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1 Introduction
Throughout this paper, we use the standard notations and basic results of Nevanlinna’s
value distribution theory (see [1-4]). In addition, we use the notations o (f), o2(f) and
A(f —a) to denote, respectively, the order, the hyperorder, and the exponent of convergence
of the sequence of a-points of a meromorphic function f(z) in the complex plane, where
a € C U {oo}. Furthermore, we can get the definition of A(f — ¢), when a is replaced by a
meromorphic function ¢(z).

Recently, with the research and further development of difference analogs of Nevan-
linna’s theory, it has been applied more and more widely in the difference field. By this
important tool, many scholars investigated the linear difference equation

Ar@)f(z+ci) + - + A1(2)f (z + c1) + Ao(2)f (2) = O, (1.1)

where k € N, and ¢;, j = 1,...,k are distinct nonzero complex constants, and obtained
many results on the growth and the exponent of convergence of the sequence of zeros
of meromorphic solutions of (1.1). For instance, in [5-7], the authors considered the case
when there is exactly only one coefficient of (1.1) having the maximal order; in [8-10],
the authors considered the case when there is exactly only one coefficient having the type
strictly greater than the others among those having the maximal order; and in [5, 6, 11],
the authors considered the case when the coefficients of (1.1) are polynomials.

Further, how about the case when there are more than one coefficient having the same
maximal order and the same maximal type?

In 2013, Liu [12] considered the growth and the exponent of convergence of the sequence
of small function value points of second order linear difference equations and obtained the
following theorem.

© 2015 Wu and Zheng; licensee Springer. This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in

L]
@ Sprlnger any medium, provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons

license, and indicate if changes were made.


http://dx.doi.org/10.1186/s13662-015-0485-8
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-015-0485-8&domain=pdf
mailto:zhengxiumin2008@sina.com

Wu and Zheng Advances in Difference Equations (2015) 2015:142 Page 2 of 11

Theorem A (see [12]) Let c1, ¢; (# c1), a be nonzero constants, hi(z) be a nonzero mero-
morphic functions with o (h1) <1, B(z) be a nonzero meromorphic function. If B(z) satisfies
any one of the following three conditions:
(i) o(B)>1 and §(co,B) > 0;
(ii) o(B) <1;
(iii) B(z) = ho(2)eb?, where b is a nonzero constant, hy(z) ( 0) is a meromorphic
function with o (hy) <1,

then every meromorphic solution f(z) (£ 0) of the difference equation

flz+c)+m(2)e”f(z+ )+ B(z)f(z) =0

satisfies o (f) > max{o (B),1} + 1. Further, if ¢(z) (£ 0) is a meromorphic function with
o (¢) < max{o(B),1} + 1, then A(f — ¢) = o (f) > max{o(B),1} + 1.

Liu and Mao [13] considered the growth of meromorphic solutions of (1.1), where the
coefficients may have the same order and the same type, and obtained the following the-

orem.

Theorem B (see [13]) Let Aj(z) = hj(z)epi(z) +Dj(2),j=0,1,...,k, where Pi(z) = aj,z" +--- +
ajo are polynomials with degree n (> 1), hj(2) (# 0), D;(z) are entire functions with order less
than n. If a;,, j = 0,1,..., k are distinct complex numbers, then every meromorphic solution
f(2) (£ 0) of (1.1) satisfies o (f) > maxo<j<i{o (4} + 1.

In this paper, we are concerned with the more general problem than Theorems A and B,
and obtain the following results, which extend and improve the previous results.
First, we consider the difference equation (1.1).

Theorem 1.1 Let k,n € N,, Aj(z) = B,»(z)epl’(z) + D,»(z)eQ/(z) + Ri(2), j = 0,1,...,k, where
Pi(z) = aj2” + - - - + ajo, Qi(2) = bju2" + - - - + bjo, j = 0,1,..., k are polynomials with degree n
and satisfy |aj,| > |bj,| >0, =0,1,...,k, Bj(z), Dj(z), Ri(2), j = 0,1,...,k are meromorphic
Sfunctions and satisfy maxo<j<x{o(B)),0(D;),0(R))} = w < n, Aj(z) - Ri(2) #0,j=0,1,...,k.
Let ¢j, j =1,...,k be distinct nonzero complex constants. If there exists an i € {0,1,...,k}
such that for all j (# i), |ain| > |a;,|, and

() arga;, # argaj,, or arg a;, = arg ajy,, || > |a,|
and

(i) argas #arg by, or argag, = arg by, || > b
hold simultaneously, then every meromorphic solution f(z) (# 0) of (1.1) satisfies o (f) >
n + 1. Further, if ¢(z) (# 0) is a meromorphic function with o(¢) < n + 1, then for every
meromorphic solution f(z) (£ 0) of (1.1) with o2(f) <1, we have \(f —¢) =o(f) > n+1.

Remark 1.1 In Theorem 1.1, if there exist some j (# i) such that A;(z) — R;(z) = 0, or some
of Bj(z) (j # i), Dj(2), Ri(2), j = 0,1,...,k, are equal to zero, then the corresponding result
holds by using a similar proof to the one of Theorem 1.1.

Next, we consider difference operators instead of shift operators in (1.1).
For a nonzero complex constant c, the forward differences A*f(z), k € N,, are defined
(see [14]) by

Af(2) = Af(z) = f(z + ¢) — f(2), AR (2) = AXf(z+¢) - AYf(z), keN,.
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It is shown in [6] that

k k
Af@) =Y QD Tf(z+jo),  flz+ke)=) CiAf(z), keN,.

j=0 Jj=0
Then we can obtain the following theorem.

Theorem 1.2 Suppose that Aj(z),j = 0,1,...,k, satisfy the hypotheses of Theorem 1.1, and
i is also defined as in Theorem 1.1. If i = 0, then every meromorphic solution f(z) (£ 0) of

the difference equation
A@AS @)+ + A2 Af () + Ao(2)f (2) = 0 (12)

satisfies o (f) > n + 1. Further, if (z) (3£ 0) is a meromorphic function with o(¢) <n +1,
then for every meromorphic solution f(z) (% 0) of (1.2) with o5(f) < 1, we have A(f — ¢) =
o(f)>n+1.

In the end, we can easily get the following corollary.

Corollary 1.1 Let a; € C, j=0,1,...,k, such that ay # aj, |ag| > la;| = 0,j=1,...,k, and
hj(z) (£ 0),j = 0,1,...,k, be meromorphic functions with order less than n, then every mero-
morphic solution f(z) (3 0) of the difference equation

Ty (z) e AMF(2) + By (z)e™7 " AR @)+ + iz e Af(2)

+ ho(2)e™% f(2) = 0

satisfies o (f) > n+1. Further, if p(z) (& 0) is a meromorphic function with o (¢) < n+1, then
for every meromorphic solution f(z) (£ 0) with o5(f) <1, we have A(f —¢) = o (f) > n+1.

2 Preliminary lemmas

Lemma 2.1 (see [6]) Let m, ny be two arbitrary complex numbers, and f (z) be a meromor-
phic function of finite order o. Let € > O be given, then there exists a set E C (0, +00) with
finite logarithmic measure such that for all r ¢ E U [0,1], we have

flz+m)

o—1+£)‘
f(z+mn2)

exp(—r“"“g) < < exp(r

Remark 2.1 It follows from Lemma 2.1 that

Z, o CL=D)"f(z + jc)
f(2)

A'f(2)
f(@)

-yc

j=0

f(2)

< Z C; expir "’1”} =2} exp{r"’l”}, ieN,.
j=0

Lemma 2.2 (see [15]) Let f(z) be a meromorphic function with o (f) = B < +00, then for
any given € > 0, there exists a set E C [0, +00) with mE < +00 such that for all z with |z| =
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ré¢ [0,11UE, r — oo, we have
exp{—r’s”} < V(z)| < exp{rﬁ”}.

Lemma 2.3 (see [16]) Suppose that P(z) = (« + Bi)z" + --- («, B are real numbers such
that |«| + |B| # 0) is a polynomial with degree n (> 1), and w(z) (£ 0) is a meromorphic
function with o (w) < n. Set g(z) = w(z)e’?, z = re?, §(P,0) = acosnf — Bsinnb. Then for
any given € > 0, there exists a set Hy C [0, 2m) with linear measure zero, such that for any
0 € [0,27)\(Ho U H,), there exists ro = r9(0, &) (> 0) such that for |z| = r > ro, we have

(i) if8(P,0) >0, then

exp{(1-&)8(P,0)r"} < |g(re”)| <exp{( + £)3(P,0)r"};
(ii) if 8(P,0) <0, then
exp{(1 +£)8(P,0)r"} < |g(re”)| < exp{(1 - £)5(P,0)r"},
where H, = {6 € [0,27) : 8(P,0) = 0} is a finite set.
io

Remark 2.2 Let P(z) = az” + --- be a polynomial with degree n and z = re’, we denote

3(P,0) = |a| cos(arga + nb).

Lemma 2.4 (see [17]) Let f(z) be a nonconstant meromorphic function, € > 0, and c €

C\{0}. If ¢ = 02(f) < 1, then

fe+O\  (T0rf)
’”(” 1@ )"’(rl-ﬁ-f)

for all r outside of a set of finite logarithmic measure.

Lemma 2.5 Let ¢j, j=1,...,k be distinct nonzero complex constants, Aj(z), j = 0,1,...,k,
F(z) be meromorphic functions such that Ay(z)Ao(2)F(z) # 0. If f(2) is a meromorphic so-
lution of the difference equation

Ar@)f(z+ci) + - + A1(2)f (2 + 1) + Ap(2)f (2) = F(2) (2.1)

and satisfies max{o (F),0(A;),j=0,1,...,k} =w<o(f) =0 (0 <0 < 00), 05(f) < 1, then we
have

Af) = o (f).
Proof We use a similar proof to the one in [12] here. We rewrite (2.1) as

1 1 flz+cx)
7~ 7 (4

+~~+A1(z)f(z+cl)

f(@) f(2)

+ Ao(Z)>' (2.2)

By Lemma 2.4, there exists a set E C (1, +00) of finite logarithmic measure such that for
all z satisfying |z| = ¢ E, we have

m(r flz+¢)
©f

) =o(T(r.f)), j=1....k
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Thus, (2.2) implies that

T(r,f) = N(r,}) + m(r}) +0(1)

] NS a2 S (2L DY | on
< (r,j—(>+m<r,ﬁ>+2m(r, }-)+Zm<r, IiC) >+ 1)

k
< N(r, }) +T(r,F)+ Y _T(rA)+o(T(rf)), réE. (2.3)

Jj=0

Set m;E =1log 8 < 00. Since o (f) = o, there exists a sequence {r,}7°; tending to oo such that

(8 +2)r, <r,,; and

log T'(r),,
lim 2 TOwS)_
m—oo  logry,

We may choose r,, € [, (8 + 2)r,]\E, n=1,2,.... Since

log T(ry,f) - logT(r,,f)  logT(r,.f)

logr, ~ log(8+2)r, - logr, (1 + loli(gs:;))’
we have
log T(r,, ) log T(r],
tim 9L0w) oy, JETOW
oo logry oo logr! (1 + %)
that is,
1 T "y,
lim 108 TUwSf) _

m—oo  logry,

o—

Then for sufficiently small ¢ (0 <& < %

) and sufficiently large r,,, we have
T(rnf) =1, "

and

T(r,, F) <1y, T(ra,A)) <r*®, j=0,1,...,k

Hence,
T(r,, F
(rs, F) < r;‘l”‘”zs -0, r,—> 00
T(rmf)
and

T(r”’Af) < p0-0+2¢

T(ruf) ="

-0, r,—>00,j=0,1,...,k
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hold. Then, for sufficiently large r,, we have

1 1
T(rmF) S k+—4~T(rmf)’ O(T(rnrf)) S mT(rmf)’

1
Trp,A) < ——T(rwf), j=0,1,....k
(7 ’)—k+4 (rwsf)s j

It follows from (2.3) that for sufficiently large r,,

T (ru.f) §N(r,,, 1) + /I;;iT(rn,f),

S
that is,
1
T(rmf) <k + 4)N(rn, —).
S
Therefore,
log T(ry,,f) — logN(mel)
o= lim ——"22° < lim — <A(f),
m—oo  logr, m—oo  logr,
that is, A(f) = o (f). O

Remark 2.3 Noting that

o) ol 5)). e

we see that if f(z + ¢;), i = 1,...,k, in Lemma 2.5 are replaced, respectively, by Af, i

1,...,k, the corresponding result holds.

3 Proofs of Theorems 1.1 and 1.2
Proof of Theorem 1.1 Suppose that f(z) (£ 0) is a meromorphic solution of (1.1). If o (f)
00, then o (f) > n + 1 holds obviously. Now, we suppose o (f) = o < 00. Set

L ={j#ilarga;, #argaj, and arga;, #argb;,},
L = {j#ilarga, = arg by, # arg aj, and || > |bjul },
I = {j # il arg aiy, = arg ay, # arg by, and |ai| > |aj,|},

I = {j # il arg a;, = arg by, = argaj, and |au| > |aju| > |bjl}.

It is clear that Ij, I, I3, I, do not intersect with each other, and I = UL UL Ul =
{0,1,..., k}\{i}.
Now, we may choose 8y € (0,27) such that cos(arg a;, + n6p) = 1. (If n = 1 and arga;, = 0,
T 3w

then we replace [0,27) in Lemma 2.3 by [-7, =F); if n > 2, this kind of 6 can always be
chosen.) Set z = re?, 6 € [0,27).
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For j € I, there exists sufficiently small &; (> 0) such that for all 8 € (6p — £1,6¢ + £1) C

(0,27), we have

cos(arga;, + nb) > Ijréellf({cos(argajn + nb),cos(arg by, + nb), 0},
Since |a;,| > laju| > |bju| >0, j 7 i, we see that

5(P;,0) > I}é&}f{{S(E,G),(S(Qj,O),O}.

For j € I, there exists sufficiently small &5 (> 0) such that for all 0 € (6y — 2,00 + &2) C

(0,2), we have

cos(arga;, + nf) = cos(arg b, + nf) > rjréa}zx{cos(arg aj, + nf), 0}.
Since |a;,| > |bjul, j # i, and |a;,| > |, |, we see that

8(P;,0) > 12??{5(1%,6),8(@-,9)} > 0.

For j € I3, there exists sufficiently small e3 (> 0) such that for all 0 € (6y — 3,00 + €3) C

(0,27), we have
cos(arg a;, + nb) = cos(arg a;, + nb) > ma}x{cos(arg by, + nb), 0}.
jel3
Since |a;,| > |@ju| > |bjul, j # i, we see that

§(P;,0) > max{S(Pj,O),cS(Qj,G)} > 0.
j€l3

For j € I, there exists sufficiently small &4 (> 0) such that for all 6 € (6y — 4,0 + €4) C

(0,27), we have
cos(arga;, + nb) = cos(arg by, + nb) = cos(arga;, + nd) > 0.
Since |a,| > |ajq| > |bj,|, we see that
8(P;,0) > rjxgj({a(z)j,@),(s(Q,,e)} > 0.
Set g, = min{ey, €3, €3, £4}, then for any 0 € (6y — &3, 6 + ;) C (0,27), we have
8(P;,0) =68, > rr];gx{S(P/,Q),(S(Qj,Q), 0} = 6. (3.1)
If |biy| < |ain| and arg by, = arg a;y,, then for all 6 € (6 — g, 6p + &;) C (0,27), we have

(S(Pl,g) > (S(Q,,Q) > 0.
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If arga;, # arg by, and |b;,| < |ai,|, then there exists gy (0 < g9 < &;) such that for all 6
(6o — €9,60 + &9) C (0,27), we have

cos(arga;, + no) > max{cos(arg b;, + nb), 0}
and, correspondingly,
8(P;,0) > max{(S(Qi,Q), 0}.

Therefore, if b, # a;,, and |b;,| < |a;y,|, then there exists gy (> 0) such that for all 6 € (6, —
£0,00 + &9) C (0,27), we have

8(Pl‘,9):31 >max{8(Qi,9),0} 283. (32)

If b, = a;,, then A;(z) = Bi(2)e%n*" + R;(z), where B;(z) is a meromorphic function and sat-
isfies o (B;) < max{w, n — 1}. Since A;(z) — Ri(z) # 0, we see that B;(z) # 0. Here, D;(z) = 0,
and

8(amz",0) = 8(P;,0) = 8, > 0. (3.3)

318 81-83
8§1+89 7 81+83

(0, +00) with finite linear measure, such that for all z satisfying |z| =r ¢ E;,j=0,1,...,k

By Lemma 2.2, for any given ¢ (0 < € < % min{ ,n — w}), there exists a set £} C

and r — 00, we have
|Bi(2)| < exp{r“*}, |Dj(2)| < exp{r”**}, |Ri(2)| < exp{r“*}. (3.4)

By Lemma 2.3 and (3.1)-(3.4), for the above ¢ > 0, there exists Hy C [0,27) with linear
measure zero and a finite set H; = Ufzo{é € [0,27)]8(P;,0) = 0 or 6(Q;,0) = 0}, such that
for all 6 € (6 — &9, 00 + €0)\(Ho U Hy), there exists ry = r9(0, ) > 0, such that for r > rg, we
have

|4,(2)| < |Bi(2)e"@| +|Dy(2)e%?| + |R;(2)|
< 2exp{(1 + 8)82r”} + exp{r“’*s}

< Sexp{(l + 8)82r”} exp{r"”g}, jFi (3.5)
and

|Ai(2)| = |Bi(2)e” | - |Di(2)e¥?| - |Ri(z)|
> exp{(l - s)(Slr”} - exp{(l + 8)83r"} - exp{r‘“”}

> exp{(1 —&)81r"} — 2exp{(1 + £)85r" } exp{r***}. (3.6)

By Lemma 2.1, for the above ¢ > 0, there exists a set E; C (1, +00) with finite logarithmic
measure, such that for all z satisfying |z| = 7 ¢ E; U [0, 1], we have

f(z+¢)
flz+c)

a—1+s}

<exp{r S (3.7)
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Equation (1.1) gives
flz+ Ck) flz+ cl+1)
—Al' =A : z+
(2) k(Z)f( l) 1z )f(
fz+cim) f(Z
+Aia(e) flz+c) +oer Aol f(z+c,
and, correspondingly,
) ( i+ )
40| < 4xtz >|f Al PR |Ai+1<z>|%

It follows from (3.5)-(3.8) that for all z = re, where 6 € (6y — 9,00 + €0)\(Ho U Hy), r ¢
[0,1] UE; UE, and ¥ — o0, we have

exp{(l — 8)81;"”} - 2exp{(1 + 8)83r”} exp{r“”‘g}
< Bkexp{r"’“‘E} exp{(l + 8)62r”} exp{r‘””}. (3.9)

81-82 81-83
81 +52 ’ 51+83

Since 0 < ¢ < %min{ ,1 — w}, we have

(1+¢8)8 <(1-28)8, (1+¢8)83<(1-28)8, w+e<n—¢

and

2exp{(1 + &)d3r"} exp{r®*}
exp{(1 —¢&)é;r"}

<2exp{r** —e&r"} -0, re¢[0,1]UE UE;,r— oo.
Then from (3.9), for sufficiently large r, we have

% exp{(l - 8)81r”} < Skexp{r"_“E} exp{(l + 8)82r”} exp{r““g},
exp{(l —&)5ir" = (1 +€)8or" — r“’*s} <6k exp{r"‘“g },

1
exp{ 5581;"”} <6k exp{r"’“g}. (3.10)

Then (3.10) implies » < o — 1 + €. Since ¢ is arbitrary, we have 6 (f) =0 > n + 1.
Therefore, every meromorphic solution f(z) (& 0) satisfies o (f) > n + 1.
Set g(z) = f(2) — p(z), then g(z) solves the equation

Ar(2)g(z+ck) +--- + A1(2)g(z + ¢1) + Ao (2)g(2)

=A@z + ) — - - — A1(2)p(z + ¢c1) — Ag(2)p(2).

Page 9 of 11
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Since o (¢) < n+ 1, ¢(z) (# 0) does not solve (1.1), that is,

Ar@)p(z +cp) + -+ + A1(2)p(z + ¢1) + Ag(2)p(2) £ 0

and

o (Ar@e(z +cx) + -+ - + A1(2)p(z + 1) + Ao (2)9(2))
< max{a(A,»),j: O,l,...,k,o(w)}

<n+l<o(f).

Therefore, by Lemma 2.5, we have A(g) = 0(g), i.e., A(f — ¢) = o (f).
The proof of Theorem 1.1 is completed. 0

Proof of Theorem 1.2 Equation (1.2) gives

k
—Ao(2) = Ax(2) Af{Z()Z) bt Al2) if(rg) (3.11)

By Remark 2.1, we have
Aj:{Z()Z) < O(exp{r ™)), j=1,...,k (3.12)

By combining (3.5), (3.6), (3.12) with (3.11), for all z = re?, where argz = 6 € (6 — 9,6 +
£0)\(Ho U Hy), |z| =r ¢ [0,1] U E; U E; and for sufficiently large r, we have

exp{(l - 8)81r"} - Zexp{(l + 8)63r"} exp{r‘””}

< O(exp{r‘"l’ra }) exp{(l + 8)32;"”} exp{r‘”” }

By using a similar method to the one in the proof of Theorem 1.1, we have o (f) =0 > n+1.
Further, set g(z) = f(z) — ¢(z), then g(z) solves the equation

Ar(@)AFg(2) + - + A1(2) Ag(2) + Ao (2)g(2)

= —Ak(2) A*p(2) - - — Ai(2) Ag(z) — Ao (D)9 (2).
Since o (¢) < 1 + 1, ¢(2) (& 0) does not solve (1.2), that is,
A2 A p(@) + - + A1(2) Ag(2) + Ao (2)(2) £ 0
and
o (AxAf g+ + A1Ap + Agp) <max{o(4)),j=0,1,....,k0(p)} <n+1<o(f).

Therefore, by Lemma 2.5 and Remark 2.3, we have L(g) = o (g), i.e., A(f — @) = o (f).
The proof of Theorem 1.2 is completed. g
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