≤t≤T

∣∣Y nλ
 (t) – Y nλ

 (t)
∣∣p

) 
p + sup

≤t≤T

(
E
∥∥unλ

 (t) – unλ
 (t)

∥∥p) 
p
)p
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≤ p–
(

E sup
≤t≤T

∣∣Y nλ
 (t) – Y nλ

 (t)
∣∣p + sup

≤t≤T
E
∥∥unλ

 (t) – unλ
 (t)

∥∥p
)

≤ L
(‖Y – Y‖p

T + ‖u – u‖p)

≤ L
(‖Y – Y‖T + ‖u – u‖

)p,

which implies

∥∥�n
λ(Y, u) – �n

λ(Y, u)
∥∥ ≤ L


p
(‖Y – Y‖ + ‖u – u‖

)

<
(‖Y – Y‖ + ‖u – u‖

)
=

∥∥(Y, u) – (Y, u)
∥∥.

This shows that for large enough n, �n
λ is a contraction. Thus, �λ has a unique fixed point

in B
T × C(J , Lp(�,�, P, U)). We complete the proof. �

Remark . The general Banach space B
T × C(J , Lp(�,�, P; U)) and the operator �λ are

constructed to transform the controllability problem into a fixed point problem. It shall
be emphasized that the fundamental Lemma . is purposely established, which plays an
important role in obtaining the boundedness of the operator and in solving the problems
brought by the infinite delays. Although the control input and nonlinearity exist both in
the drift and diffusion terms of the system, which makes it complicated to prove the con-
traction property of the operator, some inequality techniques are deliberately adopted as
demonstrated in the proof of Lemma ., which can effectively overcome the difficulty.
With these techniques, the main conclusion will be established in a more general space
with less restrictive conditions.

For any λ > , let (Y λ, uλ) be the fixed point of �λ, Zλ(t) = Y λ(t) + ξ (t) and xλ(t) =
A–αZλ(t). Then (Zλ(t), uλ(t)) is the unique fixed point of the operator �λ, and xλ(t) is a
solution of system (). We also have

xλ(t) = S(t)ξ () + �t
S∗(T – t)

(
λI + �T


)–(Eh∗ – S(T)ξ ()

)

+
∫ t



[
I – �t

sS∗(T – t)
(
λI + �T

s
)–S(T – t)

]
S(T – s)f

(
s, xλ

s , uλ(s)
)

ds

+
∫ t



[
I – �t

sS∗(T – t)
(
λI + �T

s
)–S(T – t)

]
S(T – s)g

(
s, xλ

s , uλ(s)
)

dw(s)

+
∫ t


�t

sS∗(T – t)
(
λI + �T

s
)–

ϕ(s) dw(s), t ∈ J ,

xλ(t) = ξ (t), t ≤ .

Letting t = T in the equation above, it can be obtained that

xλ(T) = h∗ – λ
(
λI + �T


)–(Eh – S(T)ξ ()

)

– λ

∫ T



(
λI + �T

s
)–S(T – s)f

(
s, xλ

s , uλ(s)
)

ds

– λ

∫ T



(
λI + �T

s
)–[S(T – s)g

(
s, xλ

s , uλ(s)
)

+ ϕ(s)
]

dw(s).
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Theorem . Under hypotheses (A), (A∗
), and (A), system () is approximately control-

lable on [, T].

Proof By (A∗
), |f (t,η, u)|p + ‖g(t,η, u)‖p

 ≤ K in [, T] × � for any η ∈ Bα
h and u ∈

U . Then there exists a subsequence, still denoted by {f (s, xλ
s , uλ(s)), g(s, xλ

s , uλ(s))}, weakly
converging to some {f (s), g(s)} in H × L

(K , H). By (A), we also have ‖λ(λI + �T
s )–‖ ≤ 

for  ≤ s ≤ T []. From the compactness of S(t), we obtain that, in [, T] × �,

S(T – s)f
(
s, xλ

s , uλ(s)
) → S(T – s)f (s),

S(T – s)g
(
s, xλ

s , uλ(s)
) → S(T – s)g(s).

Meanwhile

E
∣∣xλ(T) – h∗∣∣p

≤ p–∣∣λ
(
λI + �T


)–(Eh – S(T)ξ ()

)∣∣p

+ p–E
(∫ T



∥∥λ
(
λI + �T


)–∥∥∣∣S(T – s)

[
f
(
s, xλ

s , uλ(s)
)

– f (s)
]∣∣ds

)p

+ p–E
(∫ T



∣∣λ
(
λI + �T


)–S(T – s)f (s)

∣∣ds
)p

+ p–E
(∫ T



∥∥λ
(
λI + �T


)–∥∥∥∥S(T – s)

[
g
(
s, xλ

s , uλ(s)
)

– g(s)
]∥∥

 ds
) p



+ p–E
(∫ T



∥∥λ
(
λI + �T


)–S(T – s)g(s)

∥∥
 ds

) p


+ p–E
(∫ T



∥∥λ
(
λI + �T


)–

ϕ(s)
∥∥

 ds
) p


.

By the dominated convergence theorem and (A) (i.e., λ(λI + �T
s )– →  in strong oper-

ator topology as λ → +), E|xλ(T) – h∗|p →  as λ → +, which implies the approximate
controllability of system (). The proof is completed. �

Remark . It shall be noted that a similar but rather preliminary result has been devel-
oped in [], where the initial datum of the system ξ ∈ Lp(�, Ch

α) and the delays are consid-
ered in the space Lp(�, Ch

α), where Ch
α = {x ∈ C(R–, Hα)| ∫ 

–∞ h(s) sups≤τ≤ ‖x(τ )‖p
α ds < ∞}.

Since
∫ 

–∞
h(s) sup

s≤τ≤

∥∥x(τ )
∥∥

α
ds =

∫ 

–∞
h(s)


q h(s)


p sup

s≤τ≤

∥∥x(τ )
∥∥

α
ds

≤
(∫ 

–∞
h(s) ds

) 
q
(∫ 

–∞
h(s) sup

s≤τ≤

∥∥x(τ )
∥∥p

α
ds

) 
p

= l

q

(∫ 

–∞
h(s) sup

s≤τ≤

∥∥x(τ )
∥∥p

α
ds

) 
p

,

it is clear that Bα
h ⊃ Ch

α . That is, a more general space is studied in this paper. Moreover,
the case  < α < p–

p is considered in our results, while the result in [] needs α to be
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 < α < p–
p . Clearly, the result in [] could not be well applied to the cases which are

studied in this paper.

4 An example
Heat equation describes the flow of heat by conduction through a stationary homoge-
neous, isotropic material. As an application of our results, we consider a heat equation
system described by the following stochastic partial differential equation:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

dv(t, x) = (– ∂

∂x v(t, x) + b(x)u(t) +
∫ t

–∞ e(s–t)v(s, x) ds) dt

+ (
∫ t

–∞ e(s–t)v(s, x) ds + log( + |u(t)|)) dw(t),

t ∈ J = [, T],  ≤ x ≤ π ,

v(t, ) = v(t,π ) = , t ≥ ,

v(s, x) = ξ (s, x) ∈ Lp(�, Bα
h ), s ∈ (–∞, ],  ≤ x ≤ π .

()

Here v(t, x) denotes the temperature at time t. u(t) is the control term to enable the system
temperature achieve the target value approximately for a given time T . Let H = L(,π )
be endowed with the usual norm ‖ · ‖L , h(s) = es,

∫ 
∞ h(s) ds = 

 . Note that there exists a

complete orthonormal set {en}, n ≥ , of eigenvectors of A with en(x) =
√


π

. The analytic
semigroup S(t), t ≥ , is generated by A such that

Aρ =
∞∑

n=

n〈ρ, en〉en, ρ ∈ D(A),

S(t)ρ =
∞∑

n=

e–nt〈ρ, en〉en, ρ ∈ H .

We define Aα (actually |A|α) for the self-adjoint operator A by the classical spectral theo-
rem, and it can be obtained that

|A|αe–Atρ =
∞∑

n=

(
n)αe–nt〈ρ, en〉en,

which yields

∣∣Aαe–Atρ
∣∣ =

∞∑

n=

nαe–nt∣∣〈ρ, en〉
∣∣

=
∞∑

n=

(
nt

)αe–(n–a)t∣∣〈ρ, en〉
∣∣.

On the other hand, for any ζ, ζ and ζ ∈ Hα , we have

‖ζ‖
L =

∫ π



∣∣ζ (x)
∣∣ dx

=
∞∑

n=

〈ζ , en〉
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≤
∞∑

n=

nα〈ζ , en〉

=
∣∣Aαζ

∣∣ = ‖ζ‖
α ,

and

‖ζ – ζ‖L =
∫ π



∣∣ζ(x) – ζ(x)
∣∣ dx

=
∞∑

n=

〈ζ – ζ, en〉

≤
∞∑

n=

nα〈ζ – ζ, en〉

=
∣∣Aαζ

∣∣ = ‖ζ – ζ‖
α .

For any φ ∈ Bh, φ(s)(x) = φ(s, x), (s, x) ∈ (–∞, ] × [,π ], it is clear that f (t,φ) = g(t,φ) =∫ 
–∞ esφ(s)(x) ds, and for φ,ψ ∈ Bh,

∥∥f (t,φ) – f (t,ψ)
∥∥

L =
[∫ π



(∫ 

–∞
es(φ(s)(x) – ψ(s)(x)

)
ds

)

dx
] 



≤
(∫ 

–∞
es ds

) 

(∫ π



∫ 

–∞
es(φ(s)(x) – ψ(s)(x)

) ds dx
) 



=



(∫ 

–∞
es

∫ π



(
φ(s)(x) – ψ(s)(x)

) dx ds
) 



=



(∫ 

–∞
es∥∥φ(s) – ψ(s)

∥∥
L

) 


≤ 


(∫ 

–∞
es

[
sup

s≤τ≤

∥∥φ(s) – ψ(s)
∥∥

L

]
) 



≤
∫ 

–∞
es sup

s≤τ≤

∥∥φ(s) – ψ(s)
∥∥

L ds

=


‖φ – ψ‖Bα

h
.

Then the functions f (t,φ) and g(t,φ) are globally Lipschitz continuous in φ ∈ Bα
h and uni-

formly bounded. On the other hand, it is known that the deterministic linear system cor-
responding to () is approximately controllable on every [, t], t > , provided that for
n = , , . . . ,

∫ π


b(x)en(x) dx �= .

By Theorem ., we can ensure that system () is approximately controllable on [, T].

Remark . In system (), considering the initial datum ξ , if let ‖ξ (s)‖α = e– 
 s, for ∞ <

s ≤ , it can be seen that the result in [] cannot be applied. Obviously, our results include
such intractable cases.
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5 Conclusion
In this paper, improved approximate controllability results of a class of stochastic partial
differential systems with infinite delays are obtained in a general case by using a fixed point
theorem, stochastic analysis techniques and an important lemma established, which fills a
gap of the research area of control theory for stochastic functional partial differential sys-
tems. Moreover, intuitively, under more hypothesis, the controllability results established
in this study could be also extended to the case of neutral type, which are frequently used
to characterize some Burgers equations, vibration equations, Navier-Stokes equations, etc.
[]. Thus, it is an important and interesting topic to further study controllability prob-
lems of the neutral stochastic partial differential systems, and the problems will be focused
on in our future studies.
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